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Ushbu ishda mualliflar Bitsadze-Samarskiy tipidagi nolokal masalani to'rtburchak
sohada Kaputo kasr tartibli differensial operatori qatnashgan ikkinchi tartibli aralash
tipdagi tenglama uchun ko'rib chigishgan. Bu masala o'ng chegaradagi noma'lum
funksiyaning qiymatini sohaning belgilangan nuqtasidagi funksiya qiymati bilan
bog'langan. Shuningdek, ikkinchi tartibli oddiy differensial tenglama uchun Bitsadze-
Samarskiy tipidagi masalaning spektral xossalarini o'rganib chigilgan va quyidagi
natijalarga erishilgan: olingan xos giymatlar va mos keladigan xos funksiyalar ularning
to'laligi va bazis xususiyatini isbotlangan. Bundan tashqari, qo’yilgan masalaga qo'shma
masala ham o'rganilgan. Masala yechimining yagonaligi va mavjudligi spektral usul
yordamida isbotlangan.

Kalit so‘zlar: Bitsadze-Samarskiy tipidagi masala, kasr tartibli tenglama, xos sonlar,

x0s va ergashgan funksiyalar, to‘lalik, biortogonallik, Riss bazis.
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Camapckoro mjii ypaBHEHHMS BTOPOTO TIOpsKa CMEIIaHHOTO THMA C JPOOHO-
middepeHIMaTBLHBIM OTIepaTOpoM KaryTo B mpsMOyro/ibHOM ob0siactu. B aToit 3amaue
3HaueHWe Heu3BeCTHOW GYHKI[MM Ha TpaBOM TIpaHMIlE CBS3bIBAeTCS CO 3HaueHHeM
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3a/lauy JJ0Ka3aHbl CIIeKTPabHBIM METO0M.
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Abstract. In this work, the authors consider a Bitsadze-Samarskii-type non-local
problem for a second-order mixed-type equation with the Caputo fractional differential
operator in a rectangular domain. This problem related the value of the unknown
function on the right boundary to the value of the function at the fixed point in the
domain. The uniqueness and the existence of a solution to the problem are proved by
the spectral method. Also, we researched the spectral properties of the Bitsadze-
Samarskii type problem for an ordinary differential equation of the second order, and
the following results were obtained: the eigenvalues and the corresponding
eigenfunctions obtained proved their completeness and basis property. Moreover, the
adjoint problem to the main problem was researched.
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INTRODUCTION

In recent years, the theory of nonlocal boundary value problems for differential
equations has become one of the rapidly evolving sections of the general theory of
differential equations. The monograph [1] provides basic information about nonlocal
problems. A.A. Samarskii and A.V. Bitsadze [2] researched a new type of nonlocal
boundary value problem for an elliptic differential equation.

In [3-7], further research was discussed on similar problems involving operators of
fractional or integer order, including Caputo and Riemann-Liouville. Additionally,
studies on parabolic systems have been conducted in [8,9]. Non-local problems of the
Bitsadze-Samarskii (BS) type for mixed-type equations incorporating fractional
differential operators have been analyzed in the indicated works [10-12]. Specifically, in
[10] examines a non-local boundary value problem for a fractional-order parabolic
equation, while in [11] investigates a similar problem for a mixed fractional-order
parabolic-hyperbolic equation. In this context, a non-local Bitsadze-Samarskii type
condition is imposed as the boundary condition, making the corresponding differential
operator inherently non-local. The completeness of the eigenfunctions and the main
properties of such operators are studied. And for mixed fractional-order parabolic-
hyperbolic and parabolic equations, the eigenvalues to the nonlocal boundary value

: : _p
problem and the corresponding root functions were found for case of X, _E’

0<£<1,q- p =1,
q

In our work, we find the eigenvalues of a nonlocal boundary value problem and
the corresponding root functions for a mixed parabolic-hyperbolic equation of fractional



order under conditions X, :g , 0< L. L, g- p =2, The existence and uniqueness of a

solution to this problem was proved.

