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The concept of local derivations was introduced by R. Kadison in his paper [3]. In
this paper R. Kadison proved that each continuous local derivation from a von Neumann
algebra into its dual Banach bemodule is a derivation. In 2] B.Jonson extended the above
result by proving that every local derivation from a C*-algebra into its Banach bimodule
is a derivation. Based on these results, many authors have studied local derivations on
operator algebras.

In the present paper local derivations of five-dimensional naturally graded associative
algebra with characteristic sequence C(A) = (3,2) are studied. Namely, a general form
of the matrices of derivations and local derivations of these algebras is clarified. It turns
out that the general form of the matrix of an derivation on these algebras does not
coincide with the local derivation’s matrix’s general form on these algebras. Therefore,
these associative algebras have local derivations that are not derivations.

For an algebra A of an arbitrary variety, we consider the series

A17 At — ZAkAi—kH’ i> 1.
k=1

We say that an algebra A is nilpotent if A° = 0 for some i € N. The smallest integer
satisfying A° = 0 is called the index of nilpotency or nilindex of A.

An algebra A is called N-graded if there is a decomposition A = @, A, AiA; C
Ay, for all ¢,7 € N. Given an associative algebra A, one can consider its associated
graded associative algebra gr A = @, (Ai/Aiz1) with the product (z+A;1)(y+Aj1) =
Ty + Ai+j+1,$ e A,y € Aj.

Definition 1. Given a nilpotent associative algebra A, we have a natural grading on
A induced by the series A;, A; = A; /A1, 1 <i<k—1l,andgrd=A P AP ... P A
If grA and A are isomorphic, denoted by grA = A, we say that the algebra A is
naturally graded. For any element x in A, we define the left multiplication operator as:
L,:A— A z— zz,z € A For an element x € A\ A, define the decreasing sequence
C(z) = (n1,na,...,n;) which consists of the dimensions of the Jordan blocks of the left
multiplication operator L,. Endow the set of these sequences with the lexicographic order,
i.e.,C(z) = (n1,n2,....,n%) < C(y) = (M1, ma, ..., ms), which means that there is an index
it € N, such that n; = m; for all j < m,..

Definition 2. The sequence C(A) = mawc 4\4,C () is defined to be the characteristic
sequence of the algebra A.
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We assume that F is an algebraically closed field of characteristic zero. Let A
be a naturally graded n-dimensional quasi-filiform associative algebra. Then, there

are two possibilities for the characteristic sequence, either C'(A) = (n—2,1,1) or
C(A) =(n—2,2).
The associative algebras
€161 = €2, €161 = €,
Ty : €162 = €2€1 = €3, Ty €1€2 = €2€1 = €3,
€1€4 = €4€1 = €5, €1€4 = €5,
€4€4 = €5 €4€4 = €5

are five-dimensional naturally graded associative algebras with characteristic sequence
C(A) = (3,2) [2].

Now we give a description of derivations and local derivations of the associative
algebras my and 73.

Theorem 1. A linear operator on the algebra my is a derivation if and only if its
matrix has the following form

ai 0 0 0 0

as 1 2@1’1 0 0 0

as,1 2(12,1 361,1 a3.4 0 (1)
Q4,1 0 0  as1+ai 0

as;  2a4; 0 as 4 2(as1 +a1q)

Theorem 2. A linear operator on the algebra m is a local derivation if and only if its
matrix has the following form

by 0 O 0 0
b21 b22 0 0 0
bsi b3z bss bsa 0

by O 0 by +b11 0
bs1 bsa 0O bsa baa + b5

Theorem 3. A linear operator on the algebra 73 is a derivation if and only if its
matrix has the following form

aii 0 0 0 0
a2 2@1’1 0 0 0
as,1 26L2,1 3611,1 as3.4 0
0 0 0 a, 0
as 1 0 0 Q5.4 2&1’1
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Consider a population consisting of m species (or traits) which are denoted by
E = {1,2,...,m}. Assume that x(© = (g:ﬁo), o ,:vﬁ,?) is a probability distribution of

species at an initial state and p;; . a probability that individuals in the i and j' species
interbreed to produce an individual from k' species. Then a probability distribution

x) = (xgl), o ,xfj}) of the spices in the first generation can be found as a total
probability, i.e., a:,(ﬁl) = > pl-j,kasgo)xgo), k € {1,...,m}. It defines a correspondence
ij=1

x(©) — x(M which is called the evolution operator or quadratic stochastic operator (QSO).
A map V : S™! — 8™ 1 is called a quadratic stochastic operator if

m

Z DijZiZj, = 17"'7m (1)

for any x € S™ !, where
Dijk = Pjir > 0 forall 4,5,k € E, mek =1 forany i,j € FE. (2)

