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AnHoTanusa. B [aHHON cTaTbe WCC/eflyeTCsl 3ajada IIpecijefloBaHUs B
mvddepeHIMaIbLHOM Urpe, 3aJJaHHOM JIMHEWMHOW JWHAaMUKOW C WHTEerpajbHbIMU
OrpaHUYEHUSIMM Ha yOpaB/eHus MpeciefoBaTesied U C T[eOMeTpUYeCKUMHU
OrpaHMUEHUsIMM Ha yIipaBjieHue yOerawomyx. 37ech /s MpeciefoBaTesieit
npeJijlaraeTcsi CTpaTerusl MapasuleflbHOro TipeciefioBaHusi (COokKpaileHHo, [I-



CTpaTerusi) U C ee MOMOIIIbIO OTIpPe/ie/isiFOTCSl HOBbIe I0CTaTOYHbIe YC/I0BUS 3aaud
Tripeciie/0BaHusl.

KmroueBsblie csioBa. [IuddepeniyanbHas Urpa, TipeciiefioBaTesb, yoerarommi,
[I-cTpaTerusi, reomMeTpuyeckoe OrpaHWYeHUs], HWHTerpajbHOe OrpaHUuYeHwus,
JIMHUEU KU3HU.

1. Introduction

Differential games were initiated by Isaacs [23]. Fundamental results were
obtained by Bercovitz [6, 7], Basar [4, 5], Chikrii [9], Elliot and Kalton [10],
Fleming [11, 12], Friedman [13], Hajek [15, 16], Ho, Bryson and Baron [17],
Pontryagin [27], Krasovskii [24], Petrosjan [26], Pshenichnyi [28, 29], Subbotin
[36, 37] and others. The book of Isaacs [23] contains many specific game problems
that were discussed in details and proposed for further study. One of them is the
“Life-line” problem, which rather was comprehensively studied by Petrosjan [26]
by approximating measurable controls with most efficient piecewise constant
controls that presents the strategy of parallel approach. Later this strategy was
called TI-strategy. The strategies proposed in [1, 26, 28] for a simple motion
pursuit game with geometrical constraints became the starting point for the
development of the pursuit methods in games with multiple pursuers (see e.g. [2,
14, 30-34]). A relay pursuit-evasion problem with two pursuers and one evader
was studied [36]. The problem is reduced to one pursuer and one evader problem
subject to a state constraint. To prolong the capture time, a suboptimal control
strategy for the evader was proposed. A relay-pursuit strategy was applied in [3],
according to which only one pursuer is assigned to go after the evader at every
instant of time. The paper of [35] is devoted to capturing the evader in the shortest
time. The Apollonius circles formed by the evader and each pursuer are used to
analyze how the evader can find a better strategy to escape or prolong the capture
time. The constructing of optimal strategies of players and finding the value of the
game are difficult and important problems of differential games. Pashkov and
Terekhov [25] studied a simple motion differential game of optimal approach of
two pursuers and one evader. In the case where maximal speeds of pursuers are
equal, optimal strategies of players were constructed. The works [19-23] are
devoted to a simple motion differential game of k pursuers and one evader.

2. The problem statement

Consider differential game when pursuer 7+ =h 2

and evader £, having
radius vectors “ and ¥ correspondingly, move in space R'. If their velocity vectors
are ' and v then the game will be described by the equations:

Foox +ox =u, x(0)=x, (2 1)

(2.2)
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where 4t o, ¥ are initial positions of players ~ and £. Here

the temporal variation of “ must be a measurable function “'’*'"*'~ ® - which
adheres to integral constraint of the form

' (5 ds - ?
| | [5) 05 =4

Ci=L2m, (2.3)
where “ are positive numbers. From the physical viewpoint, “» in (2.3) state the

1
initial resources of players £. Denote by Ul the class of the pursuers’ admissible
controls satisfying constraint (2.3).
Similarly, the temporal variation of Y must be a measurable function

i g ey — R . . . . . .
703000 = B and on this vector-function, we impose geometric constraint (briefly,

G- constraint)
V) 1= for almost every ¢ =0, (2.4)
where ¢ is a nonnegative number which states the maximal velocity of player £.

