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Anneotation: The main goal of this work is to recover surfaces generated from
transfer surfaces by their total curvature being a product of two functions with separate
variables. This problem was solved for three cases in isotropic space and equations of
the surfaces at a constant distance from the edge of regression on a transfer surface of
type 1 were found for each case separately. Moreover, the surface equation was found
by solving the parabolic Monge-Ampere equation for these surfaces.
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Izotrop fazoda 1-turdagi ko'chiruvchi sirt regressiya chetidan doimiy
masofada joylashgan sirt. Monge-Amper tenglamasi.
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Anneotatsiya: Ushbu ishning asosiy magsadi ko’chiruvchi sirtdan hosil qilingan
sirtlarning to’la egriligi ikkita alohida o’zgaruvchili funksiyaning ko’paytmasi bo’lgan
holda tenglamasini topish. Bu masala izotrop fazoda 1-turdagi ko’chiruvchi sirt
regressiya chetidan doimiy masofada joylashgan sirtlarning tenglamasi uchta holda
alohida topilgan. Bundan tashqgari, bu sirtlar uchun parabolik Monge-Ampere

tenglamasini yechish orqali sirt tenglamasi topilgan.

Kalitso’zlar: Izotrop fazo, ko’chiruvchi sirtlar, ko’chiruvchi sirt regressiya
chetidan doimiy masofada joylashgan sirtlar, to’la va o’rta egriliklar, parabolik

Monge-Ampere tenglamasi.
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IIoBepXHOCTh HA TMOCTOAHHOM PACCTOSIHUM OT Kpasi perpeccdd Ha
MOBEPXHOCTH TepeHoca THMA 1 B M30TPONMHOM MPOCTPAHCTBe. YPaBHeHHE

Monxa-AMnepa.
Xonmypogosa ['yibH03a HapyuMoH Ku3su

TamkeHnTckut I'ocygapcTBeHHbIM TpaHCMOPTHBIM YHUBepCUTET, TalllkeHT,

VY30ekucTaH.

xolmurodovagulnoza3@gmail.com

AnHoranusi: OcHOBHas 1e/b JaHHOM paboTel — BOCCTAHOBHTH
TOBEPXHOCTH, CO3/IaHHble W3 TMOBEPXHOCTeW TIepeHoca, MOCKOJbKY WX TOJIHast
KpHBU3HA SIBJISIeTCS TIPOU3Be/leHeM JIBYX (PYHKI[UH C OT/le/TbHbIMU lepeMeHHbIMHU.
OTa 3ajaua pellajach Jjs TpexX CJiydaeB B HW30TPOMHOM MPOCTPAaHCTBE U
ypaBHEHUSI TOBEPXHOCTEM Ha TOCTOSTHHOM pacCTOSIHUM OT Kpasi perpeccuu Ha
TTIOBEPXHOCThL TlepeHoca Thra 1 ObLIM HaWeHbl AJIA KaXKAOTO Cayuasi OTHAe/bHO.
bonee TOro, ypaBHeHHEe TIOBEPXHOCTU ObIJIO HaWJeHO IIyTeM peIleHus

rapabo/yinyeckoro ypaBHeHuss MoH»ka-Amriepa fijisi 5TUX TTIOBepXHOCTeH.

KiroueBble c10Ba: W30TPOITHOE IIPOCTPAHCTBO, ITOBEPXHOCTH IE€pPeHOCa,
TOBEPXHOCTU Ha TOCTOSIHHOM PpAaCcCTOSIHUM OT Kpasi perpecCMyd Ha MOBEPXHOCTU
repeHoca, ToJIHasg W CpeJHsIss KPWUBU3HBI, TNapabonmyeckoe ypaBHeHHe MoHKa-

Awmrepa.
Introduction

Initial concepts of isotropic space are given in the works of K.Strubecker.[1]
In the work of H.Sachs [2] described groups of the motion in the isotropic space.
Currently, the differential geometry of surfaces is studying by several geometers in
this space. An isotropic space is a space with a degenerate metric. It differs from
Euclidian space.[3] In addition, the total and mean curvatures of the surfaces in

z=z(x,y)

isotropic space differ from the Euclidian case. If the surface is uniquely

Oxy

projected onto the plane, then the total curvature is the following form:
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K=z.z,-z, . The right side of this formula is called the Monge-Ampere equation

in this space. [4] Hence, some classes of surfaces were found in the case the total
curvature is zero or equals to a nonzero constant. In particular, it was well
considered for transfer surfaces.[5,6,8] M.E.Aydin classified transfer surfaces with
constant total curvature in the isotropic space.[5] Besides that, Sh. Ismoilov solved
the surface recovering problem for the case the total curvature is product of two
separate variable functions [6]. In addition, in the article [7] surfaces at a constant
distance from the edge of regression on a surface was studied in Euclidian space.

