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Abstract: This paper investigates strong laws of large numbers for

dependent random elements in infinite-dimensional Banach spaces. Positively and

negatively associated random variables in Hilbert spaces, ¢, and 1, spaces are

studied. Conditions for almost sure convergence are obtained using covariance
inequalities and probabilistic techniques.
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Abstract: B panHoii paboTe HCCIeNyIOTCS YCHUIEHHBIH 3aKOH OOJIBIINX
yrcesn A/ 3aBUCUMBIX  CJAyualiHBIX  2/IEeMEHTOB CO  3HAaueHUsIMM B
beckOHeYHOMEPHBIX OaHaXOBBIX MIPOCTPAHCTBAX. PaccmaTtpuBaroTcs
TIOJIOKUTE/TbHO W OTPHIL]aTeIbHO AaCCOI[MMPOBaHHBbIE C/TydaiiHble BeJUUYUHbLI B
npocTpaHcTBax ['mapbepTa, a TakKe B MPOCTPAHCTBAX Co U l,. IToayuyeHsl yCI0BuUs
TIOUTH HaBepHOe CXOAWMOCTH C MCII0/Ib30BaHMEM KOBapHAI[OHHBIX HEPABEHCTB U
BEePOSTHOCTHBIX METO/IOB.

KimroueBble C/10Ba: aCCOIMUPOBaHHBIE C/TydaiiHbie BeJTMUMHBI, YCUIeHHbIN
3aKOH OOJIBIIIMX YKCel, MPOCTPAHCTBO ['unbpbepTa, 6aHaX0BO
TIPOCTPAHCTBO,3aBUCUMOCTb.

Rizaqulov Shaxzod Erkin o‘g‘li

Muhammad al-Xorazmiy nomidagi Toshkent axborot texnologiyalari
universiteti assistenti

Olimov Umrbek Rashidovich

Muhammad al-Xorazmiy nomidagi Toshkent axborot texnologiyalari

universiteti dotsenti

¢, VA [, VAZOLARIDA ASSOTSIRLANGAN TASODIFIY
MIQDORLAR UCHUN KUCHAYTIRILGAN KATTA SONLAR QONUNI

Annotatsiya: Ushbu maqolada cheksiz o‘lchamli Banax fazolarida giymat
gabul qiluvchi bog‘liq tasodifiy elementlar uchun kuchaytirilgan katta sonlar
gonunlari o‘rganiladi. Gilbert fazolari, shuningdek ¢, va !, fazolaridagi musbat va
manfiy assotsiatsiyalangan tasodifiy miqgdorlar ko‘rib chiqiladi. Deyarli
yaqinlashish shartlari kovariatsion tengsizliklar va ehtimollik nazariyasi usullari
yordamida keltirib chigariladi.

Kalit so'zlar: assotsirlangan tasodifiy miqdorlar, kuchaytirilgan katta sonlar

qgonuni, Gilbert fazosi, Banax fazosi, bog‘liglik.

1. INTRODUCTION

The asymptotic behavior of associated random variables has been widely



investigated in probability theory, and numerous researchers have studied various
limit theorems related to such dependent sequences (see [1,2] and the references
cited therein). In particular, several results concerning laws of large numbers for
associated random variables have been obtained in previous studies. In this paper
we will consider a separable Hilbert space H (with inner product (-,-) and norm
I-|I=v(-,"), ¢, space (a space of all sequences x=(x"",x?,...| of real numbers

tending to zero, with a norm ||x||=‘1<i<oo|x"| and I, (1<p<2) spaces (a space of all

(2)

) of real numbers such that Z |x“) p<00, with a norm

i=1

sequences x=(x", x
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We now present the definitions of positively and negatively associated sequences

of random variables.
Definiton 1 We say that a sequence of random variables { X;,.-., X, } is positively
associated if for any coordinatewise nondecreasing functions f,g:R" - R the
following inequality holds

cov(f(X,,....X,),9[X,,...,X,|) =0

when this covariance exists.

Furthermore, an infinite sequence | X,,n>1| is said to be positively associated if

every finite subcollection of this sequence possesses the above property.

Definition 2 A finite family of random variables { X;,---, X, ] is said to be negatively
associated if for every pair of disjoint subsets A and B of {1,2,...,n} and any
coordinatewise nondecreasing functions f on R” and g on R”

cov(f(X,,j€ Al,g|X,,l € B|)<0,
whenever f and g are such that the covariance exists.
The sequence of random variables | X,,n>1] is negatively associated if any finite
subsequence is negatively associted.

Our aim is to prove strong laws of large numbers for associated random variables

with values in above mentioned infinite dimensional spaces.



In [3-6], authors consider coordinatewise negatively associated random variables
with values in H . For the strong law of large numbers for coordinatewise mixing
random variables with values in [, (1<p<2) see [7].

Denote by {e;,i>1} a basis of all spaces H, ¢,, [, (1<p<2). In the case of H
{e;,i>1] means an orthonormal basis, in the cases of ¢, and I, (1<p<2), |e;,i=1] is
standard basis i.e. ,=(0,...,0,1,0,...) where the i—¢ th component is equal to 1 and

others are zero.

In all above spaces we can represent a random variable X as

In next two definitions by | X,,n>1|, we denote a sequence of random variables with
values in one of the three above mentioned spaces.

Definition 3 We say that a sequence | X,,n>1] is coordinatewise negatively
associated (CNA) if for any i, a sequence .[X;,nz 1} is negatively associated.
Definition 4 We say that a sequence | X,,n>1] is coordinatewise positively
associated (CPA) if for any i, a sequence {X;,nz 1} is positively associated.

2. MAIN RESULTS

In that follows we assume that E X, =0,k=1,2,... and denote S,=_ X,.

i=1
The following theorems are our main results.
Theorem 1 Let | X,.n>1| be a CPA sequence of random variables with values in ¢,

satisfiying

Then as n — o

The geometrical structure of ¢, space differs from, for instance, Hilbert space and
there are some unusual examples concerning law of large numbers in this space,

see [2] Example in 7.11.



Theorem 2 Let { X,,nz 1}‘ be a CAN sequence of random variables with values in [,

satisfying

n
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3. PROOFS
Proof of Theorem 1. We will prove the theorem in two steps.

Step1. We will show that as n - o
Sr .
o0 as. (1)
We use the following inequality
Z cov (X[, X ) <ZZ cov| XX, sk, see [1] 2
i,j=1 i=1

From Chebyshev’s inequality we get the following:
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Now Borel-Cantelli lemma implies (1).

n+1

Step 2. It is easy to see that for 2"<m <2
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It suffices to prove that as n - «

2" max
2"<m< 2™

|S ~S,|| - 0as.

We now use the following lemma.
Lemma 1.[1] Let X,,n € N be centered, square- integrable and positively

associated real-valued random variables.

Then E M,<var S,=ES. for every n € N here M,=max|S,,S,,...,S,,].

Using Chebyshev’s inequality and Lemma 1 we obtain



According to the Borel-Cantelli lemma as n - o

27" max [S,=S,||~0as. (4)

2"<m< 2™
(1),(3),(4) imply the statement of Theorem 1. Theorem 1 is proved.

Proof of Theorem 2. To prove this theorem we show that
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Using Chebyshev’s inequality we have
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The theorem is proved.
In this work, strong laws of large numbers were obtained for positively and
negatively associated random variables in separable Hilbert spaces and in the
spaces ¢, and [, (1<p<2). Therefore, the strong law continues to hold for CPA
random variables in several infinite-dimensional settings.
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