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BESHINCHI TARTIBII XUSUSIY HOSILALI TENGLAMA UCHUN ARALASH MASALA

Annotatsiya: Maqgolada beshinchi tartibli chiziqli xususiy hosilali tenglama Dirixle sharti
asosida o‘rganilgan. Furye usuli bilan spektral masala yechilib, integral tenglamalar qatori hosil
gilinadi. Qatorning yagona yechimga ega ekanligi isbotlanadi. Ketma-ket yaqinlashish va
qgisqartirib aks ettirish usullari qo‘llaniladi. Aralash masalaning yechimi Furye qatori shaklida
topilib, uning yagqinlashishi asoslangan.
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CMEIIAHHAS 3AJJAYA JI/IS YPABHEHUS B YUACTHBIX ITPOM3BO/IHBIX IISITOT'O
MMOPSITKA

AHHomayus: B cmambe ucciredyemcs nuHeliHoe uacmHoe OugcpepeHyuaibHoe ypagHeHue
nsimoe2o nopsioka € 2paHuuHbiM ycnosuem [lupuxie. C nomowpbto memooa Pypbe pewaemcs
cneKmpasnbHas 3a0avda u nosyveH pssi0 UHMe2panbHbIX ypasHeHull. /Jokasbieaemcsi cyujecmeosaHue
e0UHCMBEeHHO20 peuwleHusi 3mo2o psdda. [IpumeHsromcsi MemoObl NOC/1e008amenbHbIX NPUOAUNMCEHUT
u pedykyuu. PeweHue cmewaHHol 3adauu HalideHo 8 eude psda Pypbe, 0060CHOBAHA e20
€X00UMOCMb.
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pewieHusl.
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MIXED PROBLEM FOR A FIFTH ORDER PARTIAL DIFFERENTIAL EQUATIONS

Abstract: The article investigates a linear partial differential equation of the fifth order
with Dirichlet boundary conditions. Using the Fourier method, a spectral problem is solved, and a
series of integral equations is obtained. The existence of a unique solution to this series is proven.
Methods of successive approximations and reduction are applied. The solution to the mixed
problem is found in the form of a Fourier series, and its convergence is justified.
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Formulation of the problem statement

In this paper, we study the solvability of the mixed problem for a fifth order

. : : . Q=0<t< <x<l
differential equation. In the rectangular domain, =~ (0<t<T, 0<x<], we

consider the following partial differential equation:
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- - I.' —- j U(t, x) =a(t)U(t, x),
(i ol X X (1)

O<a(t)eC[0,T],

where T is given positive number.

In solving partial differential equation (1), with respect to spatial variable X we
use Dirichlet type boundary value conditions

With respect to time variable [ we use initial value conditions

U0, x) =¢ (x), U(0,x)=¢,(x), U (0,x)=¢,(x), 0=x=] 3)

where 7(X) g enough smooth on the segment [0.1] For this function the following
conditions are fulfilled ¢:(?) =% (1) =0, i =1,2,3.

Problem statement. To find a function UtecE)n C:-:'-;{EE], which

satisfies differential equation (1) and the specified conditions (2) and (3), where
Q=0=<t=T, 0=x=I,
| ' |

Formal solution of the problem (1)-(3)
The solution of the problem (1)-(3) we search in the form of Fourier series [1-

4]

U(t, x) 221:,,{{‘]‘4,,{.*{].
)

where 3 (x) ZSi]]\/Z.Y. 2, =(nz)’
u (t) Z.IL"{J_‘,_‘{]IH“{.\:]IG'.‘-:.
" (5)

Substituting the Fourier series (4) into the given differential equation (1), we obtain a
countable system of third order ordinary differential equations

u, (E)+ e u (t) = 1~ a()u (6), . = <3
I+, 1+ 4,

(6)

The equation (6) we rewrite as

u, () + wu, (1) = (1), (7)

where



f.(0)=

l\ a(t)u ().
+ ‘/"n (8)

SN

The characteristic equation =0 for the homogeneous equation

u, () + e,u,(t) =0 has the roots

k = 3u, kﬁz‘ S,

So, the general solution of the homogeneous equation presents as

u(t)=A u , (O+A u (O)+A  u,l(l),

5
2

[\_1|n—n

where 4 are yet arbitrary coefficients, which will be determined,

u:.,,{tjzef‘!ﬁ!, u,, (t)=e - cos;‘ﬁ“t, u,, (t)y=e - sin;‘ﬁ,,t.

