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ON THE TIME-OPTIMAL CONTROL PROBLEM FOR A FOURTH-ORDER
PARABOLIC EQUATION WITH FRACTIONAL CAPUTO DERIVATIVE

Abstract: In the present work, our focus is on a time-optimal boundary control
problem for thin-film evolution governed by a fourth-order time-fractional parabolic
equation with Caputo derivative. The model accounts for surface-tension effects and
anomalous diffusion, and by applying spectral decomposition we reduce the problem
to a Volterra integral equation involving eigenfunctions and Mittag-Leffler functions.
We construct admissible controls that drive the system to a prescribed average
thickness in minimal time and provide explicit estimates depending on model
parameters, thereby extending the classical biharmonic control framework to the
subdiffusive regime.

Keywords: Time-fractional Caputo derivative, fourth-order parabolic equation,
thin-film growth, initial-boundary value problem, Volterra integral equation,
admissible control, time-optimal control, spectral analysis; Mittag—Leffler function.

®.H. /lexxoHOB
HamaHraHcKuii rocyjapCTBEHHbIM YHUBEPCUTET, KaHAWUJAT HayK, JOLIEHT
E-mail: f.n.dehgonov@mail.ru
O ITPOBJIEME OIITUMAJIBHOI'O YIIPABJ/IEHVSI BPEMEHEM
JIJISI IAPABOJIMYECKOI'O YPABHEHUS YETBEPTOT' O ITOPSIJIKA C
TPOBHOM ITPON3BO/THOM KAITYTO
AnHoTanusi: B HacTosiiel paboTe MbI pacCMaTpuBaeM 3a/lauy ONTHMaIbHOTO

1Mo OBICTPOZAENCTBUIO TPAHUUHOTO YIIpaBjeHUs [ SBOMIOLMKA TOHKOW TIIEHKH,
OTKChIBaeMYI0 Tapabo/MueckKuM ypaBHEHHEM UeTBEPTOrO TOpsiIKa JAPOOHOro I1o
BpemMeHM C mpousBogHOM KamyTo. Mogens yuutbiBaeT 3(@deKTbl MOBEPXHOCTHOTO
HaTsDKeHUsl U aHOMasbHYI0 Aud@y3uto, 1, MpUMeHsisi ClieKTpasbHOe pa3ioXKeHue, Mbl
CBOJMM 3aZiauy K WHTerpaibHOMYy ypaBHeHWUIO BosbTeppsl, copepikaileMy
coOcTBeHHble (PyHKUMU U QyHKUMA Murttar-Jlegdaepa. Mbl cTpouM J0MyCTUMbIe
yrpaBJ/ieHHs], KOTOpble TMPUBOJAT CUCTEMY K 3aZlaHHOW CpeJHel TOJIUHe 3a
MUHUMa/IbHOE BpeMsi U JJatoT sIBHbIE OL|eHKH, 3aBUCSLLMe OT [1apaMeTPOB MO/Ie/U, TeM
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CaMbIM PpAaCIIMpSis K/IaCCUUeCKYH0 Moje/lb OUrapMOHUUYECKOTO YIIPaBJIeHHS Ha
cy6anddy3uOHHBIN PEXXUM.

KmioueBble cioBa: [lpobHas 10 BpeMeHHW mpousBoaHas KaryTo,
napabo/yiiyeckoe ypaBHeHHe UeTBEPTOrO IMOPsiIKa, POCT TOHKOM TIJIEHKH, HauaabHO-
KpaeBasi 3a/iaua, MHTerpajibHOe ypaBHeHHe BosibTeppbl, JOMyCcTUMOe yIipaB/ieHue,
OINTHMasnbHOEe IO OBICTPOJIEHCTBHIO YITPAB/IEHHE, CIIEeKTPa/JIbHbBIM aHamu3, GyHKIUSI
Murttar-Jledbdnepa.

F.N. Dexqonov
Namangan davlat universiteti, PhD, dotsent
E-mail: f.n.dehgonov@mail.ru
KAPUTO KASR TARTIBLI HOSILASI QATNASHGAN TO‘RTINCHI
TARTIBLI PARABOLIK TENGLAMA UCHUN OPTIMAL VAQT
BOSHQARISH MASASI HAQIDA

Annotatsiya: Hozirgi ishimizda biz Kaputo kasrli hosilasi bilan ifodalangan
to‘rtinchi tartibli vaqt bo‘yicha kasrli parabolik tenglama bilan boshqariladigan yupqa
gatlam o‘sishiga oid chegara boshqarishning vaqt bo‘yicha optimal masalasini ko’rib
chigamiz. Model sirt taranglashi effektlari va anormal diffuziyani hisobga oladi va
spektral yoyish usulini gqo‘llash orqali biz masalani xos funksiyalar va Mittag-Leffler
funksiyalarini o‘z ichiga olgan Volterra integral tenglamasiga gisqartiramiz. Biz
tizimni ma’lum o‘rtacha qalinlikka minimal vaqgtda olib boradigan gabul qilinadigan
boshqgaruvlarni quramiz va model parametrlariga bog‘liq holda anig baholarni
beramiz, shu bilan an’anaviy biegarmonik boshqgaruv tuzilmasini subdiffuziv rejimga
kengaytiramiz.

