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Annotation. In this work, we examined the pursuit-evasion differential game

of one pursuer and one evader with non-stationary constraints of Langenhop-type,

which is one of certain integral constraints on controls of both players. We used a

Il -strategy providing to finish the pursuit problem for the pursuer. Also, we

succeeded in obtaining the necessary conditions for evasion by using the proposed
strateqy for the evader.

Keywords: game, pursuit, evasion, differential equation, I.angenhop type

constraint, pursuer, evader, strategy, control function.

Uralova Saboxat Ismoiljon qizi

V.I.LRomanovskiy nomidagi matematika instituti, tayanch doktorant

BOSHQARUVLARI LANGENHOP TIPLI NOSTATSIONAR
CHEGARALANISHLI DIFFERENTSIAL O‘YINLAR

Annotatsiya. Ushbu ishda biz ikkala o‘yinchining boshqaruvlari asosiy
integral chegaralanishdan biri bo‘lgan Langenhop tipidagi nostatsionar
chegaralanishga ega bo‘lgan bitta quvlovchi va bitta qochuvchili differensial
o‘yinini o‘rgandik. Biz quvlovchi uchun quvish masalasini hal qilishni
taminlaydigan 11 -strategiyadan foydalandik. Shuningdek, biz qochish uchun taklif
gilingan strategiyadan foydalanib, qgochish uchun muhim shartlarni olishga
muvaffaq bo‘Idik.

Kalit so‘zlar: o‘yin, quvish, qochish, differensial tenglama, Langenhop tipli

chegaralanish, quvlovchi, qochuvchi, strategiya,boshqaruv funksiyasi.
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WNuactutyT MaTeMaTuky UM. B.1.POMaHOBCKOTO, acIiupaHT

JINOOEPEHIIUAJIBHBIE UT'PBI C HECTAIIUOHAPHBIMUA

TUIIA JIAHI'EHXOIT OTPAHUYEHUSIMU HA YIIPABJ/IEHUS

AHHOmayus. B OaHHOU pabome Mbl paccmompenu OuggepeHyuanbHyro
uepy npecnedoeaHusi-ybeeaHusi 00HO20 npecaedogamesns U 00HO20 ybHezarouje2o ¢
HeCmayuoHapHbIMU muna JlaH2eHxonda O2pAaHUYeHUsIMU, KOmopble SGASIOMCS
OOHUM U3 HEKOMOPbIX UHMe2pa/ibHblX 02paHuyeHull Ha ynpaesneHusi 060uUX U2POKO8.
Mbl ucnonb3zoeanu cmpamezauto 045 npecnedogamens, Umobbl pewiumb 3a0ayy
npecnedosaHusl. Takxce HAM yO0an0Cb NOAyuYUMb HeobxoOumble ycao8usi O/
ybe2aHus, ucnoab3ys NpeoaoHCeHHY0 cmpamezuto 015 ybezaroujezo.

Knwueeble cnoea: uzpa, npecnedoeaHue, ybezaHusi, OuggepeHyuaibHoe
ypasHeHue, oz2paHuueHue JlaHeeHxona muna, npecnedoeamens, ybezawoue2o,
cmpameausi, hyHKYUs1 ynpaeneHusl.

Introduction

Differential game theory has become a widely accepted approach for
studying controlled processes by multiple players in situations involving conflict
and uncertainty. This field originating from the works of Isaacs [1] has been
further developed and refined by other mathematicians such as Pontryagin [2],
Krasovskii and Subbotin [3], Pshenichnyi [4] and Petrosjan [5]. In terms of the
application, the study of differential games is of significant interest because they
involve players whose control functions satisfy a variety types of constraints. The
field of differential games primarily focuses on problems where geometric,
integral, or mixed constraints are applied to control functions (see [6-10])). In a
recent study by Samatov et al. [6-10], a new form of integral constraint was
proposed as Langenhop-type constraint. These works was focused on pursuit-
evasion problems involving one pursuer and one evader in the space R". In the
present work, we studied pursuit-evasion problems with non-stationary constraints
of Langehop type on controls. The Pursuer’s Il-strategy [6-10] was defined and

