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I, TRAYEKTORIYALARINING MAXSUS KLASSLARI
Annotatsiya: Idempotent matematika bugungi kunda dolbzar bo’lgan iqtisodiy

masalalarni optimallashtirishda, biologik va genetikaga oid masalalarni yechishda
go’llaniladi. Idempotent matematika asosida oddiy arifmetik amallarni bazaviy
amallarning (maksimum yoki minimum kabi) yangi to’plami bilan almashtirish
yotadi, bunda sonlar maydoni idempotent yarim xalqgalar va yarim maydonlar bilan
almashadi.

Kalit sozlar: Idempotent, operator, simpleks, chizigli, qo’zg’almas nuqta,
yechimlar to’plami, matritsa, matematika, trayektoriya, dinamika, idempotent
o’lchovlar simpleksini 0’zini-o’ziga akslantiruvchi.

CIEIIUAJIBHBIE K/TIACCHI TPAEKTOPUHA 1,

AnHoTanus: VjeMnoTeHTHas MaTeMaTUKa CerofHs UCMOJb3yeTCs TIpU
ONTUMM3ALMM SKOHOMUYECKHUX 3a/iay, a TakKe TIPU pelleHrH 3aJay, CBSI3aHHbIX C
buonorueli U reHeTUKOW. B 0CHOBe H7IeMITIOTEHTHOM MaTeMaTHUKH JIE)KUT 3aMeHa
00OBIUHBIX apr(MeTHUeCKUX orepaliii HOBbIM HAOOPOM OCHOBHBIX OTepariii (TakKux
KaK MaKCUMYMbI WX MUHUMYMbI), B KOTOPBIX T10Jie YMCeJ 3aMeHsIeTCs
W/1eMITIOTeHTHBIMU MOJIyKPYyTaMU Y TIO/TY MOJISIMU.

KnrwoueBsle cioBa: V1eMnoTeHT, oriepaTop, CUMILIEKC, TUHEUHBIM,

HerlioABM>XHas TOUKd, MHO>XeCTBO pEH_IEHI/IIjI, MdaTpulid, MaTeéMdTHUKd, TPA€KTOPUA,



AWUHAMHKd, 0T06pa)KaIOH_[Hﬁ CdMy Ha ce0s1 CUMIIIKC NAEMITOTUYHBIX MEDP.

SPECIAL CLASSES OF I; TRAJECTORIES
Annotation: Idempotent mathematics is used today in the optimization of

economic problems, as well as in solving problems related to biology and genetics.
The basis of idempotent mathematics is the replacement of ordinary arithmetic
operations with a new set of basic operations (such as maxima or minima) in which
the field of numbers is replaced by idempotent semicircles and semifields.

Abstract: Idempotent, operator, simplex, linear, fixed point, solution set, matrix,

mathematics, trajectory, dynamics, self-reflecting complex of idempotic measures.

In this article, the dynamics of linear operators reflecting a simplex of
idempotent measures is considered. Six different types of representations of the linear
operator and the fixed points (or invariant points) and the trajectories of the points for
each are extensively analysed. This analysis examines how systems approach their
fixed points under different initial conditions and how these trajectories can be
generalized. Determining the motion trajectory and fixed points for each
representation of the linear operator allows us to understand how the system evolves
given the initial conditions and parameters affecting the system. Such studies provide
basic analytical tools for determining the stability, reversibility, and other properties
of systems.

1 Introduction

Dynamical systems and behaviour of trajectories were studied in detail in [1, 2,
3, 4, 5]. In [6] studied quadratic stochastic operators and their dynamics were
constructed. In [7, 8, 9] idempotent analysis was introduced in science as simplex of
idempotent measures. As typical examples of simplex idempotent measures we can
take algebras Maks-plus R,.. and min-plus Ry, .

Let R- be a field of real numbers. Then The operations in R, = RU{ - 00} are

in the following:

x@yzmax{x,y} and x®y=x+y,
Similarly, The operations in R, = RU{ +°0] are in the following:
@® = min, ® = +
We consider with R, = RU{ - 00} idempotent addition and multiplication operations .
We define a simlex of idempotent measures with (7-1)- dimension in the



following case:

I, = (Xl,...Xn)ER;aX ‘maxX;, = OJ =
1<i<n

n
max

= {(xl,...xn)eR X ©...0X, 21}.