The equations of the surfaces generated by translation surfaces of type 1 were

found for the case the total curvature K" =0 in the isotropic space in the article of
M.K.Karacan and others [8]. In this paper, the equations of the surfaces at a

constant distance from the edge of regression on a transfer surface of type 1 are

K" =gy (y)

found for the case . And the parabolic Monge-Ampere equation is

solved.

Preliminaries.

2
Basic concepts of an isotropic space R,

Let there be given an affine space A with the coordinate system Ocece.

X1%.y.2 and Y I[‘T'C-"}!-"Z-'Jbe vectors in 2.

Definition 1. If the scalar product of the vectors X1%¥2 and Y(x,y.z.) is
defined by the following:
!f.\'."l']' =X N, v Yy U o + vy, =0
(X, v) =22 if xx,+yyv, =0 (1)

2

then “ is called an isotropic space R . [9]

x|=f(x.x)
It is known that the norm of the vector X is defined by the formula ' '

; 7 M .
and the distance d between points M(x.y.z) and N(x.y.z)



:‘jf.x SR RS U B T .Jf.x -x ) #ly -y ) =0
|:’ -z if ,Jl'l.r.x -x Y #ly - v ¥ =0

2)
The metric defined by this way is called a degenerate metric. Geometry in a plane

of an isotropic space is Euclidian, if it is not parallel to the axis OZ. If it is parallel

to the OZ | then the geometry on it is the Galilean.[10] The motion of the isotropic
space is given by the following formula:

| X'=xcos- ysina+a
'y =xsina+ ycosar +b
'z'=hx+hy+z+c

3)

2
Consider a regular surface in the ks and its vector equation is given by the
following:

.r'fu,v} =x(u,v)i +vu,v)j+zlu,vk 4)

Then the total and mean curvatures of this surface are defined as in the Euclidian
case:

_LN-M" EN- 2FM +GL
" EG- F? ) EG- F (5)

E,F,G and I'M.N are the coefficients of the first and second fundamental

z=2(x,y)
5

where,

forms of the surface, relatively. If the surface @ is given an explicit form
which is the one-valued projection onto the ®¥ plane, then for the total and mean
curvatures of this surface following is valid:

K=z z -1z 2H =z _+1z (6)

b

Where, the right side of the above formulas Monge-Ampere and Laplacian

operators, respectively.[4]
Transfer surfaces in the isotropic space R

M.E.Aydin classified types of transfer surfaces in isotropic space.[11] It is
known that the transfer surfaces of type 1 are obtained by translating two planar
curves. The surface parametrization is given by

) =alu)e () )



The transfer surfaces of type 1 is defined by the one-valued projection onto the %

plane for the case both “®), #()

of this surface is

are isotropic planar curves. And vector equation

Pluvd=ui+ v+ (f (w)e g Gk

where, “(0=00 1) g q ) =009 0) 31

Surfaces at a constant distance from the edge of regression on a transfer
surface of type 1 in R,
Let the surface ¢ be admissible surface which is not isotropic tangent planes

in isotropic space. " be an isotropic unit normal vector at a point P of the surface
¢, Take a unit vector at a point P

m, =dr, +dr +dn, 8)

where " v are tangent vectors at P an

by

d 9+ =1 If there is a function " defined

h-— (]1"’ h{P):P‘FIﬁT{P}

)

where [ is constant, then the surface ®" is called the surface at a constant distance

» bl
from the edge of regression on ®. ® and ®" are shown by the pair (@4 ). If

d, =d, =0 m(P) =l n(p)

, then we have and so ® and ®" are parallel surfaces. In

this paper, we assume that both 4 and % are not zero at the same time. Let " (u,v)

-
. . roro. . .
be a parametrization of the transfer surface ¢ . In this case, ' ¥/ is non-isotropic

orthonormal bases of the surface @ . Let " (P) be a isotropic unit normal vector at a

d,d e

point P and d, R be constant numbers. Then we can write a vector

equation of @' is
r'(u,v)=r(u,v)+-mu,v)

e () =r (o) +1(dr, +dr +d n(0,0,1))

Thus we obtain _If we take !4 =17 1d, =u

Id o+ =I"

» =) where . Thus we get

r' (uv) =r (uv)+r, + ar, + 0 (0,0,1) (10)

From this, surfaces at a constant distance from the edge of regression on a transfer
surface of Type 1 is given by the following formula:[8]



P () = v+ (F @+ f @) (g )+ g )+ JJ}(ll)

Main results.

Let there be given the surfaces at a constant distance from the edge of
regression on a transfer surface of Type 1 in the isotropic space. And the
parametrization of this is defined the above formula (11). In this part we solve the
Monge- Ampere equation for the recovering problem of this type of surfaces in the
case the total curvature is the product of two arbitrarily functions.

