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Abstract: In this paper, we consider the control problem associated with the
heat transfer process in a bounded one-dimensional domain. Finding an admissible
control function is required to achieve a given average temperature in the domain.
The existence of such an admissible control was proved using the Laplace
transform method.

Keywords: Parabolic equation; integral equation; control problem;
boundary value problem; Laplace transform; admissible control; heat process;
mathematical model.

3AZJAYA YIIPABJIEHUSA TEIIVIOBBIM ITPOLIECCOM B
O,Z[HOMEPHOﬁ OBJIACTHN
®.H. Jlexxonos, H.J1. Tyna6oesa
HamaHraHCKHii TOCY/JapCTBEeHHbBIN YHUBEPCUTET, KaHAWJAT HayK, JOL[eHT
HamaHraHCKuii roCcyiapCTBeHHbI YHUBEPCUTET, MaruCTpaHT
E-mail: f.n.dehgonov@mail.ru

AnHotanusi: B gaHHoit paboTe paccMaTpuBaeTcsl 3aZjaua yIIpaBJieHUS,
CBsi3aHHasi C MPOLIECCOM Tervionepe/jaul B OJHOMEDHOM OrpaHuYeHHOU cdepe.
Tpebyercsas HaliTu mnpueMaemMyr0 GYHKIUIO VIIPABIA€HUS [/ [JOCTKEHUS
3a/laHHOU CpeJHer TeMIlepaTyphl B MOJEBbIX yCI0BUAX. CyllecTBOBaHME TaKOro
yripaBJieHusi ObL/IO ZI0Ka3aHO C TTOMOIIIBI0 MeTo/ia 3aMeHsI Jlariaca.

KroueBbie ciioBa: [Tapabonueckoe ypaBHeHHe; MHTeTpabHOe

ypaBHeHUe; 3a/laua yIpaBjieHUs; KpaeBas 3ajjaya; rpeoOpa3oBaHue Jlamuiaca;
JIOMyCTUMbIN KOHTPOJIb; TEIJIOBOM MPOLIeCC; MaTeMaTUuuecKasi MoJieJlb.

BIR O‘LCHOVLI SOHADA ISSIQLIK ALMASHINISHINI BOSHQARISH
MASALASI
F.N. Dexqonov, N.Y. To‘laboyeva
Namangan davlat universiteti, fizika-matematika fanlari bo‘yicha falsafa doktori
(PhD), dotsent
Namangan davlat universiteti, magistrant
E-mail: f.n.dehgonov@mail.ru



mailto:f.n.dehqonov@mail.ru
mailto:f.n.dehqonov@mail.ru
mailto:f.n.dehqonov@mail.ru

Annotatsiya: Ushbu maqolada biz bir o‘lchovli chegaralangan sohada
issiglik almashinish jarayoni bilan bilan bog‘liq boshgaruv masalasini ko‘rib
chigamiz. Sohadagi berilgan o‘rtacha temperaturaga erishish uchun joiz boshqaruv
funksiyasini topish talab gilinadi. Laplas almashtirish usuli yordamida bunday
boshqgaruv funksiyasi mavjudligi isbotlangan.

Kalit so‘zlar: Parabolik tenglama; integral tenglama; boshqaruv masalasi;
chegaraviy giymat masalasi; Laplas almashtirishi; joiz boshgaruv; issigliq
almashinish jarayoni; matematik model.

1. Introduction

Consider the heat exchange process along the domain
Q={(x,t): 0<x<um, t>0}:

u (x,t) =u_(x,t), (xt)eQ, (1.1)
with boundary value conditions
u(0,t) =u(t), wu/(mt)=0, t=0, (1.2)
and initial value condition
u(x,0) =0, 0=<x<m. (1.3)

We say that the function «(t) is an admissible control, if this function is
differentiable on the half-line t >0 and satisfies the following constraints
1(0) =0, Lu(t)’ <1, t=0.

One of the urgent problems for the equations of mathematical physics is the
problem of mathematical modeling of processes associated with various partial
differential equations. In particular, mathematical modeling of the heat exchange
process and the control of this process. Control in this situation is made by
changing the heat flux entering to the region under consideration from a part of its
boundary. It is natural to achieve an average temperature in the whole area.
Therefore, it is important to control the boundary flow to reach the average
temperature in any part of the area, and in the case of a delta-like distribution, at a
fixed point in the area.

In this article, we consider the control problem associated with a parabolic
equation. On part of the boundary of the segment [0,7]there is a source with a
given flow. It is required to find such a mode of operation of the source so that the
average value of the solution in some part of the segment [0,7]takes the specified
value.

In the present work we consider the following problem:



Control problem. For a given function &(t) problem consist looking for the

admissible control #(t) such that the solution U(X,t) of the initial-boundary value
problem (1.1)-(1.3) exists and satisfies the following equation

f u(x,)dx =6(t) (1.4)

From the increasing interest in physics and mathematics, a lot of effects have
been devoted to the studies of boundary control problems for the heat equation in
recent years. The optimal control problem for the second order parabolic type
equations was studied by Friedman and Fattorini [1, 2]. Time-optimal problems
with control on the boundary for the second order parabolic equation have been
treated by Egorov [3], and he proved a Bang-bang principle in the special case.

The boundary control problem for a heat equation with a piecewise smooth
boundary in a n-dimensional domain was studied by Albeverio and Alimov [4, 5]
and an estimate for the minimum time required to reach a given average
temperature was found. In [6], the boundary control problem with a positive
weight function placed under the integral in the n-dimensional domain for the
homogeneous heat conduction equation was studied.

