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Amnnotatsiya: Maqgolada fazodagi Laplas tenglamasi uchun Koshi masalasi qaralgan. Koshi masalasining chegaraning bir
qismida berilgan ma’lumotlar orqgali yechimni sohaning ichki gismiga davom ettirish masalasini tadgiq qilish imkonini berilgan.
Olingan natijalar elliptik tipdagi tenglamalar uchun nokorrekt masalalarni o* rganishda va ularning yechimlarini davom ettirish
masalalarida foydalanish mumkin.

Kalit so* zlar: Koshi masalasi, nokorrekt masalalar, Karleman funksiyasi, davom ettirish formulalalari.

3AAAYA KOIIN A4 YPABHEHUA AATIZ1ACA B IIPOCTPAHCTBE
Annomayus: B cmamve paccmampusaemea 3adaua Kowu das ypasuenus Jdanaaca 6 npocmparicmee. Viccaedyemces 3adaua
NPOOOAKEHUS peuieHUs 60 SHYMPEeHHI0 YaAcmb 00AACU N0 0AHHVIM, 3A0AHHVIM HA yacmu zpanuubl. TloAyuentoie pesyrvmanol
Mozym 0bimb UCHOAL306AHBL NPU UCCACOOBAHUY HEKOPPEKMHBIX 3A0ay OAS YPAGHEH U IAAUNMULECK020 MUNa 1 3a0ay npodoAXeHUs
ux pewleHutl.
Katouesvte caosa: 3adaua Kouiu, nexoppexmuvie sadavwu, Pyrxuus Kapremaria, popmyavt npodorxerus.

THE CAUCHY PROBLEM FOR THE LAPLACE EQUATION IN SPACE
Abstract: The paper considers the Cauchy problem for the Laplace equation in space. The problem of continuation of a solution
into the interior of the domain from data given on a part of the boundary is investigated. The obtained results can be used in the study
of ill-posed problems for elliptic-type equations and problems of continuation of their solutions.
Keywords: Cauchy problem, ill-posed problems, Carleman function, continuation formulas.

Nokorrekt masalalarni yechimlar sinfini kompaktga qadar toraytirilsa, bu masala turg’ un bo‘ lishiga doir birinchi
natijalar A.N.Tixonov ishlarida keltirilgan. Laplas tenglamasi uchun Koshi masalasining Karleman funksiyasi tushunchasi
M.M.Lavrent'yev[2] tomonidan kiritilgan. Tekislikdagi yo‘ lak ko' rinishidagi cheksiz sohada Laplas tenglamasi uchun
Koshi masalasining regulyarizatsiyasi V.K.Ivanov[3] tomonidan o' rganilgan. Ko p o Ichamli fazoda soha chegarasining
bir gismi konus bo‘ Iganda Laplas va Gelmgols tenglamalari uchun Koshi masalasining yechimi Sh.Yarmuxamedov([4]
tomonidan Karleman funksiyasini qurish asosida olingan. Tekislikda Laplas tenglamasi uchun Koshi masalasining
Karleman funksiyasi [5] da oysimon soha uchun o' rganilgan.Bu maqolada fazoda Laplas tenglamasi uchun Koshi
masalasining yangi ko’ rinishdagi Karleman funksiyasi asosida yechimi berilgan.

1. Masalaning qo‘ yilishi. fazoda birlik sfera qismi hamda silliq sirt bilan chegaralangan sohani qaraymiz. Bunda

koordinata boshi sohadan tashqarida joylashgan deb olamiz. R 3sD
X = (xl,xz, ).’,'3) € D vabo' Isin. Qaralayotgan sohada ¥ = (:yl,}fz,yg} € DD
0°U 9*U 9°U
Oxf " 9x3 " oxz 0 1
Laplas tenglamasi yechimi garmonik funksiyaning Koshi berilganlari da berilgan:
U(x) = U(xy,x3,x3) € C5(D) n C1(D)S

aU (x)
U)|s = folx), “on s f1(20), (2)

on
bu yerda va - berilgan funksiyalar. (2) shartlarga ko’ ra funksiyani sohada topish masalasi garaladi. fq (x )fl (x)U(x)
D