FORMULATION OF THE PROBLEM.
Let Q@ ={(x,t):0<x<1,- a<t<b},a,beR",Q =QN(t<0), Q" =QN(t>0).
We consider the following nonlocal problem in the domain €.

Problem BS. To find a function u(x,t) from the class

ueC(Q)NCHR), uu, €C(Q"), Diu,u, €C(QY), 1)
which satisfies the following equation in Q* U Q"
. o’u(x,t
Drulx,t)- # t>0,

0=/ > @

’ulx,t) o’u(x,t)

2 > <0,
ot OX

with the following conditions
ou (1,t) _Ou (xo,t)

U(O, t) :O, Ox Ox ) tE[' a, b]) (3)
ulx,-a)- h u(x,b) =z//(x), x€[0,1], 4)

i » oulx,t)
lim . Dju(x,0) =lim 5 5)

. . . P . . .
Here % (X) is a given function, heR, X, =, 52 given rational number and

0<L<y, q- p=2. _Dy is the Caputo fractional operator of the order 0 <« <1 with

respect to variable ¢t [13].

SPECTRAL PROPERTIES OF PROBLEM BS.
To solve the problem, we use the method of separation of variables. As usual, we

are looking for a solution in the form u(x,t) =X (x) -u(t). Substituting this expression
into equation (2) and boundary conditions (3) we obtain the following spectral problem:
X'(x)+AX (x) =0, x€(0,1), (6)

X(0)=0, X'(1) =X(x,), x,€(0,1), ()

where X, 25 and 0<£<1,CI' p =2,

Here we consider three cases: A < 0, A =0, A > 0, which depends the general
solution of the equation (6).

First case: A =0. In this case the (6) equation has the following solution:
X(x) =Ax+A,.

According to condition (7) , we obtain A #0,A, =0,



Consequently, we have X (x) =X, this eigenfunction associated to the single
eigenvalue 4, =0.

Second case A < 0. The equation (6) has a solution on the following form:

X(x) =Be " +Be’™.

Based on (7) condition, we get B, =0,B, =0,

Hence, the problem (6)—(7) has only a trivial solution for all A < 0.

Finally, we consider the third case A > 0. In this case (6) equation get the

following solution X (x) =C, cos~/Ax +C,sin~/Ax.
According to condition (7), we obtain the following two series of eigenvalues
2nqr

2
Ay = I A, =(kqr)?, nke N and the corresponding eigenfunctions are
pTq
X, (x) =sinA4, x, X, (x) =sin\/4,, x.

Hence, the set of eigenvalues of problem (6)—(7) are in the form

2

2nqr
]'D :0’ /’Lln - q ’ /’{21( :(kqﬂ—)23 nskENs (8)
p*q
the corresponding eigenfunctions are
X,(x)=x, X, (x)=sin /A, x, X, (x)=sin A, x. 9)

Corollary 1. Let X, be a rational number such as X, :g, q- p=2, P and 49 be

coprime natural numbers. Then for two sets of eigenvalues {4, } ., and {4, } . from
(8), the inclusion {4, }, <{A,},, takes place, namely, the set of eigenvalues {4, },

is contained in the set {4}, .

During the consider (6), (7) problem, we also consider the Problem adjoint to it. It
is easy to determine that the following problem will be adjoint to problem (6), (7):

Y'(x)+ AY(x) =0, x€(0,x,) U (x,,1), (10)
Y(0) =0, Y'(1) =0, (11)
Y'(x,- 0)=Y'(x,+0), Y(1) =Y (x, +0)- Y(x,- 0). (12)

Spectral problems of types (6), (7) and (10)—(12) were studied in [14], where the
necessary and sufficient condition for the Riesz basis property of root (eigenfunctions
and associated) functions of Bitsadze—Samarskii type problems for a second-order
ordinary differential operator was formulated in a more general setting than conditions
(7) and (11), (12).