The quadratic stochastic operator V' is called Volterra, if p;;, = 0 for any k ¢ {7, j}.
Let us consider the following Volterra QSO defined on the S?

vy =22+ (1 —a)rimy + (1 + ¢)xy23,
Vi ah=a3+ (14 a)zizs + (1 — b)aaws, (3)
rh =22+ (1 — c)z123 + (1 + b)xows,

where —1 < a,b,c < 1.
It is known that the set £ = {1,2,3} has the following permutations:

T =€, T9 = (12), T3 = (23), Ty = (13), Ty = (123), g = (132)

In [1] showed that the corresponding quadratic automorphisms of S are defined by V; =
T.V, i=1,...,6.

It is easy to see that for the permutation m one has T, = Id, and for 79, 73, 74, We
have T 2 = = Id, i = 2, 3,4 and for the rest permutations 75, mg one has T 3 = =1Id,1=5,6
where Id is the 1dent1ty map.

Definition. Two quadratic stochastic operators V and W are called conjugate if there
exists a permutation 7 such that T VT, = W, the last one is denoted by V ~ W.

Let V and W be QSOs defined on S?%, and Ay, Ay be the corresponding genetic
algebras. These algebras are called stochastically isomorphic if there is a stochastic linear
bijection ¢ : Ay — Aw such that ¢ (x oy y) = 1(x) oy ¢(y) for all x,y € Ay.
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Let A, be a three-dimensional genetic algebra associated with the quadratic
automorphisms V,, k = 1,...,6 of S2. Then it is isomorphic to one of the following
pairwise non-isomorphic algebras: A;, As and A; associated with the operators Vi, V5
and Vs, respectively.

We describe the absolute nilpotent elements of the genetic algebras A;, Ay and As.
For the genetic algebra Ay, k € {1,2,5} one can check that element x € A, k € {1,2,5}
is absolute nilpotent if it holds Vj(x) = 0, k € {1,2,5}. By N (A), k € {1,2,5} we denote
all absolute nilpotent elements of Ay, k € {1,2,5}.

Theorem. Let Ax, k € {1,2,5} be a genetic algebra. Then it holds

H,, if a=b=c=0,
{(0,a, —), (—a,0,0)}, if a=b=0, c#0,
{(a, 0, —), (o, —,0)}, if a=c=0, b#0,
{0, —a, ), (—a,0,0)}, if b=¢c=0, a#0,

N (A = {0} U {(a, 0, =)}, if ¢=0, ab#0,
{(0,a, —av) }, if b=0, ac#0,
{(a, —,0)}, if a=0, bc#0,
L0, if abc # 0,

where a,b,c € [—1,1], « € R and O = (0,0,0).
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Almost inner derivations of Leibniz algebras were studied in [1, 3-5]. In this note, almost
inner derivations of semisimple Leibniz algebras £ = (5[5 PDs [3) +Z are considered.

Definition. An algebra L over a field [F is called a Leibniz algebra if for any x,y, z € L,
the Leibniz identity

[z, [y, 2]] = [lz, 9], 2] = [, 2], ul

is satisfied, where [—, —| is the multiplication in L.
Let £ be a finite-dimensional Leibniz algebra. For Leibniz algebra £ we consider the
following central and derived series:

£1:£7 Ei:[ﬁi_l,ﬁ], Z'ZL
W =g, W=kt k-1 >,

[A] Leibniz algebra L is nilpotent (solvable) if there exists m > 1 such that £™ = 0
(L™ =0).