NamDU Ilmiy Axborotnomasi 2026-9-son 01.00.00-Fizika-Matematika fanlari
2. Karleman funksiyasi qurish sxemasi. (1) — (2) masala yechimini topishda Karleman funksiyasi metodidan

foydalanamiz. [2] ga ko' ra Laplas tenglamasining Karleman funksiyasi ta'rifini keltiramiz:
Ta'rif. to° plamning sohaga nisbatan Karleman funksiyasi deb ikkita va nuqtalarga hamda musbat sonli parametrga

bog’ liq bo lgan, quyidagi ikki shartlarni qanoatlantiruvchi funksiyaga aytiladi:SDx vy G (x,y, o)
1
D6y 0) = — +9(xy0), (3)
bu yerda funksiya o* zgaruvchi bo' yicha sohada garmonik funksiya; g (x, v, o }yD

2) f (m(x,y,an v

aD\S

aG(x,y, )
on

)ds = a(o); (4)

bunda funksiya da nolga intiladi. ¥ (G’ )G’ — O

Bu ta'rifda funksiya Karleman funksiyasining regulyar qismi deyiladi. g (x, v, o )

oo N
p" 1 p"
G(x,y,N) = Z —51 fn(cOsy) :——Zmpn(ms]’}
£ P1 r — [
n=N+1 n=0

deb belgilaymiz. Bu yerda Lejandr polinomlari, B, (:COS }f) —
vy =206y)x=(p,0,9),y = (p1, 01, ¢1),

x| = p Zfo+x§+x§, vl = p1 ZJyf +y5 +¥3,

r=x—yl =Jp2 +pf —2ppy cosy .

Yugqorida berilgan ta’rifdagi Karleman funksiyasining regulyar qismini
N o
gy, N) == ) LBy (cosy) (5)
P1
n=0
ko’ rinishda olamiz, bu yerda Karleman funksiyasining parametri sifatida natural son olamiz. &N
Teorema. funksiya qaralayotgan sohada yoyi uchun Laplas tenglamasining Karleman funksiyasi bo* ladi.

G(x,y,N) = %Jrg(x,y,N)DS

Teoremani isbotlashdan oldin quyidagi lemmani isbotlaymiz.
Lemma. (5) tenglik bilan aniqlanganfunksiya sohada o* zgaruvchi bo‘ yicha garmonik funksiya bo* ladi.

g(x,y,N) Dy
Isbot. funksiyani o* zgaruvchi bo* yicha Laplas tenglamasini qanoatlantirishini ko* rsatamiz ya'ni:g (x , v, N }}J’

N
B,(cosy)
Ayg(y,N) = — Z pAy (T)
—= P

. Y . . . . . — ~—hn—1
Qatordagi laplasian ichidagi funksiyani belgilaymiz. g Y= P1 " B, (cosy)
Ag * tegishli hosilalarni hisoblaymiz:

a’g>  *(pi™h) alpr™™h) dcosy

= B,(cosy) + ——P',(cosy) ——+
ay? ay? " ay; " ay;

6(,0_“_ ) d cosy d cos y\ 2

—— P (cosy)———+ p{ ™ 1P" (cosy) (—) +
ay; " ay; " dy;
92 cos
+pTm AP (cosy) T p
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0%(pym 1 d(p;™ 1) dcos
— (Cosy}z (p )+2P’n(cosy)z Py } y
=1 Yi ayi

3
LP( ypn-1 5‘2 cosy P ) _n_lz(é‘ cos};)Z
nlCOSY)pP1 é‘y,;z n COSY)P1 ay.
a*(pi" ™)

2
ay;