The first work on linear operators which map (n-1)-dimensional simplex of
idempotent measures into itself was studied in work [10]. In [10]defined two classes
of linear operators and their fixed points are constructed and studied. Their dynamics
were also studied for the case n=2. The first works to obtain a general class of
quadratic operators which map the (n-1)-dimensional simplex of idempotent
measures into itself were done in [11]. In [11] quadratic operators were studied by
dividing into two classes and fixed points of these types of quadratic operators were
obtained in the case n=2. Certain quadratic operators in [11] are idempotent analogies
of quadratic stochastic operators studied in [6]. In [12] fixed points were obtained for
both types of quadratic operators defined in [11]. Also characteristics and properties
of the obtained fixed points were studied in the case of n=3. In [13] trajectories of
non-fixed points under quadratic operators are constructed in the case n=2. In [14]
trajectories (dynamical system) of some quadratic operators were described in case
n=3.

2 Linear operators and their trajectories

In this article we will continue our research outlined in [10], i.e. Let us study
the dynamical system of linear operators of idempotent measures, defined in [10] for
the case n=3. We will find the i-th element of I, using all the elements of the i-th row
of the corresponding quadratic matrix. We present this theorem without proof.
Following theorem shows the types of linear operations which map I, to itself.

Teoremal. [10]. A linear operator A= (4;), i, maps I, to itself, if and only it
satisfies one of following conditions:

a) A has at least one zero row (3m =n such that all of elements of ™ -th row of
the matrix A consists of only zeroes).

b) Each k-th row of the matrix A contains exactly one non-zero element: In

each k-th row of the matrix A all of elements except %, are zeroes. Where m, #m,
lfq “r (q:ﬁ’rzl’_n’ k:ﬁ);
Consider b) condition of the theorem is satisfied. i.e. a; =0 and A matrix has a

not more than one non zero element in each row and in each column. In the case n=3
we obtain 6 linear operator which satisfy b) condition of the theorem:



a, 0 0 a, 0 0 00 a,
a) A=|0a, O b) A={0 0 ay|c)A=|0a, O
0 0 ay 0O a O a, 0 0
0 a, 0 00 a, 0 a, O
d) A=|a, O 0 | e)A=|a,0 0| f)A=]0 0 ay
0 0 a,, 0a, O a, 0 0

Let’s use denotes which given in [12], i.e. denote by “u,.n,..n ) Operator A as
A(n;ml,mz,“.mn) - (aivj )i,j:1 (]‘)
where n- order of the matrix and m, - is the number mentioned in Theorem 1 which
corresponding to the k - th row of the matrix A, 1 =m, <n m, #m,  k #q.

According to (1) we have there are n! cases possible. It is very hard to analysis
all of these cases. That’s why due to to the form (1) we can make the set A as (see
[12]):

Q={ke|Ln] | m =K )

For n =3 from (1) and (2) we obtain results:
1) If || = 3 we have only one operator: Asi2»;

a, 0 0
A=10a, O
0 0 ay
2) If || =1 we get three operators: Auis2, Aszin and Asson;
a, 0 0 00 a, 0 a, 0
A=|0 0 a,|A=|0a, 0 |A=|a, O 0
0 a 0 a, 0 0 0 0 a

32 31

3) If |2| = 0 have two operators as: Aus1» and Asasw.

0 0 a, 00 a,
A=la,0 0 |A=|0a, O
0a, O a, 0 0

Assume linear operator A satisfies b) condition of the theorem1 and || =3. Let’s find

n-th iteration of the point X’ = (x,x;, x;) €I, under linear operator 4. as:

L0 0
A=|0a, O
0 0 ay
By using mathematical induction we can describe n-th degree of the matrix A:

a



a, 0 0 Jfa,0 O a, 0 0
AXA=]0a, 0 0a, O =10a, O ,
0 0 ay]fl0 0 a, 0 0 a;
a0 0 a, 0 0 a0 0
AXAXA=|0 a;, 0 0a, O =10 a, O ,
0 0 a,llo 0 a, 0 0 a,
ato 0 a, 0 0 a, 0 0
A"=|0d)' O 0a, O =|0a), O
0 0 a.']lo 0 a, 0 0 a,
In this case we get n-th iteration of the point x" = (x/,x;, x))€1, as:
alnl 0 0 Xlo alnlxlo
A'X'=10a; 0 X, | = | anx,
0 0 a|x 1

So, for every point x° = (x/,x;, x}) €I, we get n-th iteration as:

X" =AX" = (alnlxlo’ agzxg: agaxg )- (3)

0

We know that, the point X’ = (x/,x;, x;)€1I, can be defined by one of following
cases:

L.(x';x5;0) 2.(x";0; x7) 3.(0; x3; X)) 4.(x/; 0;0)

5.(0; x5;0) 6.(0;0; x) 7.(0;0;0)

0.