Let g a simple Lie algebra. For a Leibniz algebra L, a subspace generated by its
squares Z = span{[z, x| : € L} due to Leibniz identity becomes an ideal, and the
quotient g, = L/7 is a Lie algebra called liazation of £. Moreover, [£,Z] = 0. In general,
[Z, L] # 0. Since we are interested in Leibniz algebras which are not Lie algebras, we will
always assume that Z # 0. Then [Z,g] = Z.

A Leibniz algebra L is called simple if its ideals are only {0}, Z, £ and [£, L] # Z.

Definition. A leibniz algebra L is called semisimple if its maximal solvable ideal is
equal to Z.

A deriwation of Leibniz algebra L is a linear map D : £ — L which satisfies the Leibniz
law, that is,

D([z,y]) = [D(x), 4] + [z, D(y)]

for all x,y € L.

The set of all derivations of £ with respect to the commutation operation is a Lie
algebra and it is denoted by Der(L).

Let £ be a Leibniz algebra. For each a € L, the operator R, : £L — L which is called
the right multiplication, such that R,(y) = [y, a], y € L, is a derivation. This derivation
is called an inner derivation of £, and we denote the space of all inner derivations by
InDer(L).

Definition. The derivation D € Der(L) of the Leibniz algebra £ is called almost
inner derivation, if D(z) € [z, L] holds for all x € £; in other words, there exists a, € £
such that D(x) = [z, a,]. The space of all almost inner derivations of £ is denoted by
AID(L).

Consider semisimple Leibniz algebra £ = (5[% @5[3) +Z with a basis

{617h17f17627h25f27xi®yj :i:()ala"' 7m7j20717 an}
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and the product table [Example 3.6, 2|:

i, hi] = —[hi, e5] = 2e;, [hi, fi] = —[fi, il = 2f3,
[ez,fz] [fi,ei] = hza

[T @ yj, ] = (m —20)2; ®y;, |2 DY, e1] = i1 @y,

[z @ yj, hol = (0 — 2))ws @y, |1 @ yj, e2] = J2; @ Yjga,

[z ®@y;, fi] = (m =82 @yy, [ @y, fo] = (n— jlo; @ y;1,

where 0 < i <nand 0 < j <m. If V] is the (m + 1)-dimensional irreducible ﬁlé—module
and V3 is the (n+ 1)-dimensional irreducible sl3-module, then £ = (sl; & s3) x (V; ® V).
The following theorem is the main result of this note.
Theorem. Any almost inner derivation of the semisimple Leibniz algebra £ =
(5[% @5[3) +Z is inner.
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Currently, one of the important areas of modern algebra is research devoted to the
theory of Leibniz algebras. This class of algebras, which naturally generalizes Lie algebras
and is defined by the Leibniz identity, was first proposed by Bloch in 1965 under the name
D-algebras [4]. Much later, in the early 1990s, D-algebras arose in the work of J.-L. Lode
and T. Pirashvili [3] under the modern terminology of Leibniz algebras.

In this paper we present a Leibniz 4-algebra constructed by a solvable Leibniz algebra
with a non-Lie quasi-filiform nilradical of maximal length.

Definition 1. An algebra (L,|-,-]) over a field F is called a Leibniz algebra if for any
elements z,y, z €L the Leibniz identity

[z, [y, 1] = [l 9], 2] = =[x, 2, 4]

holds.
For a given Leibniz algebra L, we define the lower central and derived series to the
sequences of two-sided ideals defined recursively as follows:

L'=L, LMY =% L], k>1;, LW =L rt=[rB L] s>1.

Definition 2. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if
there exists an n €N (m € N) such that L* = 0 (respectively, L™ = 0). The minimal
number n (respectively, m) with such property is said to be the index of nilpotency
(respectively, of solvability) of the algebra L.

Definition 3. The maximal nilpotent ideal of a Leibniz algebra is said to be the
nilradical of the algebra.

Definition 4. A Leibniz algebra L is called quasi-filiform if L" 2 # 0 and L"! = 0,
where n = dim L.