oh =
Denoting 2b, \/‘t_jrr we can write the set of fundamental solutions of the above
equation in the form

uzl,,{tjzr:-*"’""’, uzl,,{t]=E'“"’cos(~./§b”£), u, (t) =e™ 5'111(\511“{)

We will differentiate each of these functions two times

u' (6)=-2bu, (t), u (t)=4bu (1)

l{_}l,,{t]‘ b e™ cos(x/3b.t) - 3b e™ Sln{sﬁhtj l \EU ()
u, (O] |pe" “sin(+/3b £) +3b ™ ms{sf_h”t] -J_u A0+, (1)
! 1 -3 '11_}.,,{{]" () =bu, \@b u,, (t)
=" =
' | o1 e, :\jr_iwllii_rlll{t] +bu, (t)
u, (0] B {f) .
u, (6 u, =b {‘-”J
| u, ()] u, (t)=- Zi}lfu_}l”{ﬂ- Zﬁhfuil,,{t)
—b? -
Zﬁ -2 u, () u, ,(t) 22@1,':1:_,.,,{{] - 2!},‘?1:{”,{{]

We search a special solution of the equation (7) as



u,(0) =A, (Ou,, () +A,, (0w, (0 + A, (Ou, (1), 9)
Here we supposed that A, 0 are unknown functions. To find these functions we

consider the following system of algebraic-differential equations

| A (Ou , (O+A (Ou, ()+A (Du,, () =0,
VA (O (O+ A (O, (O+A, (Du, (1) =0,
| A (Ou (O+A (O, (O+A (Du, (1) =] (¢)

First, we solve the system as algebraic-functional equations by the Cramer rule:

ul.li“]I ulli(t} “Z%,li“}
E'f'-ul.li?“ an ?“Z%,li ] —=|u Ir,li(r} u ;.Ii (f} “:;.,Ii ('I‘L} -

u I'.'li “) u 3 n [f} “:;i “)

u,, u,, Clu,, u, )
I E ¥ A l+u | _
u,, u.. B T VA e TR VA

u,, u,,
=u,,

=(b,,u:,,u__,,, - 3!},,1;,,1&,,)(2@1‘?1&,, - beu:,,)+
+2b u, u,, (21},f1;_,,, + Zﬁhfuh,ﬁ 4bu,u,, (i},,ﬁﬁ_,,, +.h“u=,,)—
-4bTu,u,, (ti,,aij,, - «.Eb,,u;,,)+ (2!},,"‘1::,,11_},, + Zﬂ}fu_,,ui,, )(@T..“_:.. +h”u;,,)—

-4blu,u,, (\Eh”u_,,, +hu, )=2J§b,fu_,,u_f“ - 2bJu, u,u, - 6bu, u, ., +
+2J5_’h,fu:,,uf” +d4blu, w,u,, + 4-.]'5_’11”‘“: un+ 4\,@!1”‘“:“1::;“ +dblu, u -
-4bu, u, ., +4\f§b,fu:,,uf,, + Zﬁi},fu:“u_f,, +2b’u, u, u,, +6b'u u, u,, +

+2\f§1},fu:,,uf,, - 4\/5_’&?“:,,“;:’“ - 4blu uu, =12./3b’

D uE,li [t} u?!,li (t}

'j'l. — D ul:,li(r} u:*.r,li(t} :[uf.li(r}“:;li(r}- u:*.,li[r)ul:.li(r}] Jﬁ.(t}:
Jfli('r} “;.Ii[t} “:;Ii(t}

z(u_,,, (Jﬁbﬂu_,,, + h”uh,)— ., (b,,u_m - \Eb“u;,, )) f. =
:(\Eb”u_f“ +bu,u, - bu,u, + w@bu ) f. =



:Jﬁbn(u_f“ +u’)=-J3be " f, Zv@b" f
L

u, , (t) 0w, (t)