Problem (10)-(12) also has identical eigenvalues with (8). Its eigenfunctions of the
are found as the same way with the problem (6)-(7), on the following form:

{Y,(x);Y,,(x);Y,,()},neN, (13)
where



0, 0=x<x,,

1- x

0

Y, () =

4sin \/Zx

1+ x,

ZCOS\/ATH(l— X)

0, 0 <x<x,,
Y (x) =1 2 | x<x =l Y, (x) =14cos\/,, x

——, X, <Xx=l,

2
1- X,

, 0=<x<x,,

(1+x0)sin\/z ’

By solving problem (6), (7), we obtain that the eigenvalues of this problem have
the form (8), they correspond to eigenfunctions (9), and for each value of 4, , there are

X, <x =1.

associated functions of the form X,,(x) =xcos/4,, x.

In the same way, we find the root functions of the adjoint problem (10)—(12). As

a result, we obtain

No Eigenvalues i:(:uf:ils;t;zgie(:i Root functions of the adjoint problem
0,x€[0,x,)
1 A, =0 X,(x) =x, x€[0,1] Y(x)=1 2 _ xE(x,,1]
- %o
2
2qrn ]
A1n = + M,XE[O,XO)
a+p X, (x) =sin\/4,, x | 1+x,
2 + 1n n Yln(x) —
n2kdTP x€[0,1] 2cosJ A, (1- x)
7 : , X € (x,,1]
knenN (1+ x,)sin\/A,,
. 0,x€[0,x,)
3 XZn(X) —=sin \/AQnX Y. (X) = 4COS\//‘12nX
XE[O,l] 21 1- XZ )XE(Xo)l]
2 0
%o _(anﬂ) 4sin A, x €[0.x)
= ~ — X , X
4 " X, (x) =xcos /4, X Y. (x) = 1+x, ’
x€[0,1] 2" 4(1- x)sin,/4,, x
o X E(x,,1]

The following takes place.

Lemma 1. The systems of functions in Table 1 are biorthogonal, i.e.

(Xo(x), Y, ()0 =1,
(X, (X)X, (0, 0y =(X o (x),Y,, (X)), 0 =0, =12,
(X, (%)Y, (), 0 =(X (3).Y5 (X)), 0y =0,

(X (0, Y, (), 00 =(X 0 (20,Y,,(20),, 00y =0,

% Y (Xlk( )’Yln( ))L 0,1 =
(X3 (%) Yoo (%)) 1, 0y =(X oy (X0, Y3, (X)), 0.y =0, e

|

1, k =n,
0, k #n,



1, k =n,

1, k=
(sz(x)’ (X))LZ(OU {0 k # (XZI‘(X) (X))LZ(O’D :{O k #n

Proof. We will show that the last inequality is true. To do this, we first calculate

the corresponding integral for the case k =n.

2 L

1
2 : fx(1+cos2,/Z2F?x)dx = X >
XO X,

IXM(X)an(X)dX _]_ fXCOS AZHXdX =

_XO

Xy

xsin2,/4, x
2\ A, xdx =1 !
IXCOS T - %), \/Az,?(l D)

Now we calculate the corresponding integral for the case k #n.

J'51n2 A, xdx =1.

1
ijk(x) m(x)dx: 4 2 J‘xcos A, XCOS A, xdx =

f [coS(\//'lTk \/7)X+COS(\/Z \/i)x]

1
_ 2 Sm(\/)Tk \/_n)x sm(\/z \/Z)x
x| A A, VA =

Xy

2 Jsm(\/Z + A, X sm(\/A_k o X,
ANV N/

Therefore, the functions X L. (x) and Y,,(X) are mutually biorthonormal. The

remaining relations are proven similarly.
The following statement holds:

Theorem 1. The system {Xo(x),X,.n(x),)zZH(x)} is complete in L,(0,1).

