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Abstract. We focused on the following two things in this work first, predict the
processes in the black hole attribute depending on the properties of the metric function
and their variables, the movement of particles in circular motion. In the second part, we
calculated the movement of particles around the black hole using the metric function,
their ISCO parameters and how much they change depending on the change of Q and
M . To date, these features of this work have not been fully studied. We tried to fill these
gaps in this work.
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AnHoTanus. B 370l paboTe MbI COCpeOTOUMINCH Ha C/IeYIOMIUX ABYX Belljax:

BO-TIEPBBIX, TpeACKa3aTh MpOIiecChl B aTpulyTe UepHOW AbIPhl B 3aBUCHMOCTUA OT

CBOMCTB MeTpUYeCcKoW (yHKIMUA U UX TepeMEeHHBIX, ABKEHHEe YaCTHl] 10 KPYroBOM

TpaeKTopry. Bo BTOPOU 4acTU Mbl paCCUUTAIM ABMKEHHE YaCTUL] BOKPYT YePHOU JIbIPbI

C UCIO/b30BaHWEM MeTpuuecKou (PpyHkiuu, ux napametpbl ISCO U TO, HACKO/ILKO OHU

V3MEHSIIOTCS B 3aBUCMMOCTH OT u3MeHeHus Q u M. Ha ceropHsiiHul [eHb S5TU

0COOEHHOCTH 3TOH pabOThl U3yueHbl He TOJHOCTHI0. MBI TIOIBITA/IMCH 3al0JTHUTD 3TU

nipo0eJsibl B 3TOM paboTe.

Knioueeble ci1oea: YepHas obipa, ISCO, Kpyzoeble opbumbi.
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Annotatsiya. Biz bu ishda birinchi navbatda quyidagi ikkita narsaga e‘tibor
qaratdik, metrik funktsiya va ularning o‘zgaruvchilari xususiyatlariga, zarrachalarning


../../../../../../../../C:/Users/lenovo/Downloads/Telegram%20Desktop/rahmatovbekzod@samdu.uz

aylana harakatida harakatiga qarab qora tuynuk atrofidagi jarayonlarni bashorat gilamiz.
Ikkinchi qismda metrik funktsiyadan foydalanib, qora tuynuk atrofidagi zarrachalarning
harakatini, ularning ISCO parametrlarini va Q va M ning o‘zgarishiga qarab ganchalik
o‘zgarishini hisoblab chiqdik. Bugungi kunga qadar ishning ushbu xususiyatlari to‘liq
o‘rganilmagan. Biz bu ishda ana shu kamchiliklarni to‘ldirishga harakat qilindi.

Kalit so‘zlar: Qora tuynuk, ISCO, Sirkular orbitalar.

INTRODUCTION
In the last decade, black hole research has emerged as a thrilling field in physics. It has
been suggested that black holes should be considered physical systems instead of merely
mathematical constructs [1]. This perspective uses information theory to understand
their properties. By integrating classical gravity, mechanics, and quantum theory within
the framework of black hole thermodynamics, this approach aims to advance the study
of quantum gravity [2].

Additionally, when combined with a negative cosmological constant, the
Reissner-Nordstrom black hole (RNblack hole) has proven to be a valuable tool for
exploring the thermodynamic properties of gravity [3,4] and for examining the impact of
modified radiation equations of state at the Planck scale on the Reissner-Nordstrom-
Anti-de Sitter black hole (RNAdSblack hole) [5]. Despite the RNblack hole in AdS
spacetime being an effective solution for many gravity field theories, it still presents
several perplexing issues. It fails to satisfy the Bootstrap bound, even in extreme
conditions or at absolute zero, unlike in asymptotically Minkowski spacetime. While its
classical instability has not been explicitly demonstrated without additional charged
matter, this may suggest that the extremal RN solution in AdS spacetime is unstable
[6—8.

It is known that under large charged scalar perturbations, superradiant stability
applies to all non-extremal ReissnerNordstrom black holes (RNblack holes) in five
dimensions. This suggests that all RNblack holes in higher dimensions may be
superradiantly stable when subjected to charged massive scalar perturbations [9].
Conversely, the relaxation rate of the four-dimensional RNblack hole associated with the
massless scalar field was analyzed in Ref. [10].

The present paper has two broad aims. First, to present some important results on
both geometrical and topological aspects of the five-dimensional RNblack hole
spacetime, by constructing different types of strong retractions and strong homotopy
retracts on the background under consideration, which will be mathematically denoted,
for simplicity, by N° black hole. In addition, we will use it to prove the existence of



apparent horizons, which are crucial to the studies of wave phenomena on black hole
spacetimes. Furthermore, we will also show that the end limit of N° black hole is a 0-
dimensional non-extremal black hole. Second, to discuss the interaction between
quantum charged massive scalar particles and the background under consideration, by
obtaining the spectrum of quasibound states, which are related to the boundary
conditions imposed on the radial wave solution. In addition, we will also calculate the
corresponding angular and radial wave eigenfunctions. Indeed, these are two very
important, interesting features from a mathematical physics point of view.

The paper is organized as follows. In section II, we talk about the field equation,
its solution, and the analysis of the metric function. Section III describes the movement
of particles around a static black hole. Section III C describes the innermost stable
circular orbit (ISCO) and how it depends on the parameters.

