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Abstract. This article studies an initial-boundary value problem for a partial
differential equation involving the Caputo fractional derivative and the Riemann—

Liouville integral, with two lines of discontinuity in a rectangular domain. The



uniqueness of the solution is proved using the method of energy integrals. The

existence of the solution is demonstrated by means of the Fourier method.
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AHHOTaumsa. B [aHHOM cTaThe WCC/le[joOBaHa HauvalbHO-KpaeBasi 3ajada [Jis
muddepeHIIMaILHOTO  YpaBHEHUWS] B YaCTHBIX TPOM3BOJHBIX, COJeprKalliero
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[loKa3aHa C TIOMOIIBI0 MeTOoZia 3HepreTuyeckux uHrerpasios. CylllecTBOBaHUe

peliieHus TI0Ka3aHo C MCTI0/Ib30BaHHueM MeTozia Dyphe.

Knouesble cnoea: HauaabHo-Kpaegass 3adaud, OpobOHAsi Npou3eooHas

Kanymo, ebipocoeHHoe duppepeHyuaibHoe ypasHeHue.
Introduction

It is well known that the theory of differential equations has a long and rich
history. Until the last quarter of the twentieth century, this theory primarily focused
on differential equations of integer order. With the development of fractional
(differential and integral) analysis in the late twentieth century, researchers began
to study differential equations involving fractional derivatives. At present,

numerous scientific articles have been published that address initial, boundary, and



spectral problems for differential equations (both ordinary and partial) containing
differential operators of fractional order in various forms (see, for example, [1]-
[5], and the references therein). The books [6] and [7] have played a significant
role in the development of this area.

Recently, there has been growing interest in the study of boundary value
problems for second-order mixed-type equations involving fractional-order
differential operators (see, for example, [8]-[14]).

In the aforementioned and other related works, only non-degenerate
equations have been considered. However, both local and non-local boundary
value problems for degenerate partial differential equations involving fractional
derivatives of the unknown function remain largely unstudied. The investigation of
boundary value problems for such equations is of great importance not only from a
theoretical standpoint but also from a practical one, as these equations frequently
arise in the mathematical modeling of various problems in gas and hydrodynamics,
the theory of small surface bendings, mathematical biology, and other scientific
fields.

Problem statement

Consider the following degenerate partial integro-differential equation in the

Q={(t,x):0<x <0<t <T}:

domain

Diule,x)+alule, x)+bule,x) =x" (- x) u (6, x)] (1)

where D@5, f, 0, b 4 given real numbers, T >0, O<a<l 0</f<l

O<a <l 0<fi<l ut,x) g an unknown function,

“Diult,x) :ﬁ ‘.I(I - 2z) ", (z,x)dz

- fractional derivative in the sense of Caputo [15] of the function U([’X), with

respect to the argument ¢,



[ule, x) =

r(s) ‘III"‘ ) u,(z,x)dz

u(e,x)

-fractional integral in the Riemann-Liouville [15] sense of the function with

respect to the argument (.

Let us study the following initial-boundary value problem for equation (1).

u(e,x)

Problem A. Find a function with the following properties:

u({’x) x“ (1 - .\;}.-,- u, (t,x)e C(E [,{ (1- »;} u, (.I_‘, .‘a’).

1
"Diule,x)eC(Q),

b

2) in the domain €2 satisfies equation (1);

3) The following boundary conditions hold on 0€2:

(000, [1- x)' 0, 0] L =0<f0.1] o

u(D,.*{]‘Zg‘f(.*{),.*«:E[D.l]. (3)

(x)

where % isa given continuous function.