The latest results on boundary control problems for the heat conduction
equation are studied in works [7-10], [11-13]. These articles are mainly devoted to
the problems of finding the boundary control function for the heat transfer equation
in one and two-dimensional domain. In [14], an estimate of the minimum time for
a given average temperature in a two-dimensional domain was obtained.

Boundary control problems for pseudo-parabolic equations are studied in
works [15-17]. In these works, the control problem is studied for the pseudo-
parabolic type equation, but the proof of the control function is proved using the
Laplace transform method.

A lot of information about optimal control problems is given in detail in the
monographs of Friedman, Fursikov and Lions [18-20]. General numerical
optimization and optimal boundary control have been studied in a great number of
publications such as [21]. The practical approaches to optimal control of the heat
equation are described in publications like [22].

In our work, it is proved that the control function exists. In Section 2, the
given problem is reduced to the Volterra integral equation of the first kind. Finally,
required estimate for the kernel is obtained and proved the existence of the control
function using the Laplace transform method in the section 3.

2. Main integral equation

We consider the eigenvalue problem



X'"X)+AX(x)=0, 0<x<u,
with boundary conditions
X(0)=0, X'(r)=0, 0<x<m.

Then we get
2

2k+1 , X, =sin

Ak:Z

Definition 2.1. By the solution of the problem (1.1)-(1.3) we understand the
function U(X,t) represent in the form

u(x,t) =u(t) - w(x,0 (2.1)
where the function W(x,t) with the regularity w(x,t)€C;\(Q) N C(Q) is the

2k +1

x, k=0,1,....

solution to the problem:

w.(x,t) =w_ (x,t) + u'(t),
with boundary condition

w(0,t) =0, w (,t) =0,
and initial condition

w(x,0) =0, 0=<x<r.

Consequently, we have (see, [23, 24])
4 & 1
wix,t) =— 3} ——

T o 2k +1
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J:u (s)e " *ds
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X. (2.2)

According to the solution (2.2) and from (2.1) we have solution of the
initial-boundary problem (1.1)-(1.3)

sin

u(t) =u()- £ ¥ N 2.3)
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Using the solution (2.3) and the condition (1.6) and the properties of the
function #(t), we can write the following equation

&(t) :fu(x,t)dx =7 u(t) - EZ ! fe' A9 (s)ds =

0 I k=0 (Zk +1)2 0
Bu(t) ¢ 1 2 & - Iy (t-5)
= u(t) - — +— e " u(s)ds. 2.4
b kZ:O' 2k +1?* kZ:OIG[ 24)
Note that,
& 1 8¢ 1
T =y — or 7 Z—Z— (2.5)
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From (2.4) and (2.5), we get

o t
32 fe'ﬂ’k<f's>u(s)ds =6(t).
7T k=0 ¢
We set
2 &
B(t) == e ™ (2.6)
I k=

Then we get the main integral equation
[B(t- )u(s)yds =6(), >0 2.7)
0

Proposition 2.1. For the function B(t) defined by (2.6) the following
estimate

0<B(t)<—, 0<t <1,

=l

is valid, where C =const >0,
Proof. It is clear that B(t)> 0. Then we obtain

B(t) £c0nstZe'}'k‘ :COHStZe_(2k+1/2)2[ <
k=0 k=0

5

o

Proposition 2.1 is proved.

3. Solution of the Control problem

Denote by W(M)the set of function &€W, (- «,+ ), 4(t) =0for t <0

which satisfies the condition

|60 M

Theorem 3.1. There exists M >O0such that for any function €W (M) the

solution u(t) of the equation (2.7) exists and satisfies condition
(0] <1.

) <
W3 (Ry)

The solve equation (2.7), we use the Laplace transform method. We
introduce the notation

u(p) = fe' " u(t)dt.
0

Using the convolution property from equation (2.7) we obtain

B(p)i(p) =0(p).
Consequently,
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We can write

B(p) = jB(t)e Pdt = 25‘ 1

TPt jy
where B(t) defined by (2.6) and we have
B(a +i&) _2 Z¥ —Re B(a +i&) + Im B(a +i%),

Tina+is+ A,

where

o0

2 A
ReB(a +i&) ”é(a +a/1+) Ay

25 ¢ 1
7T kZ:O'(CI+/-l%) +£-‘

ImB(a+1 5) =

We know that
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Consequently, we get the estimate
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where
2y at+A _25 1
m ﬂ'kd)(a+ik)2+1’ a ”k:0(61+ﬂk)2+1.
From (3.2) and (3.3), we have
/—1 = (3.4)
where C,, =min{C,,,C,,}.
Then, when a — 0 from (3.1) we obtain the equality
6( S) 1 [
L : 3.5
Tox VBE) ds (3-5)

Lemma 3.1. Let 0(t)€W(M). Then for the image of the function &(t) the
inequality

7\5(1'5)\\/1 +E2dE <o

is valid.
Proof. Using the integral representation of the image of a given function
6(t) and integration by parts we get

(ﬂﬂ_)( =" 1
+—— (e (aﬂ_)rg (t)df
-d- l =0 a+ IH b

O(a +i&) = fe () de H(t)

then
(a +i&)0(a +i&) :}e*“*"f)fe'(t)dt.
Therefore, when a — 0 we have 0
iE0(i&) =}e' H(0)dt,
and O
GE) 0(i&) sze' ont)dt.
Consequently, O
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Lemma 3.1 is proved.
Proof of theorem 3.1. According to (3.4), (3.5) and lemma 3.1, we can
write

IA

1+ &dE<w.

A (S I T
) 52177_;[ B&) de=c f o)

Then, we get the estimate

CM
u(t)| < c ., =<——=1
“ ( )‘ 2]TCO H W5 (R,) ZﬂCO ’
271C
where M = e
C
Theorem 3.1 is proved.
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