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Ko’p holatli kvant tizimlarda optimal tezlashish dinamikani

boshqarish nazariyasi

Annotatsiya: Ushbu tatgiqot ishimizda Masuda-Nakamuraning tezlashish nazariyasidan
foydalangan holda ko'p jismli kvant tizimlarining rivojlanishini tezlashtirish uchun energiyani
o'lchash masalasini hal gilamiz. Biz dinamikaga e'tiborni qgaratib, " jismoniy jihatdan tezkor
yo'naltirish uchun aniq shartlarni tavsiflash mumkinmi? Yoki juda samarali energiya o'lchovlari
uchunmi? Bunday imkoniyatning haqiqgiy jismoniy sababi nima?”. Shunday qilib, biz tezkor
dinamika holatidagi kvant chigalligining o'ta samarali energiya o'lchovini anigladik. Bizning
ishimiz shuni ko'rsatadiki, ular Geyzenberg chegarasidan tashqgariga chigish uchun Hamilton
va ehtimol kvant hisoblash texnikasi, masalan, tez yo'naltirish yoki boshqgalar haqgida ko'proq
bilimlardan foydalanishlari mumkin.

Kalit so'zlar: To'lgin funktsiyasi, sovuqg atom, tezlashish potentsial, hamiltonian.
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Teopusa KBAaHTOBbIM AMHAMUKM ObICTPOro oNTUMAJZIbHOIO yrnpaBJIEHUA MHOTUMHM
COCTOAHUAMM TeJla

AHHOTauma: Mbl paccMmaTpmBaeM npobnemMy wm3MepeHUs 3SHeprum AN yCKopeHus
pa3paboTKM KBAHTOBbIX CUCTEM W3 MHOMUX TeJ, WUCMNOJIb3YIOLWMUX TEOpPUd YCKOPEHHOWN
nepemMoTkn Macyabl-Hakamypbl. Mbl yoensem ocoboe BHUMaHMe OUHaMUKeE, pacCMaTpuBas
BOMPOC: "BO3MOXHO M onucaTb B (PU3NYECKUX TepMUHaxX TOYHbIE YC/I0BUA YCKOPEHHOW
nepeMoTKn? nu, 4To 3KBMBAJIEHTHO, A1 CBEPX3(PEKTUBHbBIX N3MEPEeHU 3Heprun? Kakosa
NCTUHHaa  uU3nyeckas nNpuYnHa TakKoW BO3MOXHOCTU?”. WTak, Mbl onpegennnu
cBepxapheKTUBHOE U3MEPEHME SHEPTUN KBAHTOBOW 3aNyTaHHOCTU B COCTOAHUN YCKOPEHHON
AVHaMunKK. Hawa paboTa moka3biBaeT, 4TO OHW MOryT WCMOJb30BaTb 60/blle 3HaHUM O
raMuUibTOHNWAHE U, BO3MOXXHO, KBAHTOBbIX BblHUCAUTE/IbHbIX MeToAaX, Takux Kak bbicTpas
nepeagpecauns nnv gpyrue, 4Tobbl BbINTY 3a npenensl npegena lensenbepra.

KnioueBble cnoBa: BonHoBasa ¢GyHKUWUSA, XOJO0OHbIM aTOM, MOTEHUMan YCKOpeHus,
raMmuibTOHUaH
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Fast optimal quantum control dynamics theory of many-body
states

Abstract: We address the issue of energy measurement for accelerating the development of
many-body quantum systems utilising Masuda-Nakamura’s fast forward theory. We present a
focus on dynamics by considering, "Is it possible to characterise, in physical terms, the exact
conditions for fast forwarding? Or equivalently, for super-efficient energy measurements?
What is the true physical reason for such a possibility?”. So we defined super-efficient energy



measurement of the quantum entanglement in the state of fast-forward dynamics. Our work
shows that they can use more knowledge about the Hamiltonian and possibly quantum
computational techniques, such as fast forwarding or others, to go beyond the Heisenberg
limit.
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Introduction

Fast-forward approaches have emerged as powerful tools in the study of strongly
correlated quantum systems, particularly within the frameworks of the Bose-Hubbard and
Fermi-Hubbard models. These models describe interacting bosons and fermions on a lattice,
respectively, and serve as fundamental theoretical platforms for understanding quantum
phase transitions, such as the superfluid-Mott insulator transition. In their natural setting,
these transitions typically unfold on slow timescales governed by adiabatic evolution.
However, for both experimental and theoretical purposes, it is often desirable to accelerate
the dynamics without sacrificing fidelity. The fast-forward methodology provides precisely
such a mechanism, enabling the simulation of phase transitions on compressed timescales
that are significantly shorter than those dictated by natural adiabatic evolution.

Our main results demonstrate that the fast-forward paradigm can be consistently
implemented across a wide range of experimental platforms, including ultracold atoms in
optical lattices, superconducting qubits arranged in artificial lattices, and engineered photonic
systems. Among these, cold atoms trapped in optical lattices provide an especially versatile
testbed, where the interplay between interaction strength, lattice potential, and tunneling
rate can be finely tuned. In this setting, we developed a fast-forward theory and
accompanying computational framework that proved more effective than conventional
shortcut-to-adiabaticity (STA) protocols [8].