Let’s study trajectories of points as X’ =(x;x;0)€I,. Using formula (3) we get
following trajectories for the point x° = (x; x,;0) € 1,

(0;0;0) if ay, <1, a; <1;
(0;x50) if a, =1, a5y <1;
(0§0§X§) if a, <1 a;=1;
(O§X§;X§) if a,=1 a;=1;
limA"x" = {(0;x);- ) if a, =1, a, >1;
o (0;-o05x)) if a, >1, a, =1;
(0;-005-00) if ay, >1, a5 >1;
(0;-00;0) if a,, >1, a;y <1;
(0;0;-0) if ay <1, ay >1.

Analogical results of trajectory we can get for other points of 1.
Definition. Recall that fixed points of A:I, — I,are solutions of the equation



A(x) =X,

Solving this equation we get that linear operator Agsi.s :1; = 5 has only one
fixed point as (0;0;0). After studying all trajectories of points as X’ = (x/,x;, x;) €1,
under linear operator As; .3 :I; = I; we can conclude following theorem:

Theorem2. For the linear operator A,z 1 = 1I;:
1. the fixed point (0;0;0) is an attracting fixed point if a; <1, for i=1,2,3;
2. the fixed point (0;0;0) is a repelling fixed point if a; >1, for i=1,2,3;

3. the fixed point (0;0;0) is a neutral or an indifferent fixed point for all
other cases.

Consider, linear operator A satisfies b) condition of the theorem1 and |2[=1.

Let’s research n-th iteration of the point X’ =(x’,x;, x;)€1I, under linear operators

A(3;1,3,2) , A(3;3,2,1) and A(3;2,1,3) as:

a, 0 O 0 0 a, 0 a, O
A(3;1,3,2) =10 0 ay|; A(3;3,2,1) =10 a, 0 /|and A(3;3,2,1) =la, O 0
0 a, O au 0 O 0 0 a,

Let’s see the operator ;... By using mathematical induction we can describe
n-th degree of the matrix A:

00 a, |00 a5 a;,a, 0 0
AXA: 0 a2z 0 O aZZ O = O a222 0 )
a, 0 Ojla, O 0, 0 0 a,a,
‘a,a,, 0 0 |(00 ay] [ 00 dia,
AXAXA=| 0 a} 0 Oay, 0 |=| 0a, 0 |

0 0 a,a,la, 0 0] |aja,0 0

k _k
a,a; 0 0
0 a O if n=2k
k _k
A ~ 0 0 aja;,
332D kel K
0 0 a5 ay
0 a0 if n=2k+1
k+1 _k
a, a, 0 0

After some algebra we get n-th iteration of the point x° = (x/,x;, xj)€1I, as:



1. if n=2k so we get:

k _k 0 k _k 0
a;;a; 0 0 X a;3d;, X,
n_ 0 _ 2k 0| — 2k 0
A'x = 0 a, 0 X, | =] ayX, ,
kK _k 0 kK _k 0
0 0 CNCEN AR s, 0,3 X,

2. if n=2k+1 we get following;:

O O k+1 _k 0 k+1 _k .0

13 31 Xl al3 aSle')
n 0 _ 2k+1 0 — 2k+1,0
A'x =] 0 a, 0 X, | =|a) X,
k+1 _k 0 k+l _k 0
a31 a13 0 0 X3 031 al3Xl

Assume n=2k, then we obtain equality:

k k
%{Hlxm = ’11211;1((013031 ) Xlo: agx(z)’(amam) Xg) = 4)

(0,0,0), ifaya, <l,a, <1,
(x°,0,x°),ifa,a, =1,a, <1,

O, Xg’ 0), ifa,a, <la, =1,
(xlo,xg,xg ), ifasa, =a, =1,
(-0, 0,-0), ifaa; >1,a, >1, (5)
(-,0,-), ifa,a, >1a, <1,

(0,-2,0), ifaya, <la, >1,

(Xlo; - 0, Xg ), ifasay, =1,a, >1,

(- o, XS; - ), ifasay >1,a, =1,

Let’s n=2k+1 then



i i
limx" = hm((alSGSl) alsxg:azzgﬂxg»(aalals) aSlxlo) -

n— o oo
0,0,0), ifa.a, <La, <1,
((IBXS,O,GMXP),ifaBGSI =la, <1,
0,x;,0), ifa,a, <1,a,, =1,

((113)‘5’ Xg’aalxlo ), ifaja, =a, =1,
(-o0,-00,-0), ifa,a, >1,a, >1,
(-0,0,-0), ifa,a, >1,a;, <1,
(0,-=,0), ifa,a, <l,a,, >1,
(alSX.g’_ ) GSIXID)’ if61136131 =la, >1,

(- oo ng' ©), ifaBaSl > 13022 =1,

We can get similar results for operators “si:2» and “s2.» also. Consequently, we
have following theorem:
Theorem3. Assume linear operator A satisfies b) condition of the theorem1

and |2|=1. For the linear operator Asmm.m) 1 = Iz

1. the fixed point (0;0;0) is an attracting fixed point if a, <1, a, -a,; <1
i#j, j#k, i+#k (i,j,k=1,3);

b

2. the fixed point (0;0;0) is a repelling fixed point if a, >1, a; -a; >1 1 #j,
j#k, i #k (i gk =13);

3. the fixed point (0;0;0) is a neutral or an indifferent fixed point for all
other cases.