Field Equation In Higher-Dimensional Reissner-Nordstrom Black Holes

The standard four-dimensional black hole solutions to Einstein's equations were
generalized to higher dimensions by Myers and Perry [11]. The higher-dimensional
action, which is a generalization of the Einstein-Hilbert action, is given by:
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where D is the number of dimensions, g is the determinant of the metric tensor, G is the
gravitational constant, R is the Ricci scalar, and L.« represents the matter Lagrangian
and g=det (g,,|. By differentiating this action with respect to the space-time metric (9,),

the Einstein equations in higher dimensions are derived:
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where R,, is the Ricci tensor. Now, for simplicity and without loss of generality, we may
adopt the natural units where Gp,=1. Next, by imposing a harmonic gauge condition, a
static, asymptotically flat and spherically-symmetric vacuum solution of Eq. (2), which
generalizes the RNblack hole solution in D-dimensions, has the following form
ds’=—f(r)dc+fi
G
where the metric function, f(r). In eq. (3) find metric function read as [12]:
ds’=—f(r)de’+fi
6
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with
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where 0,¢ run over the range 0 to 7, and x from 0 to 2.
Analysing of metric function. The metric function is a size division representing space-
time, in our case its expression is represented by Eq.(4). Now to find the event horizon,
we wing the following conditions:
flr=0,f (r)=0
(6)
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Fig. 1: Availability of black hole. Dependence of Q on M (left panel). Depending
of r to M at different values of Q (right panel).

For the parameters M and Q , we can obtain the existence of BN and the non-
existence of black hole.Eq.(6) above can be described as Figure 1. All the following
theoretical calculations and results obtained from them were selected for the (1,3) range
of M and the (0,1) range for Q. The reason for this is that the existence condition of black
hole is winged in all fields of large values. As we increase the value of Q, the value of



the horizon increases. Consequently, as the value of Q increases in the given interval, the
mass of black hole also increases (Figure 1 right panel). Now let's look at the metric
function (Figure 1 lower panel) as a function of M. With Q=1,M has two (inner and
outer) horizons at all values (1,3). As we increase the mass of the black hole in the given
interval, the minimum of the metric function moves towards the black hole and its value
decreases.
Motion Of Test Particles Around Static Black Holes

Effective potential. In this section, we briefly look at the motion of chargeless test
particles around static phantom black holes, using the following Lagrangian
formulation:
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(7)
with the conserved quantities provided as:

gn —E, g¢¢¢ L
(8)

where E=E/m and L=L/m represent the particle's specific energy and angular
momentum, respectively. The equations governing the motion of the particles are
derived employing the normalization condition:
gnu'u'=e
(9)

with € being assigned the value of 0 for massless particles and -1 for massive particles.

For test particles, the equations governing the motion of time-like geodesics can
be derived by applying the condition specified in Eq. (9) along with Eq. (8), taking the
following form [13-15]:

FP=E*+g,|1

where k represents the constant for the angular motion, also known as the Carter
constant, corresponding to the total angular momentum of the test particle. In this



context, we consider particle motion to be confined to the equatorial plane, where:
0=mn/2,0=0. Furthermore, we determine the Carter constant as k=IL’>. As a result, the
equation governing the radial motion of the particles transforms into
F=E’—V
(14)

where the effective potential for the radial motion of test particles is expressed as:

2
v, =f(r) 1+%

(15)

Let's briefly look at V.5 for this case. V. is directly related to the metric function

f(r). The function f(r) immediately depends on parameters M and Q. Choosing Q=1

from these parameters, the change of V.; was studied in the range M € (1,3) (Fig. 2). As
we increase the value of M, it can be observed that the value of the maximum of V.
decreases and moves further away from the black hole.
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Fig. 2: Different lines of the effective potential at different values of M, in cases
where Q=1,L’=16.
Circular motion. To explore the circular movement of particles, we use the
following criteria:
Vs =E, V=0
(16)
The stability of circular orbits for test particles orbiting a central point-like
gravitating compact object is determined by the equation 9, V=0, which ensures that
the effective potential is at a minimum. Typically, this condition is
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Fig. 3: The radial dependence of specific energy (left panel) and angular
momentum (right panel) of the test particle around the extreme black holes.
used alongside the circularity condition provided in Eq.(16), known as the equation for
the Innermost Stable Circular Orbit (ISCO). Consequently, the equation for the effective
potential presented in Eq.(15) takes on a modified form to satisfy these conditions: [13]

f(r)
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(17)

The observations can be made about E. according to Fig. 3 (left panel). We can
see that E. min increases with initial values of M (the case from purple to the red line),
initially decreasing and then increasing at values corresponding to M. Also, as the value
of y increases, the value of E. minimum moves to the right on the horizontal axis. We
can see in Fig. 3 (right hand) that the angular momentum of the particle L. increases
monotonically with increasing values of y.
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(18) into to (15), we consider that:
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ISCO. In the study of a black hole, its ISCO is important. It can be observed from Fig.
(4) that between the values of Q=1 and M € (0,1), we can see that the values of its ISCO
slowly rise with different areas. It can be concluded from the figure that ISCO accepts
only one value for certain values of M, while some values have 2 values. We can find
the ISCO parameter from the following expression:
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Fig. 4: ISCO parameter corresponded to r and M.
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The radius of the ISCO of the test particles can be calculated numerically by
solving Eq.(20).

CONCLUSION

This article concluded that: All selected intervals of Q and M have inner and outer
horizons. The greater the charge of the black hole, the greater the observation distance of
the horizon. The maximum of the effective potential is inversely proportional to the
mass of the black hole. At certain values of M, the value of ISCO decreases non-
linearly, and at certain values it increases sharply.
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