The cornerstone of our approach is the use of dynamical invariants, specifically the
Lewis-Riesenfeld invariants, which allow one to construct exact solutions for time-dependent
Hamiltonians. Within this formalism, the effective Hamiltonian governing the accelerated

dynamics can be expressed as Hg,|t|=H,|t|+H_.,, where H,(t) represents the original time-
dependent Hamiltonian describing the Hubbard system, and H(t), is the counterdiabatic
term that actively suppresses unwanted excitations. The inclusion of this additional control
field ensures that the system follows the instantaneous eigenstate trajectory of H,(t), even

when the evolution is compressed into a finite, short timescale.

Building upon this foundation, Masuda-Nakamura’s fast-forward theory provides a
particularly optimal framework for simulating quantum phase transitions and slow state
preparation processes. Their method is especially suitable for discrete stepwise development,
which is a common scenario in cold-atom experiments involving optical lattices or arrays of
Rydberg atoms. In such systems, dynamical manipulation of the lattice depth or interaction
parameters can be carried out in a manner that mimics adiabatic evolution, yet at a rate
accelerated by the presence of counterdiabatic driving.

The counterdiabatic (CD) protocol plays a crucial role here: by introducing a carefully
engineered auxiliary control field, CD driving cancels out nonadiabatic transitions that would
normally arise during rapid evolution. This is particularly valuable in cooling schemes for
ultracold atoms, where avoiding excitations is essential for reaching strongly correlated



quantum phases with high fidelity. As a result, fast-forward techniques not only reduce the
experimental runtime but also improve robustness against noise and decoherence, which are
key limiting  factors in quantum simulation and quantum computation.

Taken together, these results highlight the promise of fast-forward methods as a
unifying framework for accelerating adiabatic processes in a wide array of quantum
technologies. Whether applied to cold atoms, superconducting qubits, or photonic platforms,
fast-forward and counterdiabatic protocols offer a systematic route toward realizing rapid,
high-fidelity quantum state preparation and exploring nonequilibrium dynamics in strongly
correlated many-body systems.

Methodology of general fast-forward theory.

Fast-forward approaches and shortcuts to adiabaticity (STA) have become central tools
for preparing quantum states faster than natural adiabatic protocols while retaining high
fidelity. They are particularly relevant for Hubbard-family models (Bose- and Fermi-Hubbard),
which describe interacting particles on lattices and exhibit nontrivial quantum phase
transitions (e.g., superfluid-Mott-insulator). Initially, in accordance with ref. (1-2), we shall
succinctly reiterate the explanation of the fast-forward methodology for the Schrodinger equation. This
section succinctly elucidates the primary elements of the theoretical framework. In the presence of the
external time dependent potential V(x,t), the time evolution of the electronic wave function Wy(x,t) is
governed by the time-dependent Schrodinger equation:

L 0w(x,t) _
ih 5 =Hy (x,t)

Altl=a(t)t

considering a proportionality constant a(t) (3> 1). ¥(x,A) means that the time evolution ¢ (x,t) is
accelerated, just like a rapid projection of a movie film on the screen. The advanced time variable can be
more generalized as

Alt):ja(t')dt'

The time-dependent Schrodinger equation /g (X, t) has a standard form:

L OUpp(x,t)  —R \
ih Fg(t ):2m VZwFF(x,t)+VFF(x,t)wFF(X,t)

reach the goal:
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We establish the initial and final conditions for the time-scaling factor a(t) as a(0) = a(T) = 1, despite
a(t) > 1 certain intervalsO < t < T.Then the additional phase f vanishes at t = 0 and t = 0 = T. In this way,
once we have a given electronic wave function Y,(x,t), we can realise its fast-forward variant l/!FF(X ) t) by

applying the driving potential Vi in Eq. (7). Wepl X, t] completely recovers the exact fast-forwarded state t
=T.

Two-level (spin-1/2) example: explicit CD term

We are considering an effective two-level Hamiltonian written with Pauli matrices,



Hlt]
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where Alt] is a detuning and Q/(t| a transverse coupling. Define the mixing angle 6(t) via

tan9(t)=%

,0=arctan L .
A

The instantaneous eigenstates rotate on the Bloch sphere with polar angle 6. The exact CD
term for this two-level system reduces to

H@Jﬂ:%éaw with =

Thus one gets explicitly

HCD(t)

_140-QA
2 A+

y.

AQ—QA
A+Q°

Write H,=—(r/2|n- o with r =/ A2+Q? and n=(Q/r,0, A/r|. The time-derivative of the
instantaneous eigenbasis corresponds to a rotation about the y-axis on the Bloch sphere,
which yields Hj, « 60 ,. The factor 1/2 follows from our Hamiltonian convention in Eq(2),
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The two-site Bose-Hubbard Hamiltonian with N bosons reads

)+¥; nj(nj—1)+; gltln,.
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Using the Schwinger representation
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the Hamiltonian in the symmetric subspace becomes (up to constants)
Hspm:—ZJ(tJJX+U(tUi+5€(t]]z+const,

with total spin S=N/2. For the single-excitation subspace (N=1) this reduces to an effective
two-level model.

Choose smooth profiles for control functions J[t),U(t),sj(t); e.g. polynomial “s-curve”:

pltl=p+(p;—p|l10s°~155"+65°|,s=t/T,

The analysis presented here highlights the effectiveness of counterdiabatic (CD) driving in
suppressing nonadiabatic transitions during finite-time evolutions of two-level and Bose-
Hubbard-type systems.

Overall, our results demonstrate that counterdiabatic driving constitutes a powerful
strategy for accelerating adiabatic passages in Bose-Hubbard type systems. In particular, the
approach provides a systematic means to achieve near-perfect state transfer in reduced time
scales, which is directly relevant for cold atom experiments in optical lattices, Rydberg-atom
arrays, and superconducting qubit architectures.
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