Kalit so‘zlar: Vaqt bo‘yicha Kaputo kasrli hosilasi, to‘rtinchi tartibli parabolik
tenglama, yupga qatlam o‘sishi, boshlang‘ich-chegaraviy masala, Volterra integral
tenglamasi, gabul gilinadigan boshgaruv, vaqt bo‘yicha optimal boshqaruv, spektral
tahlil, Mittag-Leffler funksiyasi.

1 Introduction
In the present work, we study the time-fractional fourth-order parabolic
equation

Diu(x,t)+Au(x,t)=0, x€Q, 0<t=T, 110

under the boundary conditions
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cul x,t)

- +h(xu(x,t)=0, xec, t[0,T],
v 22()
M+h__{x}|ﬁu{ﬁ:,tj=—a{ﬁ:]ﬁ{t], xedQ, te[0,T],
o 33()
and the initial condition
u(x,0)=0, xe@, 44()

0

@€(0.1) i5 the order of the Caputo time-fractional derivative, ¢V denotes

where

differentiation in the outward normal direction, and (1) is the boundary control

function.

Here 27~ By = {x€ R xl< Ry is the ball of radius R >0 in R"_ Its boundary
0% contains a measurable subset S © 02 with positive (V- 1)-dimensional surface
measure mes.\._l(Sj, distinct from the N -dimensional Lebesgue measure [Q] of the

domain. The coefficient functions /(*) (i =1’2) and (%) e piecewise smooth,

non-negative, and not identically zero on 0€?, and satisfy

h(x)=0 foxes, a(x)=0 forxedcQ\S,
which reflects their respective physical roles on the boundary.

a
The time-fractional derivative D, is understood in the Caputo sense [1],

defined by

LU s)

r{I - 5) s,
| 5 (6)

D ul )=
UG [(1- er) -
where ro denotes the Gamma function.

w:[0,T]— R

Let M >0 be a fixed constant. A measurable function is called

an admissible control if it satisfies the condition | “(01=M amogt everywhere on
[0,T]



Thin-film growth is a key process in numerous scientific and engineering
fields, including semiconductor fabrication and advanced materials science. A deep
understanding of its evolution is essential to improve the structural quality, stability,
and functional properties of the resulting films. Mathematical models serve as an
effective framework for describing the complex mechanisms governing film
formation and for constructing predictive tools that can inform and optimize
experimental strategies [2]. In recent years, fractional calculus has emerged as a
valuable approach for modeling systems with inherent nonlocality and memory
effects, providing new insights into anomalous diffusion phenomena in thin-film
dynamics.

From a physical perspective, equation 1 models the evolution of a thin-film
interface or other biharmonic-type diffusion processes. In the fractional-order case,

the dynamics are governed by anomalous subdiffusion in time, arising from long-

a

range memory effects inherent in the medium. The Caputo fractional derivative D

with SO accounts for history-dependent relaxation, where the current state
depends on the entire past evolution. Such models are particularly relevant for
nanoscale thin-film growth in environments where particle mobility is hindered by
trapping phenomena, viscoelastic substrate effects, or other nonlocal temporal

interactions.
In the considered setting, the function u(x,0) represents the height of the

growth interface at spatial point XS and time t =0. The operator AU describes
surface diffusion driven by the minimization of the system’s chemical potential,
which is typical in epitaxial growth processes [3]. The fractional time derivative
modifies the relaxation rate of interface perturbations, slowing down the smoothing
process compared to the classical case @ =1. This paper focuses on the time-optimal
boundary control problem for the fractional fourth-order parabolic equation 1-4,

aiming to determine the minimal time required to achieve a prescribed average film



thickness.

It is well documented that initial investigations into optimal time control
problems for parabolic partial differential equations (PDEs) were addressed in [4]. In
[5], [6], the control problem for a linear parabolic PDE defined on a one-dimensional
domain with Robin boundary conditions were studied.

The boundary control problem for a second-order parabolic type equation with
a piecewise smooth boundary in an " -~ dimensional domain was studied in [7] and an
estimate for the minimum time required to reach a given average temperature was
found. In that work, the authors derived an estimate for the minimal time required to
reach a prescribed average temperature using boundary controls of bounded
magnitude. Furthermore, thermocontrol models based on second-order parabolic
equations were developed in [8].