A, = u (6) 0w, () z[—1J:I,,{I]1:;.,,{t]|+u;.,,{t]11:'ln{t]|] f.(t)=
u () f(0) ug, (1)

z(— 2bu u, - JS_’ii,,u:_”u_m -bu, u, ) f. z(— 3bu u, - JE}_’h”u:_”u_m )f

“|.Ii(r} ulli[t} D
".j'.'l . = “Ir.li(r} ué.li(t} D :[HII”(I}{I-_;.”(I}' “E.li(t)ulr.ll(t}] fl.(r} -
u, (6w, (0 fi(0)
z(i:'”u:,,ui,, - q@b”u:“llm +2bu 1, ) f.= (31},,11:,,11_“, - ng,,u:“u;“)f“

Then we have
Ay 1

A _IZbﬁg,ﬁ
A,
VA = j =- 1211]“3 (u:,,u__\,, + \Eu:,,u:,,) f.
A 1
A =—=___(uu,-uu )f.
| A 12b° (\/_ o ' )f
Hence, by the aid of integration we obtain
A, (6)=
12b° (10)
A (t)=- L .|(u. (D, +Bu (D, () (s)ds
. 2b; & .
! (11)
A;..H]:L}j(x@!- (D, (5)- u, (D, (), (s)ds
I T A - (12)

1 fu, - fu,
12b° u:,

A == 1211 ; [(“;-..“: Cru o+ 3u g+ VE“- U )f +(“- U+ Af3u U )f]
———1211 : [(ﬁu:'”ur RN TR TR 7Y - U U ) f + (11'31:. L - UL ) f]

A0 =




(0,A,(0,A,0 =123

We need the values of the functions A

u;,,(0), Uy, (0), U (1) 1=1,2,3 at zero in the future. Therefore, we evaluate them:

u, (0) =1 u, (0)=-2b, u,, (0) =4b;
u,,(0) =l i, (D) =b, u, (0) =-2b;
u,,(0) =0 u:, (0) =/3b, u, (0) =2+/3b;

D DN _
A (0) 25 f,(0) A, (0) _W(Zh' f,(0)+ £,(0))

A (0)=0 12b°
tA (D) =0 NE

: o3 .\ e
A, (0) =0 .A\....{D“,l _W“m A’ (0) _m(zﬁb,,mm G0)

‘- FA (0) =- L [0) A (0)=- ﬁ(zu, f,(0)+ f(0))

Substituting representations (10)-(12) into the formula (9) for a particular

solution of the equation (7), we obtain

u,(6) =A, (Ou,, (O +A,, (Ow,, () +A,, (Ou;, (1)

(13)
Taking into account (13), we obtain the general solution of the equation (7)
u,(t)=B u () +B, u, (t)+B, u, () +u,(t), t€[0,T], (14)
B (i=1223) : - : : .
where are yet arbitrary coefficients, which will be determined.

We suppose that the functions %(%) are expanding into a Fourier series and
using the Fourier coefficients (5), from conditions (3) we obtain

u (0) :;|L"{D,,~r:]£1,, (x) dx =;|};: V)& (x)dx =g,
| | (15)

o _' (16)

i | (17)



B, (i=L23)

To find the unknown (arbitrary) coefficients in the presentations

(14), we use the boundary conditions (15)-(17).

U(t, x) = Fu (O3 (x) = F[A (O, (O+A, (Ow, (O+ A, (Ou,, (6) +
+Bu,,(0+B,u,,(0)+B, u,,(0)]v,(x),
U (o, ﬂ—Tu (08, (x)= 7[4 O, (0 + A (0, (0)+ A (0, (0)+
+B,u, (0)+B, u, (0)+ Bxl,,uxl,,{[}]] v (x) =
=z{0 +0+0+B  +B, +0)v (x)=¢(x),
B.,+B., =¢.,:
U.(t,x) 2“ ()&, (x) Z_'[A (O, (O+A (Ou (O+A (Ou,, (6)+

+A, (O, (O+ A (Ou, (O +A (Ou,, () +

+B u (6)+B, u, (1)+ B;,..“';,..“]'] v, (x) =¢,(x),

U.(0,x) = Fu (02 (x) = [A (O)u,, (0)+A (O, (0)+ A (Oyu,, (D) +

i [\"']

+A, (O, (0)+ A, (O, (0)+ A, (O, (0)+

+B u (0)+B, u, (0)+ B:.--*‘;.--{O]'] v (x) =

=)

=

v (x)=

—— f(0)-2bB +bB,  ++3bB,
12b; .0 121 - 1,(0) L R e \J{_

[ 20,B,,+b,B,,+3b,B,, |V, (x) =¢.(v),

i [vj

-2b,B, +b,B,, +3b,B., =¢. ;