Let linear operator A satisfies b) condition of the theorem1 and [2|=0. There

are two types of such linear operators: “ss1» and “s2:n. We do research on n-th

iteration of the point x° = (x/,X,, X;) € I, under linear operators .2 as:

0 0 a,
A(3;3,1,2): a,, 0 0|
0 a, O

By using mathematical induction we can define n-th degree of the matrix Azs.:
00 ay|[0 0 a4 0 a,a, 0
AXA=]|a,0 0 ||la,O0 0 0 0 a,d; |,
0a,; O 0a, O ay,a,, 0 0



0 asa, 0 00 a, a, a,a, 0 0

AXAXA=]0 0 aa,||a0 0 ]= 0 a,a_,a, 0 ,
a,,a,, 0 0/{0a, O 0 0 a, a,a,,
0 0 aasas;’
3k-2 _ k k-1 _k-1
1) A" =|a,a; a, O 0

k-1 _k-1_k
0 aZl a13 a32 0

O agl-lalkSG;; O
2) A%'=] 0 0 asa’a!
a,aj;'a;, 0 0
a§1a1k3a§2 0 0
3) A¥ = 0 aaid 0
0 0 ay, 0y,

Then these three cases are possible:
Casel. If n=3k-2 then we have:

() _ an 0 _ ¢ k-1 _k k-1.0 _k k-1 k-1.0 _k-1_k-1_k _0
SO’ we get X =AX = (ay a;305, X,0,,0;5 Ay, X)L, Gy, G5 05,X,) for all

0 _ ;.0 0 0

X _(Xl’XZ’ X3)613

Case 2. Assume n=3k-1.

k-1 kK 0 k-1 _k k.0
0 a, a,a, 0 X a,, Q305X
no0 _ Kk k-1 o | ok k k1.0
A'x" = 0 0 a,,d,34s, Xy | = | 943Uz, X5 |-
K k-l _k 0 K k-l _k 0
a,a; a; 0 0 X3 a,d; A3 X
(n) — AnL0 _— k-1_k _k 0 k k _k-1_0 k k-1_k 0 0 _ 0 0 0
We have x = A"X" = (a,, a,05,X,,0,,0,505, X5,0,d5 dy,x, ) for all x* = (x,x,, x3) €1,

Case 3. Let n=3k.

k _k _k (.0 (ko _k ko0

a,,d;3d3, 0 0 X a,,d;3d3, X;

n,0 — k _k _k 0 — k k -k ,0
A'X = 0 a, a,;ds;, 0 X | = | 4201305,X,
k -k -k 0 k -k ok 0

0 0 a,,d;d;, X3 a;,a3d;, Xy

. _ An 0 _ ¢ k k _k 0 _k _k k 0 _k _k _k 0 0 _,,0 0 0
We Obtaln X(n) =A'x = (a21a13a32x1 ,a21a13a32x2,a21a13a32x3) fOT all X = (Xl X5 X3)613

We define limiting under condition 7 —~ ® and we’ll get following theorem:
Theorem4. Assume linear operator A satisfies b) condition of the theorem1

and |2|= 0. For the linear operator Asmmm,) 1 = Is:

1. the fixed point (0;0;0) is an attracting fixed point if a; -a; -a, <1 i#]

j =k, i #k (i, j, k :L_3);



2. the fixed point (0;0;0) is a repelling fixed point if a; ‘a; -a; >1 1 # ]
j#k, ik (i,j,k=13);

3. the fixed point (0;0;0) is a neutral or an indifferent fixed point for all
other cases.

3 Conclusion

Until now, in [10, 11, 12, 13, 14], representation of linear and quadratic
operators in the simplex of idempotent measures has been constructed and the
dynamics i.e., the trajectories of the non-fixed points have been studied. However, the
problem of studying the dynamics of linear operators with n=3 remained open. In this
paper we have researched this open problem and studied all possible dynamics for
linear operators of both forms which defined in [10] in the simplex of idempotent
measures in the case n=3, i.e., we studied the trajectories of motion of non-fixed
points which lying in this simplex under the linear operator. Thus, in this paper we
have completed the studying construction and dynamics of linear operators which
map simplex of idempotent measures into itself. Therefore we are completely closing
the open problem we mentioned above.
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