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Annotatsiya: Ma'lumki, Laplas tenglamasi uchun doirada Dirixle masalasi juda

yaxshi o‘rganilgan. Mazkur ish cheksiz fazoning gismlari bo‘lgan yarim fazo chorak

fazo, nimchorak fazo va fazoning 1/2"-gismida asosiy chegaraviy masalalarni
o‘rganishga bag‘ishlangan. Qaralayotgan masalalarning bir qiymatli yechilishi
ishning asosiy natijasidir. Qo ‘yilgan Dirixle masalasining yechimlarining yagonaligi
elliptik tenglamalar uchun ekstremum prinsiridan kelib chiqadi, yechimlari oshkor
ko ‘rinishlarda yozgan.
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DIRICHLET PROBLEM FOR THE LAPLACE EQUATION IN INFINITE
REGIONS OF EUCLIDIC SPACE
Abstract: Abstract: It is well known that the Dirichlet problem for the Laplace
equation in the circle has been extensively studied. This work is devoted to the study
of the principal boundary value problems in the half-space, quarter-space, semi-

1/2"
quarter-space and in the -th part of space, which are parts of the infinite space.

The existence of a unique solution for the problems under consideration is the main
result of the work. The uniqueness of the solutions to the posed problems follows from
the extremum principle for elliptic equations, and the solutions are expressed in

explicit form.
Keywords: Laplace equation, Dirichlet problem, Euclidean space, infinite domain,

1. BBegenue

B OGonpImIMHCTBE CAy4yaeB  pacCMaTpPUBAeTCs  HEKOTOpasi — 3aMKHyTast
TOBEPXHOCTh S, He 06si3aTe/NbHO CBSI3HAs, U Tpe/irnoJiaraeTcsi, 4yTo S OrpaHUYMBaeT
obnacts €2, KoHeuHyr0 UMM 6eckoHeuHyto. IIpy pacCMOTPeHMH KakK KOHEUHBIX, TaK 1
OeckoHeuHbIX oOsacTeil rpaHuija 06/1laCTH TIpe/iriosaraeTcss KOHEUHOMW; Kak BCer/a,
rpaHMIla COCTOUT M3 KOHEUHOr0 UuC/la KyCOUYHO-T/IaJKUX MOoBepxXHOCTel. OJHAKO B
JJAaHHOM HCCJeIOBaHUM pPACCMATPUBAIOTCS TaK Ha3biBaeMble I0y0eCKOHEeUHbIe
obacTy, TpaHHWILI  KOTOpbIX  OeckoHeuHbl.  [IpocTeliiiMu  MpUMepaMu

1o/iybeCcKoHeUHbIX 00/1acTell SIB/IIOTCS TIOMYTIPOCTPAHCTBO, YETBEPTHLIIPOCTPAHCTBA,

n
MMO/Iy4eTBEPTBIIDOCTPAHCTBA W, B006H_[e rosops4, 1/2 -1 4adCTb m-MepHOFO

TIPOCTPAHCTBA.

DyHKIUS U(X) yaspmaercs rapMOHMUeCKOM B KOHeuHo# obiactu €2, ecyiv oHa
OBaXIbI HempepbiBHO guddepeHipyeMa B 3TOM 007acTd U YJOBJ/IETBOPSIET

ypaBHeHu!o Jlariaca.



DyHKLYSA U(X) yaspisaercs rapMOHMUYECKOH B 6eckoHeuHoM obnactu 2, ecu

B K&)K,Z[Oﬁ TOUKe 3TOM 06]'IaCTI/I, HBXOAHMEﬁCﬂ Ha KOHEYHOM DACCTOAHMWM OT Hd4adJ/ld

KOOp/IMHAT, QyHKLIUS u(x) BBl HeTlpepbIBHO AuddepeHLipyeMa, yA0B/IeTBOPSIET

1
0 m- 2
ypaBHeHMIO Jlariaca ¥ Ha OECKOHEUYHOCTH MMEET IOPSIoK R™") , TaK 4TO TIpU
J0CTaTOuHO GobIIMX R BEINONHAETCS HEpaBeHCTBO:
u(x)|, ——
R™" (1)

“n  a C — HekoTOpas KOHCTaHTa.