Uniqueness of the solution problem A

Before proceeding to prove the uniqueness of the solution to the problem A,
we present the following auxiliary lemmas.

v(0,x)=0 . a<(0,1)

Lemma 1. If nd

[19]:

, then the following inequality holds

160 = [V (6x) DV (6, )de =0

Lemma 2. If Pe (0’1), then the following inequality holds [19]:



160 = V(1Y (6 x)de =0

az=0,bz=0

Theorem 1. If ' then problem A cannot have more than

one solution.
Proof. Let us assume that there are two solutions 4, (t,x) and 2 (r-’X) of the

u(e,x) u(e,x)

problem A. Their difference will be denoted by . Then the function
is a solution of equation (1) under homogeneous boundary conditions.

u(t,x)

We multiply equation (1) by the function and integrate over the

domain €2:

| [ ! [ | [
|'u'.x' Iﬁn'.I(.t',f]' Dulx,t)dr+a I'u'.x' |‘u(.r,r]f—":u(r, x)dt+ b |11'.w: |lr'(r. x)de =

i 1
= [de fuls, .*«:J‘ X- x) u .»«:]‘ dx

Applying the rule of integration by parts to the inner integral of the last term

and taking into account conditions (2), we have

T |
[ [x (- x)" (e x)dv =

= .|'a'.~«: | [ule,x) Dyule,x)dt - a .|'d.~r:. fir Ce, )1 e x)dt - b .|'d.~r:. fu” (e, x)dt

b

qa=0,b=0

from which, by virtue of Lemma 1, 2 an the equality follows:

r I
[ [x“ (1= x) u; (e x)dy =0



X x) g ex)=0 4 o u, (6,x)=0 for (E’X)EQ- Then

Therefore,
ult,x) =r(t) , where (@) - is an arbitrary function. Satisfying this function with
u(t,0) =0 ule, x) =0, (r,x)= 0

the conditions , and taking into account, we obtain

. utecle ue,x)=0 (t,x)ew

u, (6, x) =u, (t, x)

Sinc then . Then, u

(t,x)eQ
The proof of Theorem 1 is complete.
Study of the spectral problem

With the formal application of the Fourier method to the stated problem
Apq, the following spectral problem arises: find those values of the parameter A for

which nontrivial solutions of the equation

My =- [*«: (1- x)’ L(\)‘ =/v(x), 0<x<l

4
exist, satisfying the following conditions:
[v(), ¥ (- x) vi(e clo,1];
‘ v(0) =0, ‘ 1- x)’ v'(x')J =0
| ' : (5)
v(x) 20

It is easy to show that the spectral problem {(4),(5)} has a solution
only for, #>0 and it is equivalent to the following integral equation with

symmetric kernel:

vi(x) =£,:|C(.*«:, s (s )ds
‘ (6)

G(x_,s)

where the function is defined by formula



. dz
raa
J7o(1- z
G(x,s)=
a dz
[ x=s,
iz (- z)

where :lr(l' a)r (- p )J IT(2- e, - ;—;’_).

Then, according to the theory of integral equations, the integral equation (6)

therefore, the problem (4),(5) has a countable number of eigenvalues

0<A =A4 SA <. =24, condensing at infinity, and the corresponding

v, (o) v, G v, (o), v, (XD,

eigenfunctions

L,(0,1)

form orthonormal system in the

space
The following lemmas can be proven on their own. Therefore, we present

them without proof.

h(x)

Lemma 3. Let the function satisfy the following conditions:

h(x)ec|o,1]

(7)
- x) h'(.*r:]'EC[D. 1] (8)
h(0) =0 )
(- 0" 1 ()| =0
Jha =0 (10)

Mh(x)e L, (0, 1}. Then, on the segment [0’1} it can be expanded into an absolutely

| |
and uniformly convergent series by the system of eigen functions ' A of the
problem (4), (5):



h(x) =E' hov, (x)

b

h, = v, COdx

where

Lemma 4. The following series converge uniformly on the segment [0’1] :

wvi(x) & x“(1- x) v' (x) i
Ty_‘" j"l. 1% f.,:

Lemma 5. If function h(x) the  conditions (7), (9),

v XY Mh G| € L.(01) hold true, then the inequality

E.&th if:[-“'f” (1- xY lh'(.‘{}J " dx

b

h, = v, ()dy

is valid, where '

Mh(x)

Lemma 6. If function h(x) the conditions (7)-(10), and function

v H(1- x) [ Mh(x)| €L,(0,1)

conditions (7), (9) hold true, then the inequality

Z Zihi = '|_‘»:-'-’ (1- x) : | Mh(x)| : dx

b

h = (v, ()dy

is valid, where '

Uniqueness and stability of a solution to problem A



The solution to the problem A is formally sought in the form

G =Y u (Ov, ()

; (11)
where (), ke N are the eigen functions of the problem (4), (5) and
u, (0, ke N are the unknown functions to be determined.

u, (1),

Substituting (11) into (1) and (3), with respect to we obtain the

following problem:

‘Dyu, () +alju () +(4 +bu (£)=0,0<t<T , (12)

u, (0) =, (13)

7. = [rGOv, (dx, ke N
where i

To solve this problem, we apply the operator I « Ot to equation (12) and,

using the properties I Diu, () =u, (t)- u, (0) and [ Totl ()=17"u () and

condition (13), we obtain the Volterra integral equation of the second kind:

w, O+ al ™ u O+ +b) 5, (1) =g, (14)

To solve equation (14), we apply the method of successive approximations:

u,, O =u  @)-al; "y, @- L +b) 0w, () m=1,23,.., u,O)=¢ (15)

Ionu () =1, () Hk,m(f);

Using formula , we calculate

i O=YYCCay (- b) 1y (O
e , (16)



|
CI. — 1.

+f ' j!(n-j]‘!.

where 2 —%

lim u, (t)
According to the theory of integral equations [18], if there exists ™+

uniformly in t, then its limit function is a solution of the integral equation (14).

Passing to the limit at ™ — *% in (16) and substituting the expression

uk,O (t)

, we obtain a solution to equation (14) in the form

u, (E)—gHFTC( a) ' (-2-b)Y ")

= =l , (17)
I (1}——
. (N +1) . .
Using the formula , we can write (17) in the form
lI-l'|‘|ll P ber i
u, (t)= qHFFC( a) (- A - b

— — I"(y(n—j)+rzj+l) (18)

We will prove that the series (18) is convergent a little later.

YyB,=Y38,
Using the formula [20] *='»= n=0 k= , we can write (18) in the form
EHH i e
u ()= qHTFC( a) (-7 -

P (j(ﬂ—j}+w;+l)

If we introduce the notation " =/ ™™ here, we can write the last equation in

the form

+ 4 . ) | lI-l'|l:-i+.-.'|
u (D=¢ YN (-a)y' (-4 -b)
TGy £ T O T Omeaj+D




This equation can be written using the Mittag-Leffer function of two

variables as follows:

1,1,1:1,0; - cot?

u (t)=¢ E, i ‘
" " ;‘Ljﬂfle;Ll;-(fgﬁ-b}r’_ te[0,T]

' (19)
where E, -Mittag-Leffer function of two variables [21]
Vol iyl X
oL, 0 a0, Py -
500,00, v y
==TW +am+pn) T, +a,m)T(O, + pm) (20)

X, Yoty oy 3,5 1, 05,0, 05,0, € R

I'(y +am+ pn)
GO, = '
.J. it iin r(Jf}

if G20 g0q S+ A 200 then the series (20) s

absolutely and uniformly convergent for arbitrary (% y) [22].
It is not difficult to show that the following formulas are valid for the

function E, :

L1,1:1,0; - cot! ‘
1+ 3,y LLLL|- (A +b )"

b

oL LLLLO; —at” |
ULy LLLL - (4 + b

‘ ‘ = (24, +b)E,_ (- (/, +b)t")-

A1 LLEL0; - et
D.I- E"‘ " -
11,y e, 1:1,15) - (/.H +b)t"

- at"™ E

2.1,1:1,0: - it ‘
L+ y- 0,y 2,511 (A +b)e |

b



‘. 1111111[} _f‘."t1 ‘ _
| Ly, LLLL)- (J +b)” =

\ | 2LLLO; -at”
=E (- (A +bX )- ' E, , . ‘
A y+Lye2, L= (4 +b)e

b

1,1,1:1,0: ‘ - ! ‘ ‘ 2. 1LLL0:; ‘ - cet?