The minimal time control problem for a fourth-order parabolic equation in a
square domain was further investigated in [9], providing estimates for the optimal
time. The present paper will focus primarily on the time-fractional models. In [13], a
time-optimal boundary control problem for a one-dimensional diffusion equation with
a fractional time derivative is studied. The control problem is reduced to a moment
problem, and the dependence of the minimal time on the fractional order is analyzed.
In [10], the inverse problem of determining the right-hand side of the subdiffusion
equation with the fractional Caputo derivative was considered.

In [11], an inverse problem of determining the temperature distribution and a
space-dependent heat source from initial and final temperature data was considered in
the one-dimensional case, and existence and uniqueness of the solution were proved.
In [12], an inverse problem of determining the order of the Caputo fractional
derivative in a subdiffusion equation was studied, where existence and uniqueness
results were obtained using spectral methods. We note that, in the classical case ¢ =1
, the problem of determining the minimal time to reach a prescribed average thickness

of a thin film was studied in [14].



2 Problem statement
In this Section, we formulate the boundary control problem for the time-

fractional fourth-order parabolic equation involving the Caputo derivative.

a- R

We introduce the weight function #* , which satisfies

Ax) =0 forall xe ﬁ, and |:;;{_~«:]|d.*f: =1.

()

Consider the next time-optimal control problem:

Time-Optimal Problem. For a given constant >0 find the minimal time

Lo 20, so that for CEIOTT the solution u(x,0) of the initial-boundary value
problem 1-4 with some admissible control “®) exists and for some L>Ton with
L =T satisfies the equation
1
_-) II{"IHI'l U' IE[ min? ]
T 55()

Let O denote the surface measure on S induced by the Lebesgue measure. In

particular,

fiu{x‘] =mes,_S.

For 0 < @ <1 and any complex number s , the two-parameter Mittag-Leffler function

with complex argument Z is defined by (see [16])

[

v 7
E (2)= 2 w0
wiZ) Z. [(cck + f3)

Additionally, we set

l |w{~. al( x)dor( x),
s 660

Where "ﬁl‘l. :PW'I‘ {‘{I;I E (L2 - D

Consider the equation:
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We recall two known properties of the classical Mittag-Leffler function. First, for all

t =0 it satisfies the decay estimate

E (0=,
1+t

where the constant € > 0 is independent of ¢ and g Moreover, for ¢ €(0,1) , the
function E.(-0 is strictly decreasing on ¢ =0 and satisfies
0<E, (-t)<l1,

E 0)=1

with (see [17]). Denote

+E_(-4t7), te(0,T]
=2 88()

(0,T]

The function ¥® in 8 is continuous and strictly increasing on , and satisfies

lim, .o 4(t) =0 E,.(-At)

due to the vanishing factor !. Since is positive and

t-E, (-4t

decreasing on ¢ >0, the product attains its maximum at t =7 . This

,T

ensures that y(t) reaches its maximum on ] at V’(T), which is essential for

guaranteeing the solvability of the equation y(O=0 .

Theorem 2.1 Let U =7~ .;--'{TJ’ andlet T >0 be the solution of equation 7.

Then a solution Lmin of the control problem exists, and the estimate Lan =T s valid.
3 Reduction to a Volterra integral equation

In this Section, we will consider the reduction of the optimal time control

problem to the Volterra integral equation. We introduce the next Green’s function
G(x, 3,0 = YE (- AW (0w, (y), xyEQ, ¢>0.

It is a classical fact that this function satisfies the next initial-boundary value problem



D'G(x,y,t) + A°G(x, ,)=0, x,veQ, t=(0,T],
with boundary conditions

oG x, v, t)

- +h(x)G(x, y,0)=0, x,yvectd, t€[0,T],
oV
and

CAG( x, v,t)

oV

+h(X)AG(x, v, 1) =0, xvedd, t€[0,T],

and the initial condition

G(x, y,0)=0(x- y),
where o(x-y) denotes the Dirac delta function. It is known that the Green’s function

GCXy.t) g non-negative (see[15, 18]) .
We determine the solution to the problem 1-4 using the Fourier method as

follows:
u(x,t)= .Ife’{?']d?' [S{x, y,t- Daly)do(y), x€Q, yeQ, t(0,T].

Define the auxiliary function

Wixt):= Fj{x, v,0dy, xeQ, t£(0,T].
0 99()
It is clear that the function " (*1) defined in 9 satisfies the next initial-boundary

value problem:
DW(x,t)+AW(xt)=0, x€Q, te(0,T],
with boundary conditions

oW (x,0)

av

+h(x)W(x,t)=0, xecQ, t€[0,T],

and

OAW (x,8)

oV

+h(x)AW (x,t)=0, x€e0¢

| Fa
[

, te[0,T],

and the initial condition



Wix,0)=1, xe€.