A Leibniz n-algebra L is a K-vector space equipped with an n-linear bracket
[—, —,...,—]: L®" — L satistying the following fundamental identity

n

(21, ml g, Y] = Z[zla T, [T YL Yn) - (1)

=1

In case n = 2 the fundamental identity (1) becomes the Leibniz identity, so a Leibniz
2-algebra is just a Leibniz algebra [2].
Any Leibniz algebra g is also a Leibniz n-algebra under the following n-bracket:

(1, o, ..oy @] =[x, (T2, . [Tty @] - )

The following theorem gives the classification Leibniz algebras whose nilradical is quasi-
filiform Leibniz maximal length and the dimension of the complementary space to the
nilradical is equal two.
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Theorem 1. [1] An arbitrary algebra of the family R(M'?,2) is isomorphic to the
following algebra:

le1, e1] = ey, lei, e1] = eiy1, 2<i1<n-—2,
R(MLO 2) [elyxl] = €1, [eiaxl] = (Z - 2)ei7 3 S [ S n— 17
’ [€n7$1] = 26717 [xlvel] = —é€y,
[61,1’2 = €4, 2§Z§7’L—1

In the following theorem we present table of multiplications a Leibniz 3-algebra
constructed by solvable Leibniz algebras with a non-Lie quasi-filiform nilradical.

Theorem 2. Let L be a Leibniz 4-algebra constructed by the algebra R(M'°,2). The
multiplication table of L has the following form:

w1,$17$1761] = —€1
L 6i7x17x1a61]:6i+1 QSZSTL—Q
1 -
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Nowadays, local and 2-local operators have become popular for some non-associative
algebras such as the Lie, Jordan, and Leibniz algebras. The notions of local derivations
were introduced in 1990 by Kadison [3] and Larson, Sourour [4]. Later in 1997, Semrl
introduced the notions of 2-local derivations and 2-local automorphisms of algebras [5].

Investigation of local derivations on Lie algebras was initiated in [1] by Ayupov and
Kudaybergenov. They proved that every local derivation on semisimple Lie algebras is
a derivation and gave examples of nilpotent finite-dimensional Lie algebras with local
derivations that are not derivations. In [2], local derivations of solvable Lie algebras are
investigated, and it is shown that in the class of solvable Lie algebras there exist algebras
that admit local derivations that are not derivations and also algebras for which every
local derivation is a derivation.

Definition 1. Let (£, [—, —]) be an algebra with a multiplication [—, —]. A linear map
¢ is called a d-derivation if it satisfies

olz,y) = 6([p(x), y] + [z, 0()]),

where ¢ from the ground field F.

Since the notions of local operators can be defined for any type of operator, the notions
of local and 2-local -derivations are defined as follows:

Definition 2. A linear map A is called a local d-derivation, if for any x € £, there
exists a 0-derivation ¢, : £ — £ (depending on x) such that A(x) = ¢, (x). The set of all

local -derivations on £ we denote by LocDers(£).
Definition 3. A map V : £ — £ (not necessary linear) is called a 2-local §-derivation,
if for any x,y € £, there exists a J-derivation ¢, , € Ders(£) such that

V(.%‘) = ‘Pa:7y('r)7 V(y) = (PLy(y)'

It should be noted that 2-local d-derivation is not necessarily linear, but for any xz € £
and for any scalar A, we have

V(Az) = ©p e (AT) = Apaaz(x) = AV (2).

Let £ be a Leibniz algebra. For a Leibniz algebra £ consider the following lower central
and derived sequences:

=L, =1kl k>1,
W=y et =gl g s> 1.
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Definition 4. A Leibniz algebra L is called nilpotent (respectively, solvable), if there
exists k € N (s € N) such that £* = 0 (respectively, £¥/ = 0).The minimal number k
(respectively, s) with such property is said to be the index of nilpotency (respectively, of
solvability) of the algebra L.

For a finite-dimensional nilpotent Leibniz algebra N and for the matrix of the linear
operator ad, denote by C(z) the descending sequence of its Jordan blocks’ dimensions.
Consider the lexicographical order on the set C(N) = {C(z) | x € N}.

Definition 5. The sequence
( max C(x))
TzEN\N?

is said to be the characteristic sequence of a nilpotent Leibniz algebra V.
Let N be a nilpotent Leibniz algebra with the characteristic sequence (my, ..., ms),
and with the table of multiplication

.....