Theorem 1. If the surface at a constant distance from the edge of regression
on a transfer surface of Type 1 is given by the vector equation (11) and the total

K =o()/(v)

curvature of this surface is , then we get the following:

a)lf d, #0 apq 9. #0’ then

r (w,v) :‘ U+ v+ T ” l}.riu}ciu | du +L ” |x (v)dv| dv w (Cu+C )+ ulCy +ff__}+]*‘
o o !- ol u

(12) where, 7.6 C000C = constant numbers.

b) Either d =0 d #0
;' (e v ) =| Wv+ T |"| |:rbfl.'}-..'t.'- du + ! |h| F/’_[-.-}-..'-.-.-,.'-.- TR ..-;[r- VO, )4 y|
s Al

d#0 do=0 " | Pl [ Oar e Cure) ooy
Proof: From the formula (11) the following holds:
Fluvy=fludepf W+gld+ug W)+ y (13)

Calculating the coefficients of the first and the second fundamental forms, we

obtain the following expressions: E=1F=0,6=] L=f"(w+yf W) p =0,

N =g +ug "W prom this, the total and mean curvatures are:
K= @+nf @g D+ g () 20 =0 ey e (g (e ng™ () (14)
(Fldeni () 40D e
a) Crtude g g 0o+ g ")) =plud i Gv) = olu) (7 (erg™G) -

The above equations are two third order differential equations with separate
variable functions.

frlu)+ L frw) =L o(w)
a.l) i ¢l

If we successively integrate this equation, we get the following:



f"{t.!)+]—f'l'.u)= I
I ~

L 1
— |;r{u)czu jdu+Cu+c,
U .

From this, we solve the homogeneous part of the equation and then use the method

- 1 . i ; .
frw+—fw=0= [ (u)=Ce" Y
of variation of the constant: ] L fw)=Clu)e

C'luwe " = d L [o(wdu|du+Cu+cC,  C(u)=e’ [‘ L [o(wdu|du+Cue” +C e
Hog . LR .

=

Clu)= ||:*

d = [o(u)du|du | du+Cpe” (u- )+ Cae” +C,
UE ] |

flu) —e |E*"-'
Thus, we get the '

d T fo(udu | du| du+Cplu- ) +Cp+Ce
S || 2

a.2) The above methods are also valid for solving this equation:

g (v)+ g (v) :]—x',[v) Lo gt =1L Al ddv]dvecvs €
r u i L

By the method of variation of the constant we get the ¢ =C0)e”

i (v) S |"| |f (dv|dv s ver +C pr Clv)= |ﬂ —r I"' |/'E""}'*'""" dv | dv+C e (v - ) o C e
i . i 1! Tif P |

g ) =e * | e a0y |dv | dvac o= )
From this, R !
After putting the corresponding expressions in formula (12), we get the surface

equation (12).

by 1f 4 =0, d. #0 then 77 =0 thys the surface total curvature is:
K= g g @) 1 0 ng =p@it) po s e above
methods in the case a), then we obtain:

gl =e [l e a0y v dv s ulo- )oCon

flad=r || forludduf du+Cu+c L |

and

_: o | I N - - |
e )=luvd e || pludduldu s = ) Pleddvidvelcn +o )4 _r:‘[r' Vb L } =
Thus, e f| foludduf o 2 1

In the case, d, ;t()’ d, =0= 1 =0 gince the solution is symmetric with respect to
U and V, the following is valid:



- I [
r fl.'.'.-'}=|t.' it || el dudu s — ) 2 G ddv ) dv g (Cue C )+ (Cvec }r Y
S ol

Theorem is proved.

Theorem 2. If the surfaces at a constant distance from the edge of regression
on a transfer surface of Type 1 satisfies the parabolic Monge-Ampere equation

z z -1 =1 (15)

then we get the following for the given surface:

) . . .
Fluvi=cUerple™ 20 ¢+ s v e sy
/ 2 . J

| (16)

where, ©+©C- €T constants.
Proof: Let there be given the regular surface ®" and its parametrization is:

Fluv)=fludeuf wl+gld+ ug v+ y (17)

Let this satisfies parabolic Monge-Ampere equation:

frlwheyprlu) |

(F s g 6o g G =(F @ ey £ Fladegf(a) g 0)e ug () :r, r- const
freaf" _ _ _
We solve these differential equations separately: 1) /%" and ! %/ *Cthus,

frcer+c = U-m) =11 =0 whis s homogeneous differential equation with

constant coefficients. Therefore, we seek the solution in the following form:
f(u) =e"

1
kg . , _ k, =- — , s Tt !
Thus, ™k e+ (1= o D - r)=n = , k, =z k, =0 = flud=cCe? s’ s

flud+gfilu)=C U+yrke™ +C (18)
: = ' L _v - . W oo - - -
g " =T Grg —=—thvii, glv) S—- vk C v - C o+
2) g +ig = o aTH = 2r T r

If we use the variation of constants method, then we get the above expressions:

a(v) e eg () =— v O
o (19)

If we put (18)-(19) into the (17) then we obtain (16).
Theorem is proved.
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