A, >0

Lemma 3.1 There exists a constant so that the next estimate holds:

W (x,0) _% E At)w(x), x€Q, te(0T]

1010()
Proof. Define the auxiliary function
Lix,t):=Wi(x,t)- %E (- At )w (x).
Then L(% 0 satisfies the same equation and boundary condition as W(X’E), with

initial data

LLmDJZI—-%-wjx]ED.

Using the Green’s function representation

L(x,t)= |:L{}J,D]|G{.~f,y,t]dy,

and the facts that Glx,y,0) =0 and L(x.0) ED, we conclude that L(x0 20. Thus, the
estimate 10 holds.
We define the control kernel K(t) as:

K(t):= [W(y.oadoly),
o 11110

where W (3,0 s given in 9.
Using the integral condition 5 and the solution to the problem 1-4, we derive

the next Volterra integral equation:
1 ', _
HJI\{I— Nu(tydr=f(t), te(0,T],

where f(f) =0 fOI‘ rE”_n:in‘]_l]

4 Estimate of Minimal Time

Here, we derive an estimate for the minimal time needed to reach a given



prescribed average thickness of the thin film within the domain.

Lemma 4.1 The following estimate holds:

K(t)=DE (-At7), te(0,T],

1212()
where 1 is defined as in 6 for the case kK =1,
We introduce the function
H(t):= 1} fK{t - r)dr = 1} rK{r)dr, te(0,T],
S| S 1313()

where the second equality follows by the change of variable 7 ~ = 7

H(t)

Physically, the function represents the average thickness of the thin film

over the spatial domain €2 up to time {. It captures the cumulative effect of boundary

K(7) K(7)

heat control distributed through on the film’s growth. Since encodes the

influence of boundary control and spatial weighting, integrating it over time and

normalizing by the domain volume Q] provides a meaningful macroscopic measure
of how the film thickness evolves on average. This average thickness serves as an
important indicator in applications where uniformity and controlled growth rates are

critical for the film’s structural and functional properties.

H(0)=0

It is straightforward to verify that , reflecting the initial absence of the

film, and that its time derivative satisfies

1

H(t)= 5 K(t) =0,

indicating that the average thickness is a non-decreasing function of time due to the
positive influence of the boundary control.

H(T)

In particular, the value at the final time { =T corresponds to the total

accumulated average thickness over the entire time interval 10,T] , given by

:K{rldr. 0<T <+,

1
H =



t€[0,T]

Thus, for any , the accumulated average thickness H{(t) does not exceed the

H(T)

total growth achieved by time T, emphasizing the cumulative and monotone

nature of the thin film formation process.

0<6<MH(T) T _€(0,T]

Lemma 4.2 Let . Then there exist a time and a

real-valued measurable function “® so that | “O1=M  and the next equality holds:

1 'Imi n

5 [K(T,, - Du(n)dr =0

el 1414()
Proof. This result follows from the monotonicity and continuity of the function H(®),
Indeed, if we choose “(0 =M then for all {€ (0.T] e have

1, _M _
H‘.II\ (t- T)u(r)dr _H~,|I\“ - r)dr=MH(1).

Due to the fact that H(t)

€(0,T]

is continuous and strictly increasing, there exists a

unique T so that

MH(T,,)="0. 1515()

The central aim of the present work is to obtain a rigorous estimate for the minimal

T

time “min required to achieve the desired control objective.

Lemma 4.3 Let
[} < {,.-'-' {T ;l 1616()

I:'I'.il'l € (O’T] Tu’n ETH

Then there exists a value so that “r and the equality 14 is

satisfied, where T is the unique solution of equation 7.
Proof. To derive the desired estimate, we make use of Lemma 4.1. From the

inequality established therein, we have

I RS D,
H{E)—Kﬁpx{rldrsﬁ *.'E“"{_f"r )dr = —HE, (- At 170



Now, consider the auxiliary equation used to define T,
f €2
M, 1818()

T'E(-/T")=

It is known that equation 18 admits a unique solution I >0 because we have the

condition 7 = ¥'(T) , where the function ¥ (©) is defined by 8.

According to 17 and (21) we derive

) .
0« <H(T).
M
Then it is clear that Lnin (D <Ly <1 ) exists, which is a solution to the equation (18).

T

min

Lemma 4.4 Let >0

L= 1w and a measurable real-valued function “®) 5o that | WO [=M ,

satisfy the equality 15 and the condition 16. Then

there exists
and the equality 5 holds.
The proof of Theorem 2.1 follows now easily from Lemmas 4.3 and 4.4.
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