B cnydyae JaBymepHo#t obsacTu (m=2)

ycnoBue (1) o03HavaeT, uTo
rapMoHUUecKas QyHKIMsA B OeCKOHeUHOM 06/1acTh orpaHndeHa Ha 6eCKOHEeUHOCTH.
2 KpaeBble 3ajaum /iis1 ypaBHeHus Jlamiaca B 0eCKOHEUHBIX YaCTAX

eBKJ/IM/I0BA MPOCTPAHCTBA

x=(x,.,x ) £=(5,..5)

[TycTh U m” — nBe TOUKU "-MepHOTrO eBK/IH/OBA
r=x- & :JF'H (x - &)
TIPOCTPAHCTBA E. . 0603naunm ) = ) (2)
. 1
qix, )= ——
Y pPaCCMOTPUM (YHKLIHIO r (3)

npesmnonaras, yto M= 2. ByjeM Takke CYUTaTh TOUKY g HEMNo/BM)KHOU, TaK 4TO

V(X:5) MoskHO paccMaTpHBaTh Kak (yHKIpo Toukn X. Mssectro [19, Ch.11], uto

!J‘rp

byHKUYS q(x.<) paspelBHa pu X ~ S| u B moboli 061acTH, He cofepiKalleli TOUKy

5 , GyHKUUs A(%5)  gpngerca rapMoHudeckoit. I[lpu 3ToM Ha OeCKOHEUHOCTU
. 1
a(x,s)=0 R— .
', ec/ii paccmarpuBaeMast 00/1acTb 6eCKOHeuHa ¥ (QYHKI[HSI q(x.<)

yIOB/IETBOPSIET ypaBHeHUIO Jlariaca.

OmnpesenuM Tenepb (YHKLWIO, FapMOHUYECKYI0 B TIOJyIIPOCTPAHCTBE WJIH,



B0OOIIIe, B 00/1acTH C OeCKOHEUHO rpaHuIieid. PacripocTpaHuM ompe/ienieHre, JaHHOe
JJisT KOHeUHOM 006siacTv, Ha 3TOT cCjyuyaii: B 0b6sacT ¢ OeCKOHeUHOU TrpaHuLei
GYHKIMS Ha3bIBaeTCsl TApMOHUUYECKOM, ec/Td B 3TOW 06/1acTy GYHKIMS UMeeT BTOPhIe
TIPOM3BO/HBIE, HETIPepbIBHbIE B Ka)KJOW TOUKe, U Y/IOB/IETBOPSIET YpaBHEHUIO
Jlarutaca.

,ZLOHOJIHI/ITE]'II:HO BBeJIeM 0003HaUeHUS:

4)
r, V (.*r:, - £ ).
I.' ::(-rl:w'w-rll'):l” .f ':::-...{: IIH” n: . 'k i 'I;' i "':-.?.'?i}-'l'
sl S SEL\., X =X "-.{.‘a’l'lr, :-:., :::_"-.1[::1}, d::-:d::-_...d._.:-lﬁ, d::_l' :d::_.-"d::l.
w I =o n| o =r.
Bo Bcex ob6o3Hauenusx +» Kr Mo M- TTppmem 0 — < | mostomy  * k=0 Haripumep,

L=kl kon L=, 20n), T =L\, 1, k:

“:$“+5T+meﬁ&'§ﬁ 1, k. n

(5)
. “:JZI_('YI+::I) +Z|”+.('\f|_:—-|)1 (6)
Rl. _rl. = 1! Rl.,:.,...,"ll. :(r. ...... "1_ .
: & 7)
0O0603HaUMM TaK>Ke yacTeid eBK/IMI0Ba ITPOCTPAaHCTBA E,.
Q =x'x =0
a) MOJIyTIpOCTPAHCTBO — ™! (X% >0 ;
Q = x:x >0x, >0
b) ueTBepTh MpocTpaHcTBa — = © | Lot A
Q = x:x>0,x >0x >0,
C) MOyueTBepTh MPOCTPAaHCTBA — ~ ° - 2 ~ ;
Q= : x:x =0,..,x =0,n, m:

d) 1/2" -ag wacts npocrpasctea — ~ "

BokoBble rpaHu 06/1acTH £, pu “k 0 0603HaUEM yepes



'i:;l.::..{l”.{lhhh‘,[}lI..{I HD‘{I j-:\1‘IC}I"'I-..{I..T'E:‘,|:}|| kzl,z,...,ﬂ.

k-1 PR+
B maHHO# paboTe pacCMaTpPUBAIOTCS IBHBIE pellleHus 3a/jau [Iupuxie s
ypaBHeHus Jlariaca.

U U
AUS—+.. + —

{ '."{'__ { .'\:':‘i (8)

B Geckoneunbix vactsx 2 (K =11 epkminoa mpocrpancrea En.

Q

3agaun [Iupuxne u HerimaHa jis ypaBHeHus Jlamiaca B MOJIynpOCTpPaHCTBE -1

oOcykfaroTcsi B ydeOHWKax I10 ypaBHEHUsIM MaTeMaTHuecKod ¢usuke (cM.,

Haripumep, [19, I'n.18]). TToaTomMy 37€Ch Takue 3afiaud B TOTYTIPOCTPAaHCTBE 2 he

OyAyT paccMaTpUBAaThCH.
3. 3apaua /Iupuxne

3.1 ITocTtaHoBKa 3aiauy U TeopeMa eJMHCTBEHHOCTH

3agaua /Iupuxsie D | Haitrn pEeryJ/sipHOe pellleHue u(x) ypaBHeHuMs (8) u3 Kiacca
Cc(Q)nci@)
byHKLMH , V/IOBJIETBOPSIIOIIIEE YC/IOBUSIM:
u(x)|, ,=r.(x.),x, €S, 7~
5 k=1n 9)
1 YC/IOBHIO M3Ue3HOBaHMs Ha O@CKOHEUHOCTH
limu(x) =0,
7, (%)
rae kK7 —3agaHHble (QYHKIWH, TIpUUEM
TH(.‘{H}:O(‘.{}:"), £>0 (11)
. (x,) )
Kpome Toro, hpyHKIUH YIOBJIETBOPSIFOT YC/IOBUSIM COT/IACOBAHMSI:
_ r(x ). =r(x )| _., L
r.(0)=7(0), &l )‘ SO e kg, j=1n, 12)

3necs 0= (0n0)ER,



D

Teopema 3.1 3adaua /Jupuxne 3 018 ypagHeHust (8) 8 Heo2paHuueHHOU

obsnacmu €

n MOJicem umemn He 60/see 00HO020 pelleHUsl.
ITokazamenbcmego. [11s1 mOKa3aTebCTBA TEOPEeMbI JOCTATOYHO I10Ka3aTh, UTO

COOTBETCTBYHOIllasd OAHOPOJAHAA 3d[jd4d HMMEET TPUBUA/ILHOE DpeEIlIeHHe. KOHE‘—IHYI-O

x, =0
yacTb 06sacTH Qn, OrpaHUYEHHYIO0 TIJIOCKOCTSIMA (OOKOBBIMM T'DaHSAMU) ,
J=hny TOBEPXHOCTBIO
i I pu oaed L a— 2 .l » = o < & = I
T XX X, =0 x F 0,0, K, 20 0SS O, P XS 0,
0 o 0
0003HaunM yepe3 Q. Uccnegyem sagauy D~ nng ypasHenus (8) B Q.
ITycTb
r (X )=0,% €Sy, 1 77
kA h k l,n. (13)
Torma cripaBeJ/IMBOCTb TeOpeMbl ClaeAyeT W3 TPUHLWMNA 3KCTpeMyma [ijisi
= u(x) Qr
JITUNITUYECKUX ypaBHeHUM [1, 2]. B camom gene, GyHKIus B obmactu ““n B

