Sotimboyeva Zarifaxon Erkinjonovna
Namangan davlat universiteti
G/M/1 NAVBAT TIZIMIDA STATSIONAR TAQSIMOT VA KUTISH
VAQTINING TAHLILI
Annotatsiya. Ushbu magqola navbat nazariyasining G/M /1 modelida statsionar
rejim xususiyatlarini chuqur tahlil gilishga bag'ishlangan. Tizimga kelishlararo
vaqt ixtiyoriy tagsimotga () ega bo'lib, xizmat ko'rsatish vaqti # parametrli
eksponensial tagsimotga bo'ysunadi. Tahlil uchun talablar kelish momentlariga

asoslangan yashirin Markov zanjiri (Embedded Markov Chain) metodologiyasi

qo'llanilgan[1]. Tizimning statsionar holat sharti # <! bajarilganda, statsionar

ehtimollar tagsimoti Teorema 1 orqgali xarakteristik tenglamaning yagona ildizi

o&(0.1) orgali geometrik progressiya shaklida aniqlangan. Shuningdek, Teorema 2

da talabning navbatda kutish vaqti W,

F, (1) =1- pe =

ning tagsimot funksiyasi yopiq shaklda, ya'ni

| ko'rinishida keltirilgan. Olingan natijalar kelish ogimi Puasson
bo'lmagan murakkab tizimlarning samaradorligini baholash uchun fundamental
nazariy asos bo'lib xizmat qiladi[2].
Kalit so'zlar. Navbat nazariyasi, G/M/1 modeli, Yashirin Markov zanjiri,
Statsionar tagsimot, Xarakteristik tenglama, Kutish wvaqti, Laplas-Stiltes
almashtirish.

Comumboega 3apugaxoH SpKUHHCOHOBHA
HamaHzaHcKull 20cyoapcmeeHHblil yHugepcumem

AHAJIN3 CTAIIMOHAPHOT'O PACIIPEJE/IEHUA 1 BPEMEHU

O)XXHNJAHNS B CUICTEME MACCOBOI'O OBCJ/IY ) KUBAHHUSA G/ M /1
AnHortanus. Hacrosiiass vccieqoBarenibckasi paboTa TMOCBsIIeHa yriyOseHHOMY

aHa/M3y XapaKTepUCTHUK CTAI[MOHApHOTO peXXMMa B MOZENIW TeOpPUd MaCCOBOTO
obcnyxuBanust G/M /1 B cucreme Bpemss Mexxy TMOCTYIIeHUsMU TpeGoBaHMIA
vMeeT TIpOM3BOJIbHOE paclipe/ie/ieHue (A(t) ), a BpeMsa O0OC/Ty>KABaHUS
TIOJUMHSIETCS SKCIIOHEHI[MabHOMY pachpezie/ieHdo ¢ mapamerpom Y. [lns

aHa/iM3a WCIO0JIb3yeTCs MeTOO/Oorvsl BoKeHHOW 1enu MapkoBa (Embedded



Markov Chain), ocHoBaHHasi Ha MOMeHTax TOCTyIuUieHus TpeboBanuii [1]. [Ipu

p<1

BBITIO/THEHUNA yQji1oBud CTAalJMOHAPHOTI'O pexxruMa CTalJUOHAPHOE

pacripesiesieHle BeposiTHOocTeld Teopema 1 oripefie/ieHO B BHle TeOMeTpUUeCKOM

oe(0,1)

TIPOTpecCcMy uepe3 eAWHCTBEHHBbIN KOpeHb XapaKTepUCTUUYECKOTO

ypaBHeHusi. Kpome Toro, B Teopeme 2 mpencraBieHa (DyHKIUsI pacripeie/ieHUst
1-vrpe

W o F-I [f] :]_ Jlr_:lr_.l"_-.
BpEMEHHM OXHJaHWUA B Ouepeaud ¢ B 3aMKHYTOW dopme:

[TosydyeHHbIe pe3yabTaThl CIYXKaT PyHJaMeHTaTbHOU TeOPEeTUUYEeCKOW OCHOBOM IS
oLleHKH 3((}eKTUBHOCTH C/IOKHBIX CUCTEM, TZie BXOJSIIUN TIOTOK He SIBJsSeTCS
TyacCOHOBCKUM [2, 4].
KnioueBble coBa. Teopus MaccoBoro ob6caykupanus, mogens G/M/1
BnokenHas nierib MapkoBa, CraljuoHapHoe pacripefiesieHre, XapakTepucThueckoe
ypaBHeHue, Bpemsi oxxuianus, [IpeobpasoBanue Jlarmiaca-Ctunrbeca.
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ANALYSIS OF STATIONARY DISTRIBUTION AND WAITING TIME IN

THE G/M /1 QUEUEING SYSTEM
Abstract. This research paper is dedicated to an in-depth analysis of the stationary

regime characteristics in the G/M /1 queueing theory model. In this system, the

inter-arrival time of requests has an arbitrary distribution (A(t) ), while the service

Uu

time follows an exponential distribution with parameter #. The analysis employs

the Embedded Markov Chain methodology, focusing on the moments of request

arrivals [1]. Provided that the stationary condition # <1 is met, the stationary

probability distribution is determined by Theorem 1 in the form of a geometric

progression, expressed through the unique root “€(%1) of the characteristic

equation. Furthermore, Theorem 2 presents the distribution function of the waiting

Fu (=107 The results obtained

time in the queue, Wq, in a closed form:
serve as a fundamental theoretical basis for evaluating the efficiency of complex

systems where the arrival process is non-Poisson [2, 4].
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Kirish. Navbat nazariyasi zamonaviy telekommunikatsiya, logistika, ishlab
chigarish va kompyuter tizimlarining ishlash samaradorligini matematik
modellashtirish va optimallashtirish uchun asosiy vositadir[1]. Klassik M /M /1
modeli soddaligi bilan ajralib tursa-da, ko'plab real tizimlarda talablarning kelish
ogimi Puasson tagsimotiga bo'ysunmaydi. Bu holatda, kelishlararo vaqt ixtiyoriy
tagsimotga ega bo'lgan G/M /1 modeli dolzarb hisoblanadi[3].

G /M /1 modelining tahlili ¥ /G/1 modelidan farqli o'laroq, tizim holatini ixtiyoriy
vaqt momentida emas, balki faqat talablar kelish momentlarida ko'rib chiqishni
talab giladi. Bu yondashuv yashirin Markov zanjiri deb ataladi. Ushbu usul
tizimning statsionar tagsimotini aniglashda muhim rol o'ynaydi[2,4].

Ushbu magqolaning asosiy maqgsadi G/ M /1 navbat tizimining statsionar rejimda

mavjud bo'lish shartlarini aniqglash, tizimdagi talablar sonining statsionar

tagsimotini topish va eng muhimi, talabning navbatda kutish wvagqti W, ning
tagsimot funksiyasi uchun yopiq shakldagi ifodalarni keltirib chiqgarishdan iborat.
Tizimning Modeli va Asosiy Parametrlari.

G /M /1 pavbat tizimi quyidagi xususiyatlarga ega:
1. Kelish Oqimi (G ): Talablar orasidagi vaqt A() tagsimot funksiyasiga ega.

A(s) _ A0 ning Laplas-Stiltes

O'rtacha kelish tezligi # =1/ ElA] ga teng.
almashtirish funksiyasi.

2. Xizmat Ko'rsatish (M ): Xizmat ko'rsatish vaqti “ parametrli eksponensial
tagsimotga ega.

3. Kanallar Soni (1): Bitta xizmat ko'rsatish kanali mavjud.

Tizimning yuklanish koeffitsiyenti # quyidagi formula bilan belgilanadi:

P =—
u

Tizimning statsionar rejimda ishlashi uchun zaruriy va yetarli shart # <! dir.