U, (t, x) =Zu,';{tjfﬂ,,{:«:] 22[ A (Du (O+2A (Ou (O+ A (Du,  (6)+

+A, (O, (O+2A, (Ou, (O +A, (Ou, (O+ A, (Ou,, (0 +2A, (D, (O +



+A, (O, (()+B u (6)+B, u (6)+ B:I,,u_;'l,,{t]] V(X)) =g (x),

U, (0, x) 221:;',[0]:'?“{? E[A (O, (0)+2A (Ou, (0)+A (Du (0)+

+A, (0, (0)+2A, (O, (O)+ A, (Ou, (0)+ A, (D)u, ,(0)+2A, (O, ,(0)+

+A (D, (0)+B u (0)+B, u (0)+ B;I,,u_;'l,,{[}]] V(x)=

: : ' 4b, 2b,
=X ——(2b,f,(0)+ f(0 0) - 2b, £,(0) + £,(0)) 0)+
S| GO+ LO)- T 5o @b O+ [O)- e [0+

Bh

f{0]+4b B, - 2b; B +2J_g;. B, ]L’“{:«:] —

:Z[ 41}--}8_,-- - 21}..-}8_;”. + 2’\;@11?8;.“ ] 1..-’“{){] :grm{\:']
4b?B,, - 2bB, , +2J3b/B,, =¢,

Using the equations (15)-(17) we obtain system of equation for B, (1=L23)
" B,+B, =y
'-2b B +bB, +3bB. =¢,,
‘. 4b?B - 2b'B, +2.J3b’B, =

Solving the above system with respect to B, (i=L2%3)

yields
1 1 1
B =—¢ -
23T G Y T I
2 1 1
B =4 .
2 T3l T ey Ve T oY
11
23 Y 43b’ #an

Substituting the values of B, (1=L23) s into (4) and rearranging the sum with
(i =L2;3)

respect to Gin we obtain the following:



B u :1“ I Lu W u g,
B B i1 121}-
2 1
B ou. ==u, +—u, g, - TR
otlan = tenfin TEpthaan T Topr et
B. u ——u G +Lu g
i An 2@}“ 3nd 2n 4@}“_‘- an
u  +2u,
B u +B u, +B u, zTg +
U U - \E“;,.. _ +“-..--' u,, ++3u,
6b, Pon 2 (18)

We write the solution of the problem (1)-(3):

UL, x) = Fu (8 (x) = F[A (Ou,, (O+A, (Ow, (O+ A, (Ou,, (6) +

+B u, (6)+B, u, (t)+ B;,..“;,..“]] Vo(x)=

t) 1 (),
Z_' l121{1' lu. (s) fu(s)ds - “l-IZLi*“] Ju, S, (5)+ VB, (), () f, (s)ds +

|‘{\/§U (shu, (s)-u, (s, (s Nf.(s)ds+

121}
u +2u, u . -u,, - \EH.; i U - u. +\@H;,,
+T-§r +-_ - _Gb g, + b l_zb_ i ‘r’,,{,‘{]
" " (19)
In this case
b = ;‘r--_1 u , (t)=e \I"T!, u,, (t)y=e - 505?3 Jet, w, (6)=e * sin ?3 o t

We will pu this expressions in (19) and we will use formulae sin(c £9), cos(cr Lf5)

we obtain

R
|r:""_ f(s)ds-

e s

U (¢, x) Z



I 3
2e © cos > St

- ‘ |E-* 2 sin E‘j{“5+£‘ f.(s)ds +
SN ; b |
i
2e - sinvfﬂu“t! A NE -
+ e ¢ cos| —u s+—|f(s)ds+
330 I 2 V{_ 6 ‘
+‘If""_,--“]¢.:,-- + ‘If"'_-‘,--{'l-l]g._-‘,-- + ‘If'r:,--“]g.t“] v, (X) (20)
After simplifying we obtain:
Ut x) = F |c'“"_f{5]|ds—
\/:
2 Tow
¢ |c'_ ©sin \f?{s—t +—‘f{s]d5+
i
+"I.|"""_...“]g.:.-- + *'f"';,..“]*?'_r,.. + *I.n""r:...“]g.:,n] ]"J..{x] (21)
where,
e Vet 42 2 cos“r ot
*’f""..--{"-ﬂlI = 3
e V. 2{* —‘ “sin J_ ut+6‘
Vaal) = 3l |
e Vet . 25*— sin J_ et - T‘
6 |
yr, () =