the sufficient conditions for solving the pursuit problem were presented. In



addition, a specific strategy was proposed for the Evader in dealing with the
evasion problem.
Materials and Methods
Let two players: a pursuer P and an evader E moving in R" space. Both
players of the differential game studied in this paper have systems of the following
form:
P: x=u, x0)=x, 1) E: v=v v0) =y, )

nvuveR", nzl. X
b

where o and Y0 are vectors describing the initial states of the

pursuer P and the evader E respectively. It is accepted that X #Yo_ u(t) apnq V(O
are vectors representing the control velocity vectors of the pursuer P and the
evader E respectively.

This work presents three classes of controls for both players. We introduce

three classes of controls for the pursuer P and the evader E:

1) U (Vir) is  the set of all admissible controls YO (VO)), satisfying

Langenhop type constraints (briefly, LT -constraint):

|u(f]|;-:wff]| -k |[u[s]|u’s , for almost every 0=t<T,

3)

|v(t)|=edt)

o=k fv(s)|ds ‘ for almost every 0=t <7,

' (4)

T =sup{t: o~k fu(s)|ds =0} 7 =supft:c-k |v(s)|ds =0}
where i , ‘ ;

2) Us (Vo) is the set of all admissible controls Y0 (V0)) satisfying
Geometric constraints (briefly, G -constraints):

|uit)|=pee(t)e 7, for almost everyt =0; (5)

| () |=ore(t)e ™, for almost every t =0; 6)

3) U (Vi)is the set of all admissible controls YO (V0)) satisfying Integral

constraints (briefly, I -constraints):



flu(s) | ds —’:—?[1 e ), =0, fris)| ds _{I—I[] Se ), =0,
) A : K

) (8)
At) = e s)ds
where 0 s positive scalar function, ; and” K are positive

parametric numbers in (3)-(8).
Given the players admissible controls YO and YO, from (1)-(2) the

corresponding trajectory X(t) and YO of the players at any time are found by

x(t)y=x, + ;IE.!(S]L?'S. vit) =y, + ;IH-'(S]L?'S.

The aim of the pursuer P is to capture the evader E, i.e. to reach the state of
X() =¥(0) (the pursuit problem), while the aim of the evader E aims to maintain
the inequality *(*) 7Y(0) (the evasion problem).

1. u =u,, =U, and V. oW V¥

Lemma i1 i for almost all t =0,

Proof. From (5), we have

-k I[i.!l:S] | ds

|u(t)|=pee(t)e™ :{-:’I:f]| -k I}w[s]e' ids | =eeln)

a)

U U (1) :—ktliulis]h?’s o
Therefore, we derive “¢ © it b) Let ! . Then ! =-k|u(t)] and
@(0) =0 From (3) we have 1) =-ke(t)olt)- koat(t) gor almost every 0 <t <7, By

KA(t)

multiplying both sides of the last inequality by € ', we obtain
d (e ) == kpate™”. We integrate both sides of this inequality from 0 to ¢,

(e zpll- e )= -k J[.!.![s] |ds = (e - 1),

ir =U

we get It follows that ©

I for

almost every ¢ =0, This proves the lemma 1.
Lemma 2. If 4O s belong to one of the introduced classes Us or Ui , then

MOSBINT for each t=0, where B represents the ball with radius # =#/k

and centered at point %o,

Proof. Assume that uOEUc  Then using (1) and (5) we obtain



- X |_|L! |m_|;w Je M ds :%(]_g-'-'-'}{f_"

for every t =0,

Or assume that “?€ Y Then using (1) and (7) we obtain
x[t]—.x‘,|iilh[s]|ds ii’:—_?[l-t* - )’:
i ; . This proves the lemma 2.