.....

.....

Jeees

(el el] = et ), 1<t<s 1<i<m—1,
7 1 1+1
e}, x1] = ie], 1 <9 <my,
R(Nm1 ..... mS;S) [e'thxl] = (2 - 1>67z§7 2<t< S, 2<1 < my,
lef, 2] = e, 2<t<s, 1<i<my,
[xbeﬂ_ 6%7

where {x1,... x4} is a basis of the complementary vector space.

The following theorem is the main result of this note.

Theorem 2. Any local 2-local %—derivation on the solvable Leibniz algebra
R(Npy . m,,S) s a %—derivation.
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Any anti-associative algebra gives rise to a Jacobi-Jordan algebra by [z,y| = zy + yz.
Rhizaform algebras, which offer an approach to addressing anti-associativity, are defined
by two operations whose sum is anti-associative, with the left and right multiplication
operators forming bimodules of the sum of anti-associative algebras. This characterization
parallels that of dendriform algebras, where the sum of operations preserves associativity.

Definition 1.[2] An algebra (A, o) over a field F is called a Jacobisl YJordan algebra
if it satisfies the following two identities

roy—yox =0,
rzo(yoz)+tyo(zox)+zo(xoy) =0,

for all z,y,z € A.

An algebra (A, o) is called a Jacobi-Jordan-admissible algebra [1|, where A is a
vector space with a bilinear operation o : A ® A — A, if the bilinear operation [—, —] :
A® A — A defined by

[,y =zoy+youx, Va,yecA,

makes (A, [—,—]) a Jacobi-Jordan algebra, which is called the sub-adjacent Jacobi-
Jordan algebra of (A, o) and denoted by (J(A),[—,—]). Obviously, an anti-associative
algebra is a Jacobi-Jordan-admissible algebra.

Definition 2.[1] A pre-Jacobi-Jordan algebra A is a vector space with a binary
operation (x,y) — xy satisfying

(zy)z + z(y2) + (yx)z + y(zz) =0, Va,y,z € A

Defnition 3. Let A be a vector space with two bilinear operations = and <. The
triple (A, >, <) is called a rhizaform algebra if the following equations hold:

(1) (xxy) = z=—x> (y = 2),
(2)  z=<(y*xz)=—-(z<y) <z
(3) r=(y<z)=—(x=y) <z VryzeA,

where the bilinear operation * is defined by rxy =2 - y+z < y.

Theorem 1. Let (A, -, <) be a rhizaform algebra. Then the followings hold.

(i). Define a bilinear operation x by zxy = x > y+z <y, Va,y € A. Then (A, %) is an
anti-associative algebra, called the associated anti-associative algebra of (A, >, <).
Furthermore, (A, >, <) is called a compatible rhizaform algebra structure on (A, x).

(ii). The bilinear operation o : A® A — A given by

roy=x>=y+y<z Vr,yeA,

defines a pre-Jacobi-Jordan algebra, called the associated pre-Jacobi-Jordan algebra
of (A4, >, <).
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Rhiza —— Pre-J-J

L]

AAs —— J-J

(iii). Both (A,*) and (A,o) have the same sub-adjacent Jacobi-Jordan algebra
(J(A), [—, —]) defined by

[yl =z-y+r<y+y-x+y=<z Vr,ycA

Moreover, the following diagram is commutative: where, AAs is the category of anti-
associative algebras, J-J is the category of Jacobi-Jordan algebras, Pre-J-J is the category
of pre-Jacobi-Jordan algebras, Rhiza is the category of Rhizaform algebras.
Example 1. Let (A, >, <) be a 1-dimensional rhizaform algebra with a basis {e}.
Assume that
e-e=aqe, e=<e= /e,

where «, 8 € F. Then by Eqgs.(1)—(3), we have

a’e + afe = —a’e,
afe + e = — B,
af = af.

Then we have a(2a + ) = 0 and B(28 + a) = 0. Hence « = [ = 0, that is, any
1-dimensional rhizaform algebra is trivial.