Introduce the following notation:



K (t-s)= e Ve 4o s i ﬁ{/}?{f-ﬂ]-
3 2 6 |
cl (22)
Pu“;l :'El.n".'l.,n“;l{:':r,,n +*J,.".'I_-',n“:|{;':r_-',n +€,.".'Ii,n{‘|-l;|{;':r i (23)
Using (22), (23) we write () as follows:
u (t)=3(t,u (t)) =P (t)+ :|‘K“{t - s)f (s)ds
i (24)

Therefore, a unique solvability of the mixed problem (1)-(3) is equivalent to the
unique solvability of the integral equation (24), which is a Voltera type integral
equation. Once a solution of (24) is obtained, a function defined by

Ult,x)= 5' Pt)+ |f\ (t- s)f (s)ds|v (x)
" (25)

defines a solution of the mixed problem (1)-(3), [5-8].
Existencee and uniquness of the solution for problem (1)-(3)

Let us use the following well-known Banach spaces. Consider the space

B,10.T] of sequences of continuous functions S \J'r = on the segment 10,T] with
norm
501, ., = o m|| <
A8 et b 0T
B
Coordinate Hilbert space ? of number sequences with a norm
Space L1o,1] of square summab
. 4 .
Under the assumptions 7;(xeC0.1] for / =123 we have
1._' f,-'r. | 1_ JI{”{”
=K i LI LL0]
T

n 7!l on (26)



. ::1?.{y]5;{y]dy ﬁitjzij{L}qsa[y]d}
Where A , ; and

O {})
Vi =)

2,0y, ﬂlt)==jf¥i£$}£lﬁgiyldy

Further, the standard estimates, i.e, the Bessel’s inequalities hold:

(i Hr:,fl{‘f:] H | ”f{f]” <
L]0,

1V

||£,.f fﬂ-'}f{f,.‘{]

Ox°

| =4
2 (X

L;]0.0] (27)

Theorem. Assume that the above mentioned smoothness are satisfied. Then (25) has

B,[0,T]

a unique solution U.)s in the space and every Y» is the limit of the

following sequence:

u'(t)y=P(t), wt)y=3u""), k=L2,.. (28)

lim L =lim ;
Proof, Since V0
holds

and T is fixed the following estimate

|' '|
ma\| ma‘a.|h (t- 5]| ma‘a. 111:1‘«‘@;-'”,{4_‘] ||- =M, <=, for some M, >0.

(29)
Thus by (23) we have the following estimate
Pt)l=y, (D¢, +y, (D¢, +y, (e, | =M ,CL__ for some C >0
M (30)
First we show that =(u, () belongs to the space B,[0.T], By virtue of
D<u = 4, <],
formulas (26), (27) and the fact that L+, applying the Cauchy--

Shwartz inequality, from approximation (28) we have

o, =S

JYUun|;wC F___wﬁ+f
. (31)



Now we estimate the norm of the difference Y (0~ U (D) por this purpose we
u, (t)-u(t)

estimate for every . By the definition and inequalities (26), (27), (29)
and (30) we have
| I - ]' : - ] - ]' 2
|u,,{t]|— u,,{t]||1 : |[I\,,{J_‘— 5]|a{s]-|u.,{s]|a‘s =—CM; At
1+ P 1

A =max la(t)]

where . Thus, we have

o' 0-w @], ,

=M M;At
! (32)

Hu"'{t]l— u'{t]”

The next step is to estimate 1911 Using the definition (28) and

inequality (32)

B0, |0,

”u"{t] -u(t) “ ; =AM C 1|”u{5]| - u'(s) H ~|d5 =AM M’ 1|'5d5 =

— e a3
=(AM *M ) 5

(33)
Repeating the estimates inductively as above, for arrbitrary K =2 we obtain
k k- - 302 Kt
‘ u(t)y-u ot H _ i{ﬁu"vf M| —
B0y | rl!(ll (34)

The inequalities (30) and (34) implies that the series

o], + 2]

uwit)-u (1) H

B0,7]

are convergence absolutely and uniformly. Hence implies that the (25) has a unique

u(t)e B[0,T].

solution The Theorem is proved.
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