We denote by Ve the class of the evader’s admissible controls satisfying constraint
(2.4).

In [32], B.T.Samatov studied the IG-Game with one pursuer and one evader
for the case ¢ =0 in IG-Linear Game (2.1)—(2.4).

In IG-Linear Game (2.1)—(2.4), the aim of players # is to capture player £,
i.e. to reach the equality %0 =0 where ¥® and Y© are motion trajectories of the
players. Player £ strives to avoid meeting with any player #, and if this is not
possible, to postpone the moment of the meeting as long as possible. Naturally, this
is a preliminary problem setting.

At the present, we are going to study mainly the game with phase constraints
for the evader being given by a subset A of R", which is called the “Life-line” [23]
(for the evader naturally). Notice that in the case 4=9, we have a simple IG-
Linear Game (2.1)—(2.4).

Definition 1. By the equations and initial conditions in (2.1)—(2.2), any pairs

(oot ) €U Tgpg V) YO SV | generate the solutions

(2.5)
In this case, ¥® is called the pursuer’s motion trajectory, and Y@ is called the
evader’s motion trajectory.
Definition 2. For each triple W0 4O €U; the scalar quantity
oty =g - Jlwisyf ds, gDy =4n,, t =0
(2.6)
is called the pursuer’s residual resource at a time moment .
Definition 3. The map “(*V: — U
following properties hold:

is called the strateqy for pursuer * if the

=u |via]ell

VOV | the inclusion “!! =

I°. (Admissibility) For every is valid.
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2°. (Volterranianity) For every and (=0, the equality "*) =) ae.

u (s)=u (s)

on [0, t] implies a.e. on [0, ] with ¥ [ =uwlviglel) i=12..m.
p

Definition 4. A strategy “(") is called winning for pursuer “ on the interval
[0.7] in IG-Linear Game (2.1)~(2.4) if for every "O€V there exists a moment
t1[0,T] such that x(0)=vit).

Definition 5. Assume Y| Al R A

and a strategy “() is winning for pursuer
on the interval [*T! while evader £ stays in zone RNA e KOIE(VE)0ESEC A
and ! [©T] Then % is called winning for pursuers ~- =\2--" on the interval
[0.T1 jp IG-Linear Game with the “Life-line” (2.1)—(2.4).

Notice that A doesn’t restrict any motion of . Here A is the closure of the
set Al R",

Let %" ¥ and let a current value of control *©- ¢20. be given, where Y0V

Suppose that the triple ) is a parametric state of IG-Linear Game (2.1)—(2.4)
and denoted it by 5. We find the following nonempty simply connected set of such

states®i:

where 5 ~lsivy 200 20}, 8, =151y, > do, o 20}, 8, ={s; v, =4, o0 01 and 558,85 gre

mutually disjoint sets.
Definition 6. The function
., (v)=v- A, (v)S (27)

is called the parallel pursuit strategy, or the Pic _strategy for player “ in IG-Linear
Game (2.1)—2.4), where

1 N 4 !
A lv)=—4{v = ::’\/|T“:""‘: Ho-IvE, So=—— & =Xg- ¥ V Ra

Al (v) v,|v|=0,

Property 1. The function is defined, positive, continuous with

for every % €Se |
Property 2. If % €S« | then for the Pio -strategy the following equality holds:

()= /ll-r'-} (28)
3. MAIN RESULTS

For the players’ trajectories

xitp=e" | X # | w, CvisiHs | wity=e ' I . |-." vishds |

we define the multi-valued mapping
Wi (600, 900, (0) = we [w= (0 20 Al (v a0 7o) [ w- y(o ). (3.1)
Theorem 1. If % 5S¢ | then
Wi (1) = x, (0] +e A (v LW, (00 X, ], L0, 1], 3.2)

in IG-Linear Game (2.1)—(2.4), where



Wt =W Ix (0, v(e), A0, 6 =min{t:z.(t)=0} i=012..,m Wg0)= wi|w=- ;[ =g )| w- ¥
b

Proof. Consider the situation when pursuer © makes use of the Mg - strategy
while evader £ on 41 applies any control YUY . Assume that *()-Y® are the

current positions of the players, and #® is the current resource of pursuer 2. Then
from (2.9) and (3.1) we have

Wy ()= x(0) = we |w (e "Ay (ovOe o) e [wz(0)] =
= W |'.f|' = AL L W) ar) | w+ e A (v, | =

= wilwie AL (N2l o [(w e AL (i) 2, | = AL (v DIwL (- ],

and this concludes the proof.
Property 3. If 5S¢ | then the Wi(® is convex on [0 1.

W (1) =W, (t)+ ;.u‘ |".x (5)eds |+ |1-' AL s vinds w0y - x,.)
Consider the set ' , o T,
Theorem 2. Let 5€Sc. Then "r!%)=Wult) for arbitrary ©© =001 0= =0 jp
IG-Linear Game (2.1)—(2.4).

Proof. From (2.8) we have

|'.-'[r}|x.,,|- A vl r;-;-x.,,l =y, (v, |.r|

Then from !V®©/=¢ and from Property 1 we obtain
| Oz« A (D) + yid= x| 2o d |00 ] A (v () * y)= v
or
[-.-'[r}|x...|. A [-.-'[r;-;}+ Vi £ Wy (0.
FIW, ) = syp {w g}
From this and from properties of the supporting function el for any
vERLWIED in [8] we have

ar
0

) zsa] ¢ A AN+ 3, 40 =F (W0, )

or

A (VOIF (W, (D)= i, 47 =0

(3.5)
for all *=®" I=' From (1.1), (1.7), (3.2), (3.4) we have

W, (1) + ;,.| Peisids |+ e Al e v W 0)- x0), p| =
fy |

o), g -

F(Wy (1), 1) =F

=o (0], g d e AL (L VU FIW (00 - kg, ) F

4‘1‘ |.1_['1,"'.."~' |
- ]

T | Fl : Apis,vds| F [Ll.'!:_ (0 - x,,, 4 }_:

d - ; [
= T!-'[H'.-_[r}. ) =l (viesd, gm0 (), ar - —— A (VI (W, (00 X, 80 -
dt I

=08 AL (VO (W (00 X, )4 0 (0), 40+ 0¢ A (L VD FIWL (D)= xy, 47} =

—— Ay (V) F (W, (D)= X, 47} =

| &

=avt)- Ay VS, o -



) T T
=ovlt), 4= ——d [VIEE (W (D) - vy, 40) =0
z

This finishes the proof.
J_ wineEw, (0)- ;‘.ui |".x (s5)ds |- ;‘.ui |"-.-' CAL s v -:-:--..'n'[u'...fn;-- x.)
Property 4. If 5 <5<, then ' ' is

valid on the time interval (€[00,

Theorem 3. If 5 €5« for some ' ~"%" then Y©€W. is satisfied on the time

mterval 0.7 jn IG-Linear Game (2.1)—(2.4), where Tc =4/,
|

Wi —u.m Wi(0)- a| folsdds |- o] [ “Af(s,v(ds | (Wi (0)- x )! _
| . i [|  d =maxiw, - w, |- w,w, €W,

Proof. This follows from Theorem 2 and Property 4.

Theorem 4. If "« "4 , then the players © =2

10.Tc] in IG-Linear Game (2.1)- (2.4) with the “Life-line”.
Proof. This follows from Theorem 3.

'™ win on the interval
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