Proposition 1. Any two-dimensional rhizaform algebra can be included in one of the
following classes of algebras:

Rhi: e <e =ey

Rho[A] 0 e =e1=e€3, 61 <€ =Xey, AeC.

Rhs :  abelian
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Compatible algebraic structures are quite much interest in the sense that linear
combinations of multiplications defined on the same two algebraic structures are still of
the same kind of algebraic structures. Compatible algebraic structures have been widely
studied in mathematics and mathematical physics. For example, compatible associative
algebras were studied in connection with Cartan matrices of affine Dynkin diagrams,
integrable matrix equations, infinitesimal bialgebras and quiver representations [2]-[4].
Compatible Lie algebras were studied in the contexts of the classical Yangsl YBaxter
equation and principal chiral field, loop algebras over Lie algebras and elliptic theta
functions [1],[5]. Compatible pre-Lie algebras have close relation with the classical
Yangsl YBaxter equation in compatible Lie algebras [5].

Definition 1. Let (A, o) and (A, %) be two algebras of the same type. They are called
compatible if for any ki, ks € C, the following bilinear operation

rxy=kxoy+kuaxxy, Vr,y€A,

defines the same algebraic structure on A.
Definition 2. Let A be a vector space with a bilinear operation *. (A, *) is called a
pre-Lie algebra if it satisfies

(x*xy)xz—xx(yxz)=(yxx)xz—yx*(rx2), Vr,yzecA

Proposition 1. Let (A,0) and (A, *) be two pre-Lie algebras. Then (A, o, %) is a
compatible pre-Lie algebra if and only if Vx,y, 2z € A,

(xoy)xz—xx*x(yoz)+ (x*xy)oz—xo(yx*2)
=(yox)*xz—yx(roz)+(yxx)oz—yo (rx*z2).

Definition 3. A compatible associative algebra is a triple (A, -1, -2) in which (A, )
and (A, -2) are both associative algebras satisfying the following compatibility condition

(xqy)2z+(@2y)12=21(y22)+x2(Y12),

for z,y,z € A.
Proposition 2. Let (g, [—, —]q1) and (g, [—, —]42) be two Lie algebras. Then
(9,[—, —]g1,[—» —]g2) is a compatible Lie algebra if and only if for any z,y,z € g, the

following equation holds

[z, ylg1s 2lg2 + [[Y; 2la1, Tlg2 + [[2, Tlg1, Ylg2 + [T, Ylg2, 2] + [[U; 2la2s Tlg1 + [[2, Z]g2, Ylgr = 0.

Recall that a dendriform algebra (A,<,>) is a vector space A with two binary
operations denoted by < and > satisfying (for any x,y, z € A)

(x<y)<z=zx<({y-2), (x>=y)<z=z>y=<2),z=y=z2 = y) >~z

where x -y =x <y+x > y.
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Now, we introduce the notion of compatible dendriform algebras.
Definition 4. Let (A, >, <1) and (A, >3, <2) be two dendriform algebras. They are
called compatible if for any ki, ko € C, the following bilinear operation

=y =kx>=1y+ kx>,
r<y=kx<1y+kax<y, VryecA

defines a dendriform algebra structure on A.
Proposition 3. Let (A, 1, <;) and (A, =2, <3) be two dendriform algebras. Then
(A, >, <) is a compatible dendriform algebra if and only if Vx,y, z € A,

T (Yo z)+x o (y=12)=(x1Yy) =22+ (x2y) =1 2,
(<1 y) <o 2+ (. <2) <1 2= <1 (y22)+2 <2 (y12),
(x2y) <12+ (x>1y) <2 2z=0>1 (y <22)+x > (y =<1 2),

wherezyy=x =1 y+z<1yandx2y=2x 2 y+2x <2 .

Proposition 4. Let (A, >, <1, =2, <2) be a compatible dendriform algebra. Then
(A, -1,-2) is a compatible associative algebra.

Proposition 5. Let (A, >, <1,>2, <2) be a compatible dendriform algebra. Then
(A, 0, %) is a compatible pre-Lie algebra, where

TOY=T 1 Y—Y<1T, T*xY=T >3y — Y <a2T.

