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BOUSSINESQ TIPIDAGI DIFFERENSIAL TENGLAMA UCHUN
INTEGRAL SHART BILAN BERILGAN MASALA
u () +Au () + Ault) =f

Annotatsiya. Maqolada ko‘rinishidagi Boussinesq

]‘u(r} dt =¢

u(+0) =y yq o integral chegaraviy shartni

tipidagi tenglama uchun
ganoatlantiruvchi yechimni topish masalasi o‘rganilgan, bu yerda A:H — H o‘z-
o‘ziga qo‘shma, chegaralanmagan, musbat H separabel Hilbert fazosida
aniglangan operator. Masalaning yechimining mavjud va yagonaligi Furye
usulidan foydalanib ko‘rsatilgan.

Kalit so‘zlar: Boussinesq tipidagi tenglama, integral chegaraviy shart,

Hilbert fazosi, operator, Furye usuli.
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3AJAYA C MHTET'PAJIbBHBIM YCJ/IOBUEM JJIAA
JUNODOEPEHIIVMAJIBHOI'O YPABHEHUSA TUITIA BY CCUHEKA
AnHotanusi. B pabore wu3yuaercs 3ajjaya  HaxXOXKAEHHS  PpelleHws,

:Ifu(r) dt =¢

u'(+0) =y .

YIOBJIETBOPSIOLLETO UHTErPa/IbHbIM IPAHUUHBIM yCJIOBUSM

115 ypaBHeHus Turna Byccunecka puga (0 AL (0 + AulD) =f rope AtH— H
CaMOCOTIPSDKEHHBIM, ~ HeorpaHWUYeHHBIM,  TIOJIOKUTeNbHBIM ~ H  orepatop,
oripe/ie/ieHHBIN B cerapabe/ibHOM T/ib0epTOBOM TpocTpaHcTBe. CylijecTBOBaHUe
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PROBLEM WITH AN INTEGRAL CONDITION FOR A DIFFERENTIAL
EQUATION OF BOUSSINEQ -TYPE
Annotation. The paper studies the problem of finding a solution satisfying
o i[u(t}dr —
the integral boundary conditions ¥ (*9) = and ° for the Boussinesq-type

u )+ Au O+ Aut) =1, \here A:H ~ H ig a self-adjoint,

equation of the form
unbounded, positive H separable operator defined in Hilbert space. The existence
and uniqueness of the solution of the problem are shown using the Fourier method.

Key words. Boussinesq - type equation, integral boundary condition, Hilbert
space, operator, Fourier method.

Kirish

Ushbu maqolada Boussinesq tipidagi tenglama uchun integral chegaraviy
shart bilan berilgan masala o‘rganiladi.

Quyidagi masalani qaraylik:

lu, () +Au, (O +Au()y=f, 0=<t=T,

-ﬁz(r)dr =q,
|u'(+0) =g, (1)
bu yerda ¥© ? va [ - H Hilbert fazosining elementlari. A:H —~ H operator

D(A) = H aniglanish sohasiga ega o‘z-o‘ziga qo‘shma, musbat, chegaralanmagan

ixtiyoriy operator bo‘lsin. Faraz qilaylik, A operator H fazoda to‘la ortonormal

) xos funksiyalar sistemasiga va mos ravishda {4} musbat xos sonlar

to‘plamiga ega bo‘lsin. Shu bilan birga A operator xos sonlari ketma-ketligi

noldan boshqga limit nuqtaga ega bo‘lmasin. Xos qgiymatlarni qayta nomerlash

yordamida ularni kamaymaydigan qilib nomerlab olamiz, ya’ni O<hsiy=— 4

kabi yozib olamiz.
Boussinesq xususiy hosilali differensial tenglamalari 1872 yilda Jozef

Boussinesq tomonidan kiritilgan ([1] ga qarang) va u turli jarayonlarning modelini



ifodalaydi. Boussinesq tenglamalari qatlamda suyuglik sirtining harakatini
(suyuglik to‘lgin harakatlarini) tavsiflaydi, ya’ni suyuqlikning g‘ovakli idishdan
ogib o‘tayotganda erkin sirtining shaklini ifodalaydi. Boussinesq tipidagi
tenglamalar uchun boshlang‘ich va chegaraviy masalalar [2] - [10] maqolalarda
o‘rganilgan. Ushbu [7] - [10] magolalarda Boussinesq tipidagi tenglamalar uchun
go‘yilgan masalaning yechimi mavjud va yagonaligini ta’minlovchi shartlar
olingan.

Ta’rif. Agar  WOECOTEH) absolyut  uzluksiz ~ funksiya
u, (1), Au, (1), Au(t) €C((0. T H) xossalarga ega bo‘lib, (1) masalaning barcha
shartlarini ganoatlantirsa, u holda u(t) funksiyaga (1) masalaning yechimi deyiladi.
Teorema. Agar ¢¢EDA)  [E€H yy syl #0 boqqn U holda (1)

masalaning yagona yechimi mavjud va u quyidagicha ko‘rinishga ega:

f

Cos ¢, i fTu acosaT N
u) =Y 2 g - e B L J_—'+'—'51nsr..f‘ﬁ._
o osinna T / i I Ao
b
/
i, = |—

bu yerda S

Biz masalani ikkita qismga ya’ni bir jinsli va bir jinsli bo‘lmagan gismlarga
ajratib o‘rganamiz.
Yechimning mavjudligi
Ushbu bo‘limda biz (1) masalani yechish bilan sh

ug‘illanamiz. (1) masalani yechish uchun biz quyidagi ikkita masalani yechishimiz

kifoya:

V, () +AV, (0 +AV() =f, 0<t =T,

V(+0) =0,

V(+0) =0. o
va

[W () + AW, (1) + AW (1) =0, O<rt =T,

i[l@-"(r)dr =y,

W (+0) =g, 3)



yr=g- [Vit)de
bu yerda i kabi aniglanadi ( ¥ € berilgan funksiya). V() va W

u(t) =V(t)+Wit) yo<rinishda

funksiyalar yig‘indisi (1) masalaning yechimi va
belgilaymiz.

(2) masalani Furye usulidan foydalanib yechimini quyidagi qator
ko‘rinishida gidiramiz

Vi =SV.(08,.

(2) masalani Furye gatoriga yoyib ushbu masalaga kelamiz

V. (6) + 12V (1) :;“ f., 0<r=T,
: Vi I+, "
V. (+0) =0,
V, (+0) =0. @)
(4) masalaning yechimi quyidagicha ko‘rinishda bo‘ladi (qarang, [11])
V(1) :’_Ln - cos 4 ).
(5)

Shunday qilib, (2) masalaning formal yechimi quyidagicha ko‘rinishga ega:

.
Vi)=Y 2-(1- cos w08,
~

Endi (3) masalani yechish bilan shug‘ullanamiz. Masalaning yechimini

ushbu Furye usulidan foydalanib topamiz.

W) =YW, (09,
B (6)

(6) gatorni (3) masalaning birinchi tengligiga qo‘yib, quyidagi oddiy differensial
tenglamani hosil gilamiz:
W)+ AW, (1)+ 4 W (1) =0,
soddalashtirib gaytadan yozib olamiz
W, (t)+ 1 W (1) =0.

(3) masalaning shartlaridan foydalanib ushbu masalaga kelamiz:



W, (t) + (2W, () =0,

| J“w ()de =y,

W, (+0) =4, )
Ushbu masalani yechish uchun avval birinchi tenglamani yechib quyidagi tenglikni
olamiz:

W, (t) =a, cos gt +b, sin gt
_ p =

W (+0) =0 shartdan foydalanib, Rz ekanligini topamiz. Integral shartdan
foydalanib

1 f@ocosu T @

% Zsin wT i +T m

tenglikni hosil gilamiz.

Demak, (7) masalaning yechimi quyidagi ko’rinishga ega ekan:

. Cos f1 @ ocos T @ i
W.(t) =——————| t ), + ——— - — |+ —sin g, L.
sin g, T i, H, i,
Bundan (3) masalaning yechimi
. L gocos o T g .
W)= —" g, + 2 - Pesingt
sime T I i, i, '
ko’rinishida ekanligini topamiz.
=g~ [Vind
Agar ' va (5) ni hisobga olsak, u holda quyidagi tenglikka ega
bo’lamiz:
f, 1
=6 - —‘ T- —sinuT ‘
/s ",

(L) =Vit)+Wit)

Yugqorida aytkanimizdek, “ ekanligini hisobga olsak, u holda (1)

masalaning formal yechimi ushbu

fo @

Ao

— CO5 T (Te,  acose T
u(ty=y : rsr—f'_'+" -

3 + sin gt |3,

Ssina T 4 i, i,

(8)

tenglik bilan aniglanishini topamiz.



(8) qator bilan aniglangan u(o) funksiya hagiqgiy yechim ekanligini
ko‘rsatish uchun bu funksiyaning ta’rifning barcha shartlarini ganoatlantirishini

Au ()EC((D,T]: H)

tekshirib chigamiz. Buning uchun ekanligini ko‘rsatish yetarli

bo‘ladi. Buni ko‘rsatish uchun avval (10) gatorning qismiy yig‘indisini 5,(0) orqali

belgilab olamiz:

L oS it Tu  geosuT @
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(9) tenglikka o ya A operatorlarni hadma - had qo‘llaymiz. U holda ushbu

tenglikni hosil gilamiz

i LT Tu gcos T g |, o :
A fS_,[f]‘ zzsr;‘ —| -+ f — - = A._H._—;.f.j‘ —sin | 29
ot \sing T 4 i, i, ", '
Parseval tengligidan foydalanib quyidagi tenglikka ega bo‘lamiz
o T ., COS 4t fTu, ¢ cosuT ¢ | .
A fS_,[E]‘ :E_H._'/,._' g+ T g T 4+ B 4 A | —sin g k.
i = sing, T ' / u, i, 1,
1 1
— :] + —
k >1 “[!k‘ =1 A e e e 1 . .
Agar, barcha =1 uchun , M + ekanligini hisobga olsak, quyidagi

baho o‘rinli bo‘ladi

S ow e cosut] o L fTeosutl & e cos T cos |
—‘1‘ %S_I(f]‘ _Z Ay Fe P T +Z Ao —f — +Z;| o !
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Demak, agar ¢SDA) ya [E€H posa ADECUOLTEH) 10951 ekan.

(), u,(t), Au, (1) C{{0,T; H)

Xuddi shunga o‘xshash ekanligini ko‘rsatish mumkin.

Yechimning yagonaligi.



(1) masalaning yechimining yagonaligini isbotlash uchun standart usuldan
foydalanamiz, ya’ni quyidagi masala aynan nol yechimga ega ekanligini ko‘rsatish
yetarli. Aytaylik ushbu masalaning

lu () +Au () +Au(t) =0, 0=t=<T;

! |‘uff]u'f =0,

i [:!§|:+I:]] = (10)

4 (6) =(u(t). 9 ulr) :ZL.!._ ()4
u(o) ixtiyoriy yechim bo‘lsin, u holda * 0 =(u(0):-%) poladi, k= va
A operatorning 0‘z - o‘ziga qo‘shma ekanligidan (10) ga ko‘ra ushbu tenglikka ega
bo‘lamiz

U, . - Coou,
— =-(Au, + Au, 3} ) =-(u, +u, A3 )=- 2 ;— AU
i i

Bundan quyidagi masalaga kelamiz

.u._ (t)+ giou, (1) =0,
! | u, (t)dt =0,
;ilé._'[+|:]] =0
Bu masalani yechib barcha k, k=1 lar uchun % =°
u(t) =0

ekanligini topamiz.

¥ xos funksiyalarning to‘laligidan ekanligi kelib chigadi. Teorema to‘la
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