cuny (13) cBoW TMOMOXKUTENbHBIA MakKCMMYM U OTPULIATE/IbHBII MUHUMYM MOXXET

0
AOCTUT'HYTb TOJIBKO Hd O-” )

0
[Tycte X — mpou3Bo/ibHas TOUKa 001acTu €. Bosbmem MPOU3BOJIBHOE Majioe

u(x)| <e
uncno €~ 0 u, yuuresas (14), BoibepeM © HAaCTOMBKO GOJIBIINAM, UTOGbI | ( )‘

Q"

0
Yn . Tlpu goctaTouHo Gosbiom A 9Ta TOUKa romagaer B 061aCTh ~“" U IOTOMY

Ha
‘U(X)|< £ B CWIy TIPOM3BOJIBHOCTH ¢ OyaeM WMeTb U(X)ZO. Torpma u(x)=0 B

obnactu $2n. Teopema joKa3aHa.

3.2 CymecTBoBaHMe pelieHus 3ajaum {upuxie

o0
Kak u3BecTHO [8, r1.18], peienue 3agauu dupuxiie D g TIOJTTIDOCTPAHCTBE



ull(x) = M | I( ) dh
T

£, Jaetcsi hopmyJioi

Cnenyst pabote [8], HeTpyIHO TIOCTPOUTL pellieHus 3ajau [Jupuxse Ajs ypaBHeHHs

Jlamyiaca B COOTBETCTBYIOIMX O@CKOHEUHBIX YaCTSIX eBK/IHA0BA ITPOCTPAHCTBA E.,.
B UeTBEepPTH MPOCTPAHCTBa (B 00s1acTH £, ):
[(m/2 (11|
u'?(x) = {L] [| |r( )———H S
T R,
LD ) - L ”
a"t o Tgmoae T T
B T10/TyueTBepPTU MPOoCTpaHCTBa (B ob1acTu 93):
- I'(m/ 2 ap 1 1
-1 ] L L L
a” , R
Lm/2) -‘|‘|‘| |()L—— +LH ii
T u ISR R A . .,
I{m2 |[| |r( )L 1 1+L‘ dh
7] ot
(14)
B 1/16_oji yacTi mpocTpancTBa (B 061acTu 94):

U (x) = I"{mZ |||| |r( )><



N T{nii.-'jzj X, || || . |r ( h ) «

A

‘1 1 1 1 1 1 1 1 H
M e b — || 4
IS S SO A (S S S |
O [ @)

#

1 1 1 1 1 1 1 1 H -
e+ —+— - — || dE
T e e T

= Sy =4
H

T{HIZ llll lr()l‘%{

‘T 1 1 1 1 1 1 1 H -
S| R
T et

g (15)

n ~
u, Boobirte, B 1/ 2" -oif yacTu mpocTpaHcTBa (B 06macTH “2n):

u"'(x) = 1"[:::"32]2‘.& .}.Illr* (n) Z (-1 Z ds,
k=1 PR =) 5= R "_'I'., iy - (16)
\ 5, s<k,
re \5 s>k (17

3aK/IloueHue



B fmaHHOM cTaThbe MOCTPOUTH pellleHMs 3afau [vpuxsie st ypaBHeHus Jlarsaca B

E

m

COOTBETCTBYHOIIUX OECKOHEYHBIX YacTaX €BK/IM/I0Ba TIPOCTPAHCTBA . MoxxHo
BHUOETh, UTO €OWMHCTBEHHOCTbH peEIIeHHA ObLIa [AOKd3dHad C TIIOMOLIBIHO TIPpWHLNIIA

5KCTpeMyMa.
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