Theorem 1. Let (A, >, <1, >2,<2) be a compatible dendriform algebra. Then
(A, -1,-2) and (A, o, *) have the same sub-adjacent compatible Lie algebra (g(A), [, ]1, [, ]2)
defined by

Tyh == y+r<1y—y=1 20—y =<1,
[T, yla =2 > y+T <0y—y 20—y <.
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Nowadays, local and 2-local operators have become popular for some non-associative
algebras such as the Lie, Jordan, and Leibniz algebras. The notions of local derivations
were introduced in 1990 by Kadison [3] and Larson, Sourour [4]. Later in 1997, Semrl
introduced the notions of 2-local derivations and 2-local automorphisms of algebras [5].

Investigation of local derivations on Lie algebras was initiated in [1] by Ayupov and
Kudaybergenov. They proved that every local derivation on semisimple Lie algebras is
a derivation and gave examples of nilpotent finite-dimensional Lie algebras with local
derivations that are not derivations. In [2], local derivations of solvable Lie algebras are
investigated, and it is shown that in the class of solvable Lie algebras there exist algebras
that admit local derivations that are not derivations and also algebras for which every
local derivation is a derivation.

Definition 1. Let (£, [—, —]) be an algebra with a multiplication [—, —]. A linear map
@ is called a d-derivation if it satisfies

olz,yl = 6([e(x), y] + [z, 0v)]),

where ¢ from the ground field F.

Since the notions of local operators can be defined for any type of operator, the notions
of local and 2-local J-derivations are defined as follows:

Definition 2. A linear map A is called a local §-derivation, if for any = € £, there
exists a d-derivation ¢, : £ — £ (depending on z) such that A(x) = ¢, (x). The set of all
local -derivations on £ we denote by LocDers(£).

Definition 3. A map V : £ — £ (not necessary linear) is called a 2-local d-derivation,
if for any x,y € £, there exists a d-derivation ¢, , € Ders(£) such that

V(z) = 90:6,3/(1'); V(y) = (Pr,y(y)'

It should be noted that 2-local §-derivation is not necessarily linear, but for any z € £
and for any scalar A\, we have

V(AL) = @pre(AT) = Apzra(x) = AV(2).

A non-abelian Lie algebra L is called a metabelian, if [£, £] is abelian, that is, £? =0.
We shall consider a metabelian filiform Lie algebra £ of dimension n > 7 with a basis
{e1,...,en} such that [6]

le1, €] = eiq1, 2<i1<n-—1,
le2, €] = €iyo+ €43, 3<i<n—3,

[627 en—2] = €n.
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Proposition 1. Any %-derivations of the metabelian filiform Lie algebras £ has the
following matrix form:

D(el) = (161 -+ Zaiei,

i=3
n—3
D(es) = ares + azeq + Z(Oéifz + a;_1)e; + fren—o + Paen_1 + Bsen,
i=5
— Q3 — QU — Q9 — Oy
D(es) = ajes + b 23 4€n—1 + b 22 36717
— Q3 — Qlp
D(ey) = areq + b 43 “en,

D(e;) = e, b <i<n.

Theorem 1. The algebra £ admits local and 2-local %—derivations which are not %—
derivations.

References

1. Ayupov Sh., Kudaybergenov K. Local derivations on finite-dimensional Lie algebras.
Linear Algebra and its Applications. 2016. 493, pp. 381-398.

2. Ayupov Sh., Khudoyberdiyev A., Local derivations on solvable Lie algebras, Linear
and Multilinear Algebra. 2021. 69, 7, 1286-1301.

3. Kadison R., Local derivations, Journal of Algebra. 1990. 130, 494-509.

4. Larson D., Sourour A., Local derivations and local automorphisms of B(X),
Proceedings of Symposia in Pure Mathematics. 1990. 51, pp. 187-194.

5. Semrl P. Local automorphisms and derivations on B(H). Proceedings of the
American Mathematical Society. 1997. 125, pp. 2677—2680.

6. Verbeke B. Almost inner derivations of Lie algebras. 2020. PhD dissertation, KU
Leuven Faculty of Science.



22 Kum .U

MATPUIIA HAJI BEIIIECTBEHHOII AW*-AJITEBPOI
Kum 1. .