The following significant result is reached using lemmas 1 and 2.

Corollary 1. If “OSUir then the pursuer cannot leave the ball Z+[%]

Discussion of results
We define the pursuer’s parallel approach strategy and sufficient conditions
for the pursuit to be completed.

u, (L) =v- 4 (0 IT

Definition 1. The function )5 s called a M -strategy of

the pursuer P, if and only if # =¢, where

fur(00) 2005+ & 7+ 2000 v+ a0 ) 5 2y
b

, =i TH4llZ4l and
V) _the scalar product between two vectors vV and S in R".
We take note that: | [FVO]+oe(e™ =0
Definition 2. If positive root of the equation
A, (1) =0 )

exists with respect to ¢, then the smallest positive root of the equation (9) is

referred to as the guaranteed pursuit time and denoted as TLT, where

Alt) =1- 0 (1- e+7)

Kz, |

Theorem 1. If © > %1% | and (9) has the smallest positive root, then the I

strategy ensures that pursuit is completed in the LT -Game with time [0, Tyr ],

Proof. Assuming the evader E chooses any control YOEVir and the pursuer

I1

P applies the "'t7-strategy, the initial value problem can be written using

equations (1)-(2): Z =% (¥ - Vi) =/ (LY 2(0) =Z,» where 2 =X~V As

a result, we obtain



z(t) =A, (L) E, (10)

A vy =1- L .I}'.I s, v(s))ds
|z, ]

where . We observe that the function ‘7 (6V0) g

continuous function that decreases for every ¢ =20 and we obtain

AL () =1- s |}}w[s]e""' Yds =1- 0 (1- e )=A,. (1)
|z, ] z,|

I -
K| £

(T,,.) =0

In accordance the conditions of theorem 1 imply that Ay and there

exists time ¢ such that (V) =Y By ysing (10), we can conclude that 2(?) =0

or X)) =Y(?) \where ¢ =Tir,

IT

Now, we see that "'’ -strategy satisfies the constraint (3) within the time

[0; ]

interval . Assume that the evader applies any control VO from the set V17 . By

using equation (4) ,the admissibility of the strategy I, -strategy is obtained as

+ der(f) e

lu, () [F ()| +oa()e ™ =alt)| o- k.l[i-'[s]h."s

follows: . This shows the

admissibility of 1, -strategy. This concludes the proof of theorem 1.
Let us now examine the game from the perspective of the evader

= weit)e

Definition 3. The function ¥i+ (! % is called the Frr -strategy of

the evader.

Theorem 2. If Y= | then the 7 -strategy ensures evasion in the LT -

Game with time interval [0+,
Proof. We first see that the B strategy is admissible. The admissibility of

the Frr strategy is obtained as follows:

-k [V”[s]| ds

-k |}rm:s]e"' s

|v (1) =are(t)e ™™ =e(t)

=i 1)

Now, assume that the pursuer P chooses any control UOEUL and the

evader E applies the B -strategy. From (1)-(2) , we obtain



|z(t)|Fz, - |w (s,v(s))ds + LIE.!I:S]EE“S |4z, - |w (s, v(s))ds| - | IF.![S]LIES |=

Az, - [vi (s,v(s)ds| - fu(s)|ds 5z, |+ {I—T[] - et ) fluis) | ds

l2() |2z, |+ (- e ) 0.

From (6) we obtain k Hence, 4(0)#0

or

X() #¥()  This concludes the proof of theorem 2.

Conclusion. We have studied pursuit-evasion differential games of one
pursuer and one evader with non-stationary constraints of Langehop type on
controls. The following are our main contributions:

1) If the lemmas 1 and 2 are satisfied, we have shown that the pursuer(the

evader) then the pursuer cannot leave the ball that we found.

2) We have used a method of parallel approach of simple motion differential

game with one pursuer and one evader.

3) We have found necessary and sufficient conditions in the evasion game.
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