Asosiy qism: Yashirin Markov Zanjiri va Statsionar Tagsimot
1. Yashirin Markov Zanjirining O'tish Ehtimollari

X {X,.nz=

n — N -chi talab kelgan paytdagi tizimdagi talablar soni. =0} ketma-ketligi

Markov zanjirini tashkil etadi. “« — ikki ketma-ket kelish orasidagi vaqt oralig'ida
k ta xizmat ko'rsatish tugashi ehtimoli:

{ar)

a, =P(K =k) = |" VL e dAln), k=0

k!
Bu yerda K — kelishlararo vaqt oralig'ida xizmat ko'rsatilgan talablar soni.

2. Xarakteristik Tenglama

Statsionar tagsimot “/ ni topish uchun quyidagi xarakteristik tenglamaning

yechimi ¢ ni topish talab gilinadi[3]:

— L+l
og=Na.o
e’ ]

% ning ta'rifini Laplas-Stiltes almashtirish funksiyasi A'(s) orqali ifodalash orqali,
xarakteristik tenglama quyidagi ixcham ko'rinishni oladi:

r=A(u(l- )
Agar © <1 bo'lsa, bu tenglama 0 <¢ <1 oralig'ida yagona yechimga ega bo'ladi.

Teorema 1. Agar GC/M /1 pavbat tizimi uchun # <! sharti bajarilsa, u holda "-chi
talab kelgan paytdagi tizimdagi talablar sonining statsionar tagsimoti
7, =limP(X, =)

quyidagi geometrik progressiya shaklida bo'ladi:
T, =(1-e)r’, j=0
Bu yerda ¢ — xarakteristik tenglamaning (%1 oraliqdagi yechimidir.

Teorema 2. Agar C/M /1 pavbat tizimi statsionar rejimda ishlasa (© <1), u holda

talabning navbatda kutish vaqti W, ning tagsimot funksiyasi by, )

beriladi:

quyidagicha

F, (1) =P(W =t)=1- ge """, =0

Bu yerda © =4/ # va ¢ — xarakteristik ildiz.

E[W,]

Teorema 2 dan foydalanib, o'rtacha navbatda kutish vagti ni hisoblaymiz:



ElW ]= | P(W, =t)dt = | oo dy
Integralni hisoblash natijasida quyidagi formula kelib chigadi:

. &
Elw | =
W, (1= ¢r)

E[L]1=/AE[W] EIW ] =E[W |+1/u

Limit gonuni va munosabatidan foydalanib,

o'rtacha tizimda bo'lish vaqti E[W] ni topamiz:

Ew]=_[1+ 7
T 1-¢r

G/M/1 pavbat tizimining statsionar tahlili yashirin Markov zanjiri usuli
orqali muvaffaqiyatli amalga oshirildi. Tizimning statsionar tagsimoti va navbatda
kutish vaqti tagsimoti eksponensial xizmat ko'rsatish tufayli geometrik va
eksponensial shakllarda saglanib qolishi isbotlandi. Barcha asosiy samaradorlik
ko'rsatkichlari tizimning yuklanish koeffitsiyenti # va xarakteristik tenglamaning
yechimi ¢ orqali anig va yopiq shaklda ifodalandi. Bu natijalar kelish oqimi
Puasson bo'lmagan murakkab navbat tizimlarini tahlil gilishda muhim nazariy asos
bo'lib xizmat qiladi[4].

Foydalanilgan Adabiyotlar
1. Adan, I., & Resing, J. (2021). Queueing Theory. Springer, Cham.
2. Alimov, S. A., & Xudoyberganov, M. O. (2022). Navbat Tizimlarining

Matematik Modellarini Tahlil Qilish. Toshkent: Fan nashriyoti. Baccelli, F.,

& Bremaud, P.(2020). Elements of Queueing Theory: Palm-Martingale

Calculus and Stochastic Recurrences. Springer, New York.

3. Gafarov, A. A.,, & Raximov, A. A. (2023). G/M/1 Tizimida Chegaraviy

Masalalarning Yechimi. O'zbekiston Matematika Jurnali, 2023(1), 45-58.

4. Harchol-Balter, M. (2021). Performance Modeling and Design of Computer

Systems: Queueing Theory in Action. Cambridge University Press.



	Sotimboyeva Zarifaxon Erkinjonovna
	Namangan davlat universiteti