HammonanbHblit yHUBEpCHTET Y30eKnCTaHa,
Tamxkenrckuit duwmnans POY num. B.I. Iliexanosa, Tamkent, Tamkent, Y36ekucran
dmitriy.kim.1995.04.23@gmail.com

M3BecTHO, 9TO N X N - MAaTPHILA HaJl 110601 KoMIiekcnoit AW *-areGpoit Takke aBJis-
erca AW*-anre6poit [1]. OxHako B BEIECTBEHHOM CJlydae BCe TOPa3Jo CJOXKHee TaK Kak
cyIiecTBytOT BemecTBeHHble AW *-are6pbl ¢ KoMILiekcuduKaIei, KOTopasi He sBJIsIeTCst
AW*-anre6poii [2]. B gannoii pabore Gyjer moka3aHo pU KaKUX YCJOBUAX MATPHUIA HA
moboit Bemecteennoit AW*-ajrebpoii Takzke siBjisiercst Berecrsennoit AW*-ajre6poii.

IIycte A — BemecTBeHHasd WM KOMIUIEKCHAas T-ajredpa M IycTb S — HEIyCToe
nomvmozkectso A. ITonoxkum R(S) = {x € A: sz =0,Vs € S} u nazosem R(S) npasbiM
aunyssitopom S. Auamornano L(S) = {x € A: xs = 0,Vs € S} nesbiit annyssitop S. *-
anrebpa A HasbpIBaeTcs 063pOBCKOil *-anrebpoit, ecam miis o6oro memycroro S C A numeem
R(S) = gA, nna mekoroporo npoektopa g. llockombry L(S) = R(S*)* = (hA)* = Ah,
OIpeJIe/IeHNe CUMMETPUYHO U MOXKET OBITh JaHO dYepe3 JIEBBbI AHHYJISITOp. 37eCh
S* = {s*|s € S}. BemecrBennas (mwmm komiuiekcHasi) C*-amrebpa A, spisiomniasics
*_asrebpoit Bapa, HasbiBaeTcst BemecTBeHHOM (cO0TB. KoMILiekcHoit) AW -anre6poii.

IIpensioxkenune 1. [2] AGeneBa BemectBennas C*-anrebpa A sBiisieTcst BEIeCTBEHHOI
AW*_anrebpoii Torna n ToabKO Toraa, Korna Ay asaserca semecrsennoit AW*-anre6poii.

B cremyromem npumepe maercsa abenesa pemectsenHad He W* AW*-anrebpa xom-
mnekcudukamsa KoTopoil ne sapiasgerca AW*-anre6poii

IIpumep 2. [2] Ilycts B Gyjer MHOKeCTBOM Beex mocienoBarenbrocreii © = {\,}
KOMIIJIEKCHBIX YHCeJI, TaKuX, 4To |\,| orpanudeno u ImA, — 0 (T. e. orpaHMYeHHBIX
[OCJIEIOBATE/IBHOCTEH, KOTOPBIE SIBJIAIOTCS BEIleCTBeHHbIME Ha H6eckoreuroctn ). C mOKo-
opauHaTHOl onepamueit 1 ¥ = {\,}, B aBngerca semectsennoii *-anre6poii. Ilomaras
l|z|| = sup|An|, Mbr mOTywaem, aro B aBisercs BermecrBernoit C*-anrebpoii, TOCKOIBKY
|z*x|| = ||z]|*> u 1+ 2*x obpaTumo iz moboro x € B, riae 1 = {1} asngercs ejununeit
B. IIpoekTopb! B B ABJSIIOTCS TIOC/IEI0OBATEILHOCTSIMI HYJIEH U €IMHATL. DPMUTOBA JaCTh
B, anrebpnr B coBnamaer ¢ m, ajredpoii Bcex OrpaHMYeHHBIX BEIeCTBEHHBIX IT0CIEI0Ba~
TeJILHOCTEl - 310 abesieBa BemecTBeHHas W k-ajmrebpa, B 9aCTHOCTH, 9TO BeIeCTBeHHAsI
AW x-anrebpa. [lo npemtoxkenuio 1 B siBisiercst emectBerroit AW x-anrebpