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Abstract. This work investigates the Gellerstedt problem for a three-
dimensional mixed-type equation with three singular coefficients in a domain
composed of a semi-cylinder and two triangular prisms. Using the method of spectral
analysis, the existence and uniqueness of the considered problem have been proved.



The solution to the studied problem has been constructed as the sum of a double
series.
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I. Introduction. Problem Statement

Let €2 Z{ (x,y,2): (x, y)eA, z Z(O,C)J1 , where A is a finite simply connected
domain of the XxOy plane, bounded for y=0 by the arc
o :{ (x,y):x*+y* =1,y 20} and  for y =<0 by the  segments
AB :{(X,y):y =-x-1, XE[- 1,- 1/2]} , OB :{ (x,y):y =X, XE[- 1/2,0“ ,
OC =/ (x,y):y =-x, x€[0,1/2]], €D =(xy):y=x-1Lxe[1/21], 0=0(0,0),
A=A(-1,0), B=B(-1/2,-1/2), C =C(1/2,-1/2), D =D(1,0).

In the domain €2, we consider the following equation
20 U, + 2/ Uy +2—yUZ =0 (1)

X ‘y‘ z ’
where U =U (x,y,2), and /3, )€ R such that S,y<(0,1/2).

Let wus introduce the following notations: Ay =A ﬂ{ y> 0} ,
A =AM (>0)U(y<0), A, =aN{(x<0)U(y<0)f, @, =A;x(0,¢), j =0,2,
So = Gy, 2):0yx0,0)), S, = (x,y,2):0Bx(0,c) | S, =|(x,y,2):0C x(0,c)],
S3 :{ (X,Y;Z)Z(X;Y)E Az :O} , 54 :{ (x,y,z);(x,y)e A,z :C} ,
Q*=0n|=>0,2e(0,c), A*=AN[ x>0 .

In the domain Q, Equation (1) belongs to the mixed type, i.e., it is the elliptic
type in €2y - and hyperbolic type in ¢2; and €2;, where x =0, ¥ =0 and z =0 are
planes of singularity for the equation, and the equation changes its type as it crosses
the rectangles €2 N [ y 20} :

For Equation (1) in the domain Q, we investigate the following problem:

Problem G. Find a function U (x,y,z) satisfying Equation (1) in the domain
Q2 and the following conditions:

U,, +sgny -Uyy +U, +

U(x,y,2)eC(@)nCrri(Q, uQ UQ,); (2)
U s ) < :F s ) N
(x,y z)\s0 (x,y,2). (3)
U(x,y,z)|s_ =0, U(x,y,z)|s_ =0. (4)
1 2
U(x,y,z)‘S :0, U(x,y,z)|s_ =0 (5)
3 4

Also it satisfies the following matching condition:



lim (- y)” U, (x,y,z) = lim y*’U, (x,y,2), xe(-1,0)uU(0,1), ze(0,c) (6)
y—-0 y—+0 ’

where F (x,y,2) is a given function.

The Gellerstedt problem on the plane for various mixed-type equations has
been studied in the references [1]-[18]. However, numerous studies dedicated to this
problem predominantly address two-dimensional problems. The three-dimensional
problem G, when / =) =0, was investigated in [19]. The Gellerstedt problem for
three-dimensional mixed-type equations with singular coefficients remains poorly
studied.

In the present work, by the spectral analysis method we will prove the unique
solvability of the problem G.

2. Construction of Non-trivial Solutions for the Problem {(1), (2), (4), (5), (6)}

We find non-trivial solutions to the equation (1) satisfying the conditions (2)
and (4)-(6). By separating variables by the formula U(x,y,z) =u(x,y)Z(z), from

the equation (1) and the conditions (4), (5), and (6), we obtain the following
eigenvalue problems:

2/5 28,

o +Csgnydu, + =, + 25 M - Au =0, (x,y)€A, %)

u(x y)lss =0, - 1/2 <x <0, ulx,y) =0, 0 <x <1/2, ®)
ylirflg( v u, (x y)—ylin;l v u,(xy), X€(-1,0)U(0,1), ©)
27D+ 72 () +12(2) =0, 0<z<c, (10)

’ 7(0) =0, z(c)=0. (11)

The problem {(10),(11)} has non-trivial solutions of the form (see, for example, [20],
[21], [22])

Z,()=2"%771,,, (o,z/c), meN, (12)
where J; (z)- is the first kind Bessel function of order ! [23], and O, - is the m-th
positive root of the equation Jq,,- y(\/ZC) =0, 4, :(am /c)2, meN .

According to the theory of Bessel functions [23], the system of eigenfunctions

(10) forms an orthogonal and complete system in the space L, (0,¢) with the weight
2y
777,

Now, we consider the problem {(7)-(9)} at 4 =4, in the domain A. We will
seek the solution u(x,y) for the problem {(7)-(9)} in the following form:



u(x,y) =u, (X,y)+u2 (x,y), (x,y)E K+, (13)

where the functions u; (x,y) and u, (x,y) are defined respectively as:

ul(x,y):%[u(x,y)+ u(- x,y)} , (x,y)eA®, (14)
u, (x,y) Z%[u(x,y)- uC-x,y)|, (x,y)eA. (15)

Obviously, if (x,y)€A*, then (- x,y)EA™, where A =A* UA™ .
Next, we consider the boundary problem, which can be formulated with respect
to the auxiliary function u, (x,y)ecC (Z+ ) NnC f 53 (Ag U A );

25 2

u2xx + sgn y .uzyy +7“2X + Wuzy = )Lmuz :0, (X,Y)E A+, (]_6)
u, (0,y) =0, ye[0,1], (17)
u, (e Yo =u, (x,- x) =0, x€[0,1/2], (18)

. _ 20 e 2p
yliﬁ_lo( y) U2y (X,y) —yliﬂioy u2y (X;y); XE(Oil), (19)

where Ay =A* N{y>0] .
Let us investigate this problem. First, consider this problem in the domain A;
when 4 =4, i.e., consider the following problem:

2a 20
Upyx = Upyy +7u2X - 7/112), - Anuy, =0, (x,y)e A, (20)
U, (x,-x) =0, XE[O,l/Z]. (21)
The solution to this problem is sought in the form
u(x,y) =X ()Y (), where & =\x* - y?, 5 =x*/&. (22)

Then, for the functions X (&) and Y(n), we have the following conditions

x(0)=0, | lim Y()

17—+

EX(E)+A+4p)EX (£)- [ﬁmé"z + .U} X(£)=0, £>0; (23)

<+ and equations

n- )Y " (y)+ [1/2 + [ - (1+2/3);;] Y’(;;)+i,uy(;7) =0, n>1,  (24)

where ¢ € R - is the separation constant.
The solutions to equation (23), satisfying the condition X (0) =0, exist for
>0 and they (up to a constant multiplier) have the form
X&) =*1,(0,E/c), w>2p meEN, (25)

w



where :‘/4/3’2 + u, and I, (x)— is a Bessel function of imaginary argument of

order I [23].
Equation (24) is a Gaussian hypergeometric equation. Its general solution is
given by [24]
YGp)=cpy PP F (B + /2,112 + /2,1 + w;1/57) +

o P PE (B - wi2,1- w/2,1- willny), (26)

where ¢; and ¢, are arbitrary constants.
Since @w- 2/ >0, from (26) it follows that to obtain a function bounded as
77— +% in the formula one must set ¢, =0, resulting in

YGp)=cy (B + /2,112 + w1 2,1+ w1/ ). (27)

Therefore, continuous and non-trivial solutions in A, for the problem (20),
(21), according to (22), (25), and (27), are defined by the equations

. w/2
uy, (x,y) =¢,x ”(x2 - yz) I, (Um\/xz - y? /c)><

w 1+ w

2
XE /3’+2,T,1+a};1-y—2 , ¢ #0,meN | (28)
X

From here, using well-known formulas [24]
F(AB,C1=r()rc- A- B)/|Ir(Cc- Ar(C- B)|,C- A- B>0, (29)
F(AB,C;x)=(- X)) " PF(Cc- AC- B,G;x), (30)
we find

o (x)=1im uy,, (x, y) =k ()x*71, (o, x/c), x€ [0,1];
y—=-0 '

2p O (31)
v (x)= hmo - y) w5, (xy) =k, ()x 1, (o, x/c), xe(0,1),
y=- Y
where I'(z)- is Euler's gamma function [24],
k(o) = ra+ao)r@/2- ) k(o) = 2r(1+ )l (/2 + )
YT prodr[ar o] T TB o D[ Gr )] - B

Now, we consider the problem {(16)-(19)} when 4 =4, in the domain Aj,
i.e., consider the following problem:

26, 2

+ . Us, +7u2y - Au, =0, (x,y)EAa, (33)

Upyy + u2yy

u, (0,y) =0, ye[0,1]. (34)
By separating variables with the formula



u, (x,y) =Q(0)S (¢), (35)
where p =\x* + y*, @ =arctg(y/x), from the equation (33) and the conditions
u, €C (KS ), (34), we have the following problems:

0°Q (p)+W+45)pQ (p)- [((J‘mp/C)z + | Q(p)=0, pe(0,1), (36)

Q(0)] < +ox; (37)
S (@) +4pctg(29)S () + i1 S () =0, ¢<(0,7/2), (38)
S(z/2)=0, (39)

where (€ R is the separation constant.
First, we investigate the problem {(36), (37)}. The general solution to the
equation (36) is defined as [23]

Q. (p)=c,p 1. (o, pic)+c,0 K (o, p/c), pelo], (40)
where @:«/4/3’2 + 0, C3 and ¢4 are arbitrary constants, K, (x) is a MacDonald

function of order I [23].
From (40), it follows that the solutions to equation (36), satisfying condition
(37), exist for « =0 and they are defined by

Q,,(p)=c,p 1. (0, plc), @=2p, mEN. (41)

Now, let us consider the problem {(38), (39)}. The general solution to equation
(38) has the form

S(@)=c.F(p+ari2,p- &/2,p+1/2sin% ) +
+c, (sing)” +w)/2,(1- w)/2, - /%;sin 42
oing) Y F(+0)/2,G- 0)/2,G/2)- pisin® ¢, (42)

where C5 and Cg are arbitrary constants.
By satisfying the function (42) to condition (39) and applying the formulas

(29), (30), we obtain Cg =k3 (&)cs, where
r@/2+4wra- g- o/2)ra- g+a/2)
r@a/2- pr(a- o)2)r(+a)2) -

ky (@) =- (43)

By substituting in (42) ¢g =kj3 (67))% and assuming ¢s5 =1 (without loss of
generality), we have
S()=F(g+a12, - @12, p+1/2sin? ¢)+

+k, (&)sing) *" F [(1 +@)12,(1- @)/2,3/2- pisin® tT] : (44)

Based on (35), (41), and (44), we conclude that continuous and non-trivial
solutions in A, for the problem {(33), (34)} are given by



uyh (x,y)=cs07 "I, (O’m,()/C)'{ F (/)’ +@/2, - &2, +1/2;sin” gz;)+

)

+ky ((D)(sinw)l_ g [(1+ @)/ 2,(1- @)/2,3/2- f;sin’ w“ , 03720, meN | (45)

where p =\/x* + y*, ¢ =arctg(y/x).

From this, by direct calculation, we find
r(x)= limouzm (, y)=cx*’1, (0, x/c), x€ [0,1};

( m
y— +
, 2y 0 - (46)
vi(x)=lim y*” 2 tan (x, y) =c; (1- 2)ks (@)x7 1, (0,,x/ c), x€(0,1).
C

] m
y— +0

Further, based on the conditions ulx,y)ec (A) and (9) the following
equalities follow:

Lf-" () =;,(x), xelo,1], (47)

v (x)=v"(x), xe(0,1).

By substituting (31) and (46) into (47) and assuming @ =@, we have a
homogeneous system of equations regarding ¢; and C3:

(48)

where k; (@), k, (@), ky(@)- are constants, defined by formulas (32), (43).

System (48) must have a nontrivial solution. Therefore, the determinant of this
system equals zero. By forming the principal determinant of system (48) and setting it

to zero, and then using the formula [24] r(z2)rQ@- z)=x/sin(zx), z¢ 2 , we derive
a trigonometric equation in the terms of @: sin [JZ (B+w/ 2)} +cos(wr/2) =0,

Extracting the solutions of this equation and considering the condition @>2/, we
find
w, =2n- f-1/2, n€N . (49)

Based on (49), the numbers :a),? - 4/)’2, n€ N are the eigenvalues for the

problems {(24), | lim Y (;7) < +} and {(38),(39)}.
17— +o0

Considering the proofs above and equations (28), (45), @ =@ =w,,

c; =k (a))cl (as follows from system (48)), we conclude that the functions



e 21 Gl C)«{

/)+ on , - D /)+§51n @

5 1+ ! ]_ —
+k; (@, )sing) ? F| =% 2 = - f;sin? ¢ },(x,y)e Ay
Uz nm (X,y) - | ‘ (50)
wy 2
[CB/kl(wn)] R (X - y2) Iw” (Um\ixz' y2 /C)X
| w, 1+ y2 |

XF (x,y)EA,, nnmeN

p+—=1, L1l+w;1- =],
27 2 x°

are continuous and nontrivial in A* solutions to the problem {(16)-(19)}.
Then, the functions
Usim (x,y,z):u2nm (x,y)Zm (2), nmeN (51)
where Z,,(z) and u,, (x,y) are functions defined by equations (12) and (50), are
continuous and nontrivial in Q* solutions to the equation (1), satisfying the

conditions (2), U(X’Y:Z)‘§ZU§3U§4 =0 and U(0,y,2) =0.

Note that in work [25], it was proved that the function (44) for @ =w, is
rewritten as

1/ 2-p
S (=2 (cose) ¥ F[- ,)/2,(L+w,)/2,3/2- frcos® ¢| =
.ﬂ (/ r(3/2 /) q{ [ L { /} q
/2= /-
=(sin2¢)' >/ pY 13, G cos2¢), (52)

where PZ (x)- is the Legendre function [16].
From Lemma 3 of work [26] based on Theorem 2 of work [27], for £€(0,1/2)

, it follows that the system of eigenfunctions (52) is complete in the space L, 0,7/2)

Now, we consider the function (14). Based on formula (14), it is
straightforward to derive the following boundary problem, which can be considered

over the interval 0<x<1 due to the symmetry of function u =u(x,y) relative to
x =0:

u (xy)ec(@)nct22(ay ua,), (53)
205 20
e 580y -,y + L, +7/“1y < Aty =0, (x,y)eA”, (54)

u, (ey) =0, ye©D), vyl =u (x-x) =0, xe[0,1/2], (55



ylimo( vy’ uy, (x, y)— hm y Pu, (x,y), x€(0,1) (56)

Similarly to the problem {(16)-(19)}, we find continuous and nontrivial
solutions in A* for the problem {(53)—(56)} in the form

L2 1 ‘
C30 21’)1% (Ump/c){ [ + , 7 2 Lp +5 sin” @
iy (1+6, 1- 6, ‘ -
+k3 (6, )sing) ™ F ; n, : % Sisin” ¢ },(x,y)e Ao;
Uy, (X, y) = ' ]
Inm Y g b , 6,12 ; ; (57)
[C3/kl(ﬁn)}x n (X -y ) I, (Um\fx -y /C)><
| 1+
XF[/)’+ 2” 146, :1- i’ (x,y)ER,, n,meN

X _ r(g+u2r|Q- 4,)2|r[0+6,)2] —
where ks (0,)=- rG2- pr(p+o /12r(s-0,/2) PNy

@ :arctg(y/x), 0, =2n+ - 3/2, n€N ,
Then, the functions
Uinm (x, Y, z) =U; (x,y)Zm (z), nnmeN , (58)

where Z,, (z) and Uinm (x,y) are functions defined by equations (12) and (57), are
continuous and nontrivial in Q* solutions to the equation (1), satisfying the

conditions (2), U(X’Y:Z)‘§ZU§BU§4 =0 angd x*” U, (X,y,Z)‘X:O =

3. Reducing Problem G to Problem T (Tricomi) in the Domain Q*.
Uniqueness of the Solution to Problem T

We seek the solution U (x,y,2) to the Problem G in the following form:
U(x,y,z) =U, (x,y, z)+ U, (x,y,z), (x,y,z)E QF, (59)

where the functions U, (x,y,2) and U, (x,y,2) are defined respectively as:

U, (x,y,2) :%[U(x,y,z)+ U (- x,y,z)} , (x,y,2)eQ", (60)

U, (x,y,z) :%[U(x,y,z)- U (- x,y,z)} , (x,y,Z)E QF. (61)

Clearly, if (x,y,2)€Q" then (- x,y,2)e Q.
Next, we consider the boundary problem that can be formulated with respect to
the auxiliary function U, =U, (x, Y, z):



U, (x,y,2)ec(@*)ncz22(a* \|y =0| ), (62)

X, Y,z

25 20 2
Up T80y Uy, Uy, + isz +‘/)‘U2y +—‘)/UZZ =0, (x,y,z)esf, (63)

X y z

1 ~
U, (X’y’Z)‘§0m} vo1) —E[F(x,y,z)- F(-x,y,2)| =F (x,y,2), (64)
U, (oy.2),_, =0, yelo], ze(o], (65)
U, (x,y,z)‘g =U, (x,- x,z) =0, XE[0,1/2}, ZE[O,C] (66)
2 b

Uy Goyadlg oy =0, UaGoyzdls ) =0, (67)

. 24 . i
ylin—]o(- y7"'U,, (xy,2) :ylinzoyz/ U,, (xy,2), x€(0,1), ze(0,c)  (68)

Thus, the formulated boundary problem {(62)-(68)} concerning the function
U, (x,y,z) represents a three-dimensional Tricomi problem in Q*. We prove the

unique solvability of this problem.
Theorem 1. If a solution to Problem T exists and the condition

lirr(1) (sin 2gz7)2/j v, (p,,2) =22/ (1- 25 )k, ((Un W(p,0,z) is satisfied, then it is
¢

unique, where U(x,y,z2) =V(p,¢,2)- is a solution to Problem T in the domain

Q ﬂ[x >0} , and A% Z- are cylindrical coordinates linked with Cartesian

coordinates by p = x% + y2 , @ =arctg (y/x), =27,
Proof. Let U (x, Y,z ) ZV(,O, %Z)- be a solution to Problem T in the domain

Q)N [ x> 0} . In these coordinates, the condition (64) is written as
V(Q,p2)=f(g2), pl0,7/2],2€|0,c], (69)
where f(¢,z) =F (cosg,sing,z).
Using V(0,9,2) and the eigenfunctions (12), (52), we compose the following

function:

crl2 ,
9 (p)=d, [ V(p,¢,2)(sin 2@)2/’ S (92?72, (z)dgdz, n,me N, (70)
0 0

-2
where d :2[CJ3/2_J,(O'm)] , mMEN.

For the function &, (0), the following equation is valid:



f [[(sm2¢)/[ on S, (¢)- Vs, (qf)”

&y

¢g=r/2- 8

B;/; r(;}rfz (p) -

Vo

¢ =&

a/l2- &
- u, f v (p,¢,z)(sin Zw)zl) S, (pXg 227z, (2)dz -

1

Ti2- 8

-d, | {[[V (0,0,2)Z,(2)- V(p,0,2)Z, (2)] z 2”J i

lpl <

z=C- &

c- &5
(O'ym re) f V(p,,2)227, (2)dz  sin2¢)” S, (¢)d g,

Eq

where ¢€; and ¢, are sufficiently small positive numbers.
From here, passing to the limit as & — 0 and &, = 0, considering (62), (65),

(66), (67), (11), and (39), as well as the conditions of Theorem 1 and the notation
(70), we obtain the equality

45 +1

‘911,;71 (/0)+ qnm ( )) A‘m qnm (p) 0, pE (O 1)

~

Thus, the function %, (,0) satisfies to the equation (36) with « =u,.
Furthermore, due to the boundary condition (69), from (70) it follows that function

3. (0) satisfies the following boundary condition:

3. =f (71)
where

cal?2

fom :dmf J" f(&,z)(sianﬂ)zﬁ S, (¢)z2y2m (z)dgpdz, (72)
0 0

Therefore, function %, (0), having the form (70), satisfies the equation (36)

with & =, and the conditions (37), (71). Hence, by obeying the general solution



(40) of equation (36) to these conditions, we find the coefficients ¢;3 and ¢, as
¢ =fom /1, (0,/0), ¢, =0.
Substituting these values into (40), we find ¢, (0) in the form:
9m (D) =01, (0,010 fo [1,, (0,,10), pE[0,1], (73)
To prove Theorem 1, it is sufficient to prove that the homogeneous Problem T
has only trivial solutions. Let F (x,y,z)EO, ie. f(¢,2)=0. Then fam =0 for all

n,me N , Based on this, from (73) and (70), it follows that

cal2

N V (o, ¢, z)(sin 2q0)2ﬂ S, ()27, (z)dgdz =0, ,06[0,1],
0 0

From here, due to the completeness of the system of eigenfunctions (12) in the space
L, (0,¢) with weight 727 and V(p,¢,2)=U(x,y,z)e C(Qo ), it follows
T/l2

J" V(,O, ga,z)(sin 240)2/), S, (gﬁ)dgp =0, /)E[O,l], ZE [O,C],
0

Considering the completeness of the system of eigenfunctions (52) in the space
L, (0,7/2) and V(p,¢,2) =U (x,y,z)€ C(Q_Q), from the last equality, it follows that
V(0,0,2)=U(x,y,2) =0 in Q, m[x 20} ,

Using this equality and Ux,y,z)=V(o,¢2), it is easy to verify that

U (x,+0,z) =0, hmoyz/’U (x,y,z) =0, xe[Ol] zE[O c]
y— +

Then, due to the matching conditions (68), the following equalities are valid:

U(x,-0,z) =0, hmo( y)/U (x,y,2z) =0, xe[Ol] ZE[O c] (74)
i

From the results of work [28], it follows that the solution to the equation

2B, 26
X Vs v z

UXX

U =0, (x y,z)EQl,




satisfying the conditions (74), is identically zero, i.e., U(X,y,Z)EO, (X,y,Z)E 5_21.
Theorem 1 has been proved.

4. Constructing the Solution to Problem T

Substituting the values C3nm =dp fum / I, (0,,/¢) into the equality (50), and

then the obtained function into (51), we find the particular solution to Problem T in
the form

U;,],n(x,y,z), (X,y,Z)ES_QO Q[XZO}, nmeN,
Uan (X! y! Z) = ) B
Uz,]m(X,y,Z), (X;y,Z)EQI, nmeN,

where

Up(x,y,2)=2,(2)3,,(0)S,(¢), p=\x*+y>, ¢=arctg (y/x), (75)
U (x,y,2)=2, ()X, (E)Y (3)k (), E=\x* - y*, n=x*/5%, (76)
X, &) =£21, (0,510 fo /1, (0,10, (77)

Y, () =577 PE(B+w, 12,0+ w, )21 +w;1/n), (78)

Z,(2), 8..,(0), S, (@) and [,y are defined by equations (12), (73), (52), and (72),
respectively.
Theorem 2. If the function f (¢, 2) satisfies the following conditions:

I f(g2)eC); (1), where II =[ (%Z)ZQUE(OJT/Z),ZE(O,C)} ;

a0
—0’ Ff((ﬂ,z)

, =0, j =0,3;
=0

o
m——f(@2)
a¢ p=1/2

—j f ( ) = —j ] ( ) — =
I1I. - @,z 0, : @,z 0, j=0,4.
Oz’ ‘ZZO Oz’ ‘z——c J

Then the solution to Problem T exists and is defined by the formula

Z Z U;nm(xlysz)s (X;y;Z)EQO m{X ZOJ],

n=lm=1

Uz oy, 2) =17 (79)
Z ZUénm(X’ysZ)s (X,y,Z)EQl,

Ln=lm=1

where U, (x,y,z), U, (x,y,z) are the functions defined by formulas (75) and

(76), respectively.
Theorem 2 can be proved similarly as in works [29], [30], [31].



5. Reducing Problem G to Problem TN (Tricomi-Neumann)

Based on formula (60), it is straightforward to derive the following boundary
problem, which can be considered over the interval 0 <Xx <1 due to the symmetry of

function u =u(x,y,z) with respect to the plane x =0:

U, (xy,2)ec(@)nct(@)nct22(e\|y=0]), (80)
2 .
Uy +sgny Uy, +U, + —J/Ulz =0, (x,y,2)€Q \{y :0} , (81)
Z

_F(x,y,2)+F(-x,y,2)

Ul(x’y’z)‘som_x?@} B 2 ZW(C[P,Z), (%-’E{O,ff/ﬂs ZE{O,CL ®
o),y =0, velot], zefod], @
U (xy.2). =U, (x-x,2)=0, x€[0,1/2], z€[0,c] (84)
S) ’
Ul(x’y’z)|s3m{xzoJ =0, Ul(x’y’z)|s4m{xzo} =0, (85)

where ¥ (¢, 2) :[F (cos¢,sing,z) + F (- cosg,sin ¢, z)] /2,

Thus, the formulated boundary problem (80)-(85) concerning the function
U, (x,y,2) represents a three-dimensional Tricomi-Neumann problem in Q*.

Similarly to Theorem 2, the following theorem can be proved:

Theorem 3. Let function ¥ (¢,2) satisfy the conditions of Theorem 2. Then
the solution to the TN problem in Q* exists and is defined by the formula

S S Zm (Z)9nm ()O)Sn (Q?), )OE[D;]-L QPE[O’JT/ZL z€ {O’C:L
n=lm=l

U Geyz) =77 (86)
Y Yz, (DX, )Y, 0)k(,) €01], nell,»), ze|o,c],

n=am=

where Z, (z2)=7""*"77J,,,. y(amz/c), 0, - are zeros of the function Ji, - y(X),

S, (¢) =(sin 2(p)1/2' ’ P%;Z:S/Z (- cos 2¢), @ =arctg (y/x), (87)
Y .
P 1y (0 0/ iy,
3 (p)= o O =X +y?,

@, -2/1, (0,/0)+ (0, /), . (0, /c)

E1, (o, Elc)y
X (E): = o, me nm , E= }Xg o2
e (e, - 21, (o, i)+ (o, I, L (o, /e) r




Y, G =i 0 2F(p+6,/2,(+ 6,012,104 6,51/n), n =x* 1 £

b

cal?

Y :dmf J”W(m,z)(sinng)zﬁ S, (§O)Z2yzm (Z)dez, d, :2[6’]3/2-;/((% )}_2’
0 0

meN, 6, =2n+ - 3/2, n€N .

The proof of the uniqueness of the solution to the TN problem relies on the
completeness of the system of eigenfunctions (12) in the space L, (0,¢) with weight
z?? and the completeness of the system of eigenfunctions (87) in the space
L,(0,7/2).

6. Uniqueness and Existence of the Solution to Problem G

Theorem 4. If there exists a solution to the problem G, then it is unique.
Proof. Assume that F (x, y,Z) =0. Then in the Tricomi and Tricomi-Neumann

problems, the specified functions will be equal to zero, i.e., f (¢,2)=0 and
W(g,z) =0. It has been proven that the homogeneous Tricomi and Tricomi-Neumann

problems have only trivial solutions, i.e., U; (x,y,2)=0, (x, y,2)EQ" and
U, (x,y,2) =0, (x, y,z)€Q" . Substituting these equalities into formula (59), we have

U (x,y,2) =0, (x,y,2)€ Q. Theorem 4 has been proved.

It is known that in Q" solutions to the Tricomi and Tricomi-Neumann
problems are determined using functional series (79) and (86) respectively.
Substituting them into formula (59), we obtain the solution to Problem G in Q. This
completes the investigation of Problem G.
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