It is easy to know that for reader, proof of the Theorem, obtained based on the Theorem
1in [10].

Lemma 2. Let X, :g be any rational number from the interval (0,1), such that

q- P =2. Then, the systems of root functions from Table 1 form a Riesz basis in the
space L,(0,1).

To prove Lemma 2 we will use the following theorem.

Theorem 2 [15]. Let H be a Hilbert space. The following three statements are
equivalent:
1) the system (o) form the Riesz basis in gy ;

2) the system {g} is minimal and complete in H, the systems {7 and its
biorthogonal {y ) are Bessel in g ;
J

3) the system {p} is uniformly minimal, Bessel and Hilbert in .
J



Proof. As it follows from item 2 of Theorem 2, to prove the Riesz basis property of
systems { X, (x), x, (x), X, (x)] and [YO (x),Yy, ()Y, (x)J , 1=12 it suffices to

establish the completeness and minimality of system {X 0 (x), x n (X),)z o (x)] , as well
as the Bessel properties of both systems. The completeness of system
{X 0 (x), X in (x), X n (x )] follows from Theorem 1, and the minimality follows from the

same Theorem 1 and Lemma 1 in [10]. The Bessel property of these systems follows
from the Bessel property of systems of type {cos(an+b)x} and {sin(an +b)x} on any
finite interval for any real a #0,b [15]. Lemma 2 is proven.

EXISTENCE AND UNIQUENESS OF A SOLUTION TO PROBLEM BS

Now, we are going to show the existence and uniqueness of the u(x,t). For this
aim, we will look u(x,t) as follows:

”a(f)Xo(X) + Zufn([) 'Xln(x) + Z(U;n(f) 'XZn(X) + ﬁgn(r) 'in(X)),f >0,

nd nd

uC-! (r)XO(X) + zul-n([) 'Xln(x) + S(”in(f) 'XZn(X) + ﬁl-Zn (f) "i(:'.er(‘X))*r <0,

n=l n=

u(x,t) = (14)

where o (O,u (0,0, (t),i =1,2 are unknown functions.

Taking into account that the system of root functions in Table 1 is a Riesz basis,
from (14) we obtain
s (6) =(x,0), Yo (30D, (6) =(u(x,0),,,(x)),

uz () =(u(x,0,%,,(0), i (6) =@(x.0,Y,,(x). (15)

Hence, taking into account equation (2) and condition (3), we found the following

systems of equations:

{cDaiugm =0, {D () + 5, (1) =0,
uy (1) =0, g, (O)(0) + Ay, (€) =0,
{chia;nm + 2,5,(0) =0, chéiu;n (0) + Aoyi3, (6) == 7,85, (0),
i, (6) + Aoy, (€) =0, U3 (O) Aoyt (O) ==\, 5, (0,
whose general solutions have the form
ug (1) =A,, g, (O() =A,E, (- A,t“),
{ué (t) =Byt + L, L’{n =B, sin\/ZH[qn cos\//Tnt,

+ 74 2\//12n1/)2n
> o () =AY E, (- Ay t?)- N E (),
LM =AMy E, (- Zpnt™), “an®) : ) Agp “ (17)

~- — ~ . [ ~ i 2 ~
Han =Ban SI0 [+ Lon €OS ont, Uupn(t) =By, sinfAppt + Lo, cos [ Appt - ijn Gy (t),
2n

(16)




~

where E, ,(2) is the Mittag-Leffler function, A,,B,,L,,A,.B,.L,,A, B, L, i =12
are arbitrary constants, and

F,(t) = J'(t - r)""lEa’a(- Ao, (t- T))E, (- A, 7%)dT,

G, (1) :J'(cos\/ﬂmr- o sin\/ﬂgnr)sin\/E(r- t)dr .