N1+ y- @,y a2, 511 (A +b) S 1+ y- o,y 2,111 -

| 2. 1L11L0: - et |
—(f +b)t" E : ‘

Ly Ly a2, LLLE- (4 +b )

b

where E”-“f“‘-‘ (2) - Mittag-Leffler function [15]:

i

£
n (D)= FF(NIH;;) a,>0

Using these formulas, it can be proven that (19) is a solution to problem

(12), (13).

It can be shown directly that (19) can be written in the form

u, (t)=¢, [ cat' (1- 5) .-'}}

|| *T

{ (/, +b)t & J}Jd.ﬂ}dh te|0,T] (21)

f50y

where /. () - Wright-type function [5]:

5

£
2(2)= ?,r(wk” WO, fR) >0 a>f, ()

(A, +b)t~



If z<0 /s ZD, % 2/ the following inequality holds for function (22) [see

page 87 in [5]:

- I
el (2)< TGT@) (23)

If we say @ =0 b =0 apd note that A >0 , then using inequality (23), we

obtain the following inequality for (21):

lu, (0] =g | t€]0,T]

yil . (24)

Substituting (19) into (11), we find a formal solution to the problem Ang :

ult, .‘{}ZZ{,&'HE__.

L

v, (x)

" 1,1,1:1,0: - cat?
] , Y = '|"}’Jl (25)

Ly, LLLY- (4, +b)te

Theorem 2. If @>0 b>0_P 4 and function o(x) satisfy the conditions

of Lemma 6, then of the series (25) determines the unique solution of the problem
A

Pq

Proof. To prove the theorem, it is sufficient to prove that the series (25) and

the series corresponding to the functions % (- %) U, (x,0)

) {w: (1- x)" u, .Y}_‘

Q. and the series corresponding to the functions

‘Diult,x)eC(Q)

converge uniformly in

converges uniformly on any compact @

L: (1- ) u G, -"‘},‘

Consider the series corresponding to the function

Using inequality (24), then from (25) follows the inequality



Q-

[ (- %)y, (.»:}H

Q cQ

Hence, by virtue of equation (4), on any compact set , we have
v v G
. (26)
Based on the Cauchy-Schwartz inequality, we have
‘ P 0 I A< v, ( )|
l..l. l.("'{I}|: K HTL ZK‘:("{"Z ‘
f'v.‘ L=l k=l L |

Here, by Lemmas 6 and 4, the series on the right-hand side converge

x€|0,1]

uniformly with respect to . Then the series on the left-hand side converges

uniformly with respect to XE [0’1} . Therefore, the series (26) converges absolutely

Q2

and uniformly on the compact set ““1 < 2 The convergence of the remaining

series are proved similarly. Theorem 2 has been proved.

Theorem 3. If the conditions of Theorem 2 are met, then the following

estimate is true for the solution of problem A:

Hu(.»:,t)”r - =C, Hg.r '(.*«:)H; .-

(27)

—ap o [FGY = 0D 2 (D ..

. C sup G (x,x) HI( )H ‘.I f () =y (1= xY
Proof. By virtue of Lemma 4, Lemma 5 and the inequality =19 , the

following inequalities hold:



vh(ﬁ:)
|u(.~«:,t}| = )v (*«:) v, »:)| T =
Y/H HZ = G(.\:,.*«:)J.\: (1- x) |_c,.f (.\:}‘ dy| =C ||c,.-f (ﬁ:}”; o

From this, inequality (27) follows. Theorem 3 is proven.
Conclusion

In this paper, a non-local initial-boundary value problem for a degenerate
secondorder equation with a fractional Caputo derivative and a Riemann—-Liouville
integral is considered in a rectangular domain. Using the method of separation of
variables, a solution to the problem is obtained in the form of a series that
converges absolutely and uniformly in the closure of the domain under
consideration. In addition, the uniqueness of the solution and its continuous

dependence on the given functions are established.
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