= (n+ 1D +3)yipi" = (n+ Dp™ 3

3

9% cosy S
Z 3 =A,cosy = —2p; “Ccosy;
i=1 }71

3
d cos
> (a—}’) = pr?— 2p; % cos?y + pr2cos?y = pr2(1 - cos?y)
. Vi
=1
ifodalarni e’tiborga olib
39" = n(+ 1P R (cos) -
—2p; " 3 cosy P, (cosy) + (1 —cos?y)p " 3P" L(cosy)

ekanligni hosil gilamiz va ni hosil gilamiz. Demak,ﬂy g =0
N

P, (cosy)
A,g(x,y,N) = —Z pA, (T) =0

by P1
(5) funksiyaning o' zgaruvchi bo’ yicha garmonikligi isbotlandi.y
Isbotlangan lemmadan funksiya Laplas tenglamasining Karleman funksiyasing 1) shartini qanoatlantirishi kelib chiqadi.
Endi funksiya ta’rifni 2) shartini qanoatlantirishini ko‘ rsatish uchun Gz (x , ¥, N :) G (x , ¥, N :)

d0G(x,y,N
| (|G(x,y,w)|+ %Dd%,

dD\S
integralni baholaymiz.
Lejandr polinomi bahosi uchun quyidagi lemmani keltiramiz.
2-Lemma. Lejandr polinomlari uchun quyidagi baho o' rinli:

dF, (t)

dt
Lemma isboti Markov tengsizligidan [Natanson 1.P.,174 bet] foydalaniladi.

G(x,y,N) funksiyani X € D, y € dD /S uchun baholaymiz:

X€ED

< n?,

o0

n N+1
6y, Mlanys| = | D Zmrhulcosy)|  |==% (10)
n=N+1 ,01 p,=1 —F
Xuddi shunga o' xshash funksiyani nuqtadagi normal bo’ yicha hosilasini baholaymiz:Gy € dD\S
aG aG
on |6D\S apl,

pNHt +pN“(N +1—Np) +;3"“'*1((1 —p)’N?+2(1—p)N+p+1)
1-p (1-p)? (1-p)3
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PV (1 —p)?N?+ 2(p?> —4p+3)N + p? — 2p +2)

- (1-p)3 (11)

Shunday qilib,
aG(x,y,N
f (|G(x,y,w)|+‘%‘)dsy <
n

aD\S

_4m PV (1 — p)2NZ% + 2(p? — 4p + 3)N + 2p? —4p+3}

B (1-p)?
Demak,
aG(x,y,N) 4mp™TIQ(N)
f (IG(x,y,N}I + ‘TDdsy < 1) (12)
aD\S

bu yerda ga nisbatan ikkinchi darajali ko’ phad.
Q(N)=(1—-p)2N?2+2(p?> —4p+ 3)N+2p?> —4p + 3N
ampN+1Q(N)

(12) tengsizlikning o' ng tomonidagi ifoda bo* Igani uchun da nolga intiladi.0 << p << 1 N — o0 1=p)
-p

Bu Karleman funksiyasining ikkinchi shartini isbotlaydi. Teorema isbotlandi.
Grin formulasiga ko’ ra (1), (2) masala yechimi uchun

1 (|t v

2]'T r on
aD

al
—U(y)-—L|ds €D 13
() I X (13)

U(x) =

integral tasvir o' rinli.

g (x, y,N ) funksiya o' zgaruvchi bo* yicha sohada garmonikligidan uchun Grin formulasiga ko' rayDx € D

(y} ag(x,y,N)
- U ——|dS
f gCu )L
= [ oGy 08,0G) ~ U gGoy W]y =0 (14)
tenglik o’ rinli. Masala shartidagi berilganlarni hisobga olib (13) va (14) tengliklardan
(y) dG(x,y,N)
Ux) = GOy, N) ————U(y) ————|dS, +
aD\S
0G(x,y,N)
+] [seonm- 100~ oo - =5 as,

tenglikni hosil gilamiz. Oxirgi tenglikda hamda (12) tengsizlikni hisobga olgan holda limitga o tib
U(x) =U(xy,x5,%3) € CE(D)NCYD)N — oo
1 0G(x,y,N)
U(x) = llm —f —] s,

)
tenglikni olamiz. Teorema isbotlandi.

Gy, N)- () = fo(¥)-
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