From (15), and using (1), (4), (5), conditions, we get that the functions
uy (0),u; (t),u,, (t),i =1,2 must satisfy the following conditions:

lim ug(t) :lim ué (1), hrn o Dyiug () —hrnu (1), (18)
hmum(t) —hmu (t) hm D(;’r ;(t) =hmu. (t), i =L2, (19)
hn})u (1) —hmu (), hrn Dgus (t) —hrnuZn(t) (20)

uC-! (- a) - huO (b) _(/}O’ ur'n(_ (1) - hur‘n(b) _y}in’ubi(_ G) - hu'.ln(b) _Zﬁer’f :]" 2 ’ (21)
where 1//0,1//1,,,1//2,1,1/32,1 are the expansion coefficients I.e.

fw(x)Y (x)dx, 1, = fw(x) Y, (dvg,, = fw(x) ¥, ()X, 17, = fw(x) Y, (x)dx (22)

where Y, (x), Y, (x), Y. (X) i =1,2 are functions defined in Table 1.

Then, by virtue of (18)-(21), to obtain constants A, B,,L,,A,,B,,L, , zz\Qn,éZn, s
I =1,2 we have the following equations:

{LO :AO’BO :0 { In ‘4111’ 1n = \Y 11‘4111’

LO ) Boa :hAO +w0’ Llr cos \i a ln Sln :AnhEa(- A]nbff) + Z/jln’

{fﬁn :AQH’ BZn == \/7nA2n’

f’2n COs \Y AQn a- é211 Sin A2na :AinhEa(- A’ana) + Z/j2n’

~

_AZn’BZn \/7A2 Zy}

1L, cosA,, a- B, sin\/A, a- 2Z/Z”GZH( a) =

=h| A, E, (- A,b°) - @mm

+y,,.

This system has a unique solution,

1 1
LO :AOsBO :O)Ao :ﬁwo, Lln :An’ B1n == \/Z‘AM"AM :—Z/jln,

A1n
-~ —s o~ 1 — 2 .
L2n :A2n’B2n = A? 2n’A2n _A_ 2n, AZn’BZrI - j'2n142n - A—Z/jZH’
2n
L :L Z// _ V n-n (b) Gn( a)l/‘ _ 2sin AQnGZ[}
2n AZ,, 2n Azn 2n Agn 2n




under the conditions that for all n =L 2... takes place the following

A, =cos A a+ A, sinJA,a- hE, (- A,b") #0, i =1,2, A, =1- h#0. (23)

Substituting the found solutions into (16) and (17), we finally have

HOE Z/joh, 0 =L ),

(24)
uy (t) = h ul'n(t) :l/Ajl” (cosJ At = /A, siny/A,b),
I/Zn o
uZn(t) _A Ea( A’Znt )
2n
J (25)
ﬁén (t) :A2n (COS j’Znt - \/A'Qn sin \IA’Zn t)’
2n
. hyA, F,(b)- G, (-a) .  2sin4,,a .
“n(f):l/’ - Yo — ¥
’ ? AZH ’ A2!4 ’
poe rf( /‘[Qntn) \Y} 2nE1(t) ~
21]’
AZn 2n (26)
. | hyA,, F,(b)- G, (-a) . 2siny//4,,a .
uZn(t) = Yo - - A Won - AZVJZH X
; 2n 2n
[ - i t  2si t .
(05t = Vo sin Ayt 2sinyt s GO
AZn AZH AZn

Now we will show that the solution to the problem is unique. Let us, assume that
Problem BS have the two solutions as follows: U,(X,t), U,(X,t). According to properties
of linear operators, U(X,t)=u,(x,t)- u,(x,t) is the solution for the homogeneous
Problem BS. Since that and from (4) condition we have %(x) =0, If condition (23) is
valid, then and since ¥’ (x) =0 we obtain %, =0, %, =0,, =0,i=1,2 . According to

forrnulas (24)-(26), u, (1) =0,u, (t) =0,u,. (t) =0, i =1,2 and based on (15)

’m

fu(x £)Y, (x)dx =0, J'u(x t)Y, (x)dx =0, J'u(x t)Y, (x)dx =0,i=1,2,ne N |

Since the system [Y (x),Y, (x),Y, (X)J is complete in the space L,(0,1), we
obtain, ;(x,¢) =0 equality is valid almost everywhere on [0’1] for any fixed ;¢ [_ a, b]

. Since, by condition (1), the function u(x,t) are continuous on Q, respectively, we
have u(x,t)=0 in Q.

Thus, the following theorem holds:

Theorem 3. If exists a solution to problem BS and conditions (23) hold for all
ne N U{0}, then this solution is unique.

Now, represent the expression A;,in the form:

=J1+ A, sm(\/7a+5 ) hE (- A,b%),



where ¢, ZaFCSiD(l/ J1+4, )—> 0 at n— +o0, Since that, we can know that A,, =0 is
valid if only if

a =L -1) arcsinhEa('—&'nb)
1+ A4

in in

+7k- €

“in | ?

k=12,....

Since @ and b are arbitrary numbers, it follows that the expression A, =1,2

can become sufficiently small for sufficiently large 1; i.e., we encounter the problem of
“small denominators.” Therefore, to substantiate the existence of a solution to this
problem, it is necessary to show the existence of numbers @ and b such that, for
sufficiently large 1, A;,,i =1,2 will be separated from zero [17,18].

Lemma 3. Let h€R/{l}, c,d be arbitrary natural numbers (c,d)=l,

+
a :C(qzidp). Then for large values of n, there exists a positive constant M, such that
the estimate
A, =M, >0, i =12 (27)

hold.

We did not present the proof of this lemma because it was proved similarly to the
proof of Lemma 6 in [11].

Lemma 4. Let the condition (23) and the estimate (27) hold. Then
1) if 0 <t <b, then

u, (=M, [y, |, | e Doy, (0 |<Mon® [y, |, 145, (0 [<M, [, ],
| Dy, (D<M ,n* |7, |, [us, (O <M (9, | +n 137, 1),
| Dy, (0 |<M (0 [y, | 40 145, 1)

2.if - a <t <0 then

Gju-]](t) i+ éUﬁ- (t) e ~
%j SM7nJ 1 |1/}1” l, %2] SMBHJ 1 |1/12” I
ot ot
o'u;, (t " ey _
aztrj]( ) SMQ (nJ ' |11[/2n | +nJ ’ |Z/}2n |)) J :0,1, 2,

where M,k =1,9 are positive constants.

We will show that these inequalities are valid in the two examples. For this, if we
apply the operator . D, to the solution of (26) for t >0, we get

%(Gn(- G) - h\/EF” (b) - sin \/Ea)-i- zi/;}2n Eu(- )'an(() +

-/
qu(u+ ([) :A
C—0t"2n

A AEn

2n

-~

I ~
23 - 1 ot Z/" P ot ' {/! 1 ot
+2\fA2n f(E - T) IE;K,;;(- /1'2;1([ - T) )AZH Eu(- onT )dT- 2\HA2rr A2n E{:(- o )
0 2n 2n

Using the estimate of the Mittag-Leffler function and the estimate (27),




e n 2y n {3 . 2 : 1
C D[IIUEHU)‘ AQ [ Ag/ = (Gn( G) h on n(b) - sin A'Zna) ¥ y Ea(_ o ) +
2n 2n ]

t ~ o
23 f= 1 [£4 4 n 1 o 1 J n 1 ol
+2\JA’2n ﬁ[ - T) lEu,a(_ A‘Zn([_ T) )ZZ E«(_ AonT )dT' 2‘\}/1“2n 12 Eu(_ ons ) =
0

2n 2n
is, which shows the validity of the sixth inequality.
Now we prove the last inequality. By differentiating relation (26) twice with respect to

3 2 2 3 ) 2
<M, ( ‘f/’zn""” ‘f/’zn""” ‘Q’Zn""” ‘0’2:1""” ‘0’2;1""”“/%‘ <M, (” ‘0’2n

t for t <0, we obtain

” 1 2 ) Zh& n \J’; n n
V2n(t) - q —2n Gn( ) 2—L2F (b) q —an

2n 2n 2n 2n

></1,,”( cosrr+\/_n51nﬁt)+ l‘/’”ﬁqnsm\/_t l‘/j”Gn(r)

Vi (©) <Moo (07 [, [+ 02 |+ | + g, |+ “/’2n‘ +nly,, ) SMII”S(“/"zn [+, )
can be evaluated in the form, which means that the inequality
vy, (1) S]\/[11”3 (‘wzn + n|z/;2n
same way. The lemma is proved.
Theorem 4. Let the function % (x) satisfy the following conditions
Y (x)eC[0,1], ' (0) =0, ') =y*""'(x,), 1 =0,1,2,
and conditions (23) and (27) are satisfied. Then there is a unique solution to the

Problem BS and the solution is given by the series (14).
Proof. we find formal solution of Problem BS in domains @* and @, given by

sin /"LGCI Y,

) is valid. The remaining inequalities can be proved in the

formulas (14), respectively, where functions u,(t),u, (t),u,,(t),i =1,2 are defined by
formulas (24)-(26).
One can easily check that function U(X,t)satisfy equation (2) and conditions (3)-

(5). We only need to prove validity of these steps. For this aim we prove convergence of

series (14) and

(%, 0) =uz(0) + Suli () -X, (x)+ f(u; (©) X, () +U5(0) X, (X)), (28)

n=l n=l

i, (60 =X 1t (0 X700+ X (s (0 X0+ (0 XL, (), (29)

Diu(x,t) Z D“umxm(mZ( Dyt (0 X,,(X) + DLl ()X,,(x), (30)

U (X,0) ZZ y, ()X, (x) + Z (), (0X,,(0) +3, (0X,,(0). @3



By virtue of Lemmas 3 and 4, it is easy to see that the series (28)-(31) is
majorized by the series

20w, 1+ X0’ (g, |40 4y, ), (32)

whose convergence easily follows from the conditions of the theorem imposed on the
function #(x) . Indeed, given the ratio

1 ' -
1//111 :_Zwl(:)’l//l(:) :fl/}(4)(X)Y1n(X)dX, Z/jzn -

: T = fz//(G)(x) (9dx,

o
1 7(4) (4) (4)
Z1//2)1 2 Z//;ll) Zt/lén ’Z/}2n = Jllt// (X) 2n(X)dX
A’ j'Zzn \Y} ﬁ'Zn ’

2n

we obtain that the series (32) 1s estimated by the series
‘1//(4) + Z ‘z//

whose convergence follows from the Cauchy-SChwarZ inequality, as well as the basis
property of the system {X (), X, (x), X, (X)} ,1 =1,2, From the convergence of the

7(6)

2n

last series, by virtue of the Weierstrass criterion, the series (14), (28) converge
absolutely and uniformly in the closed domain Q, the series (28)-(31) converge
absolutely and uniformly, respectively, in the domains " and . Therefore, the

function u(x,t) defined by series (14) satisfies condition (3). Substituting, now, series
(14) into equation (2) at t #0, we are convinced that function (14) also satisfies
equation (2). Theorem 4 is proved.

CONCLUSION

In this paper, the Bitsadze—Samarskii type a nonlocal problem for a mixed-type
equation with the fractional operator was researched. While researching this problem,
the adjoin problem was considered and the eigenvalues and the corresponding root
functions of the problems were found. These root functions are different in the case of
d- p =2 than in the case of - p =1. The conditions for the problem to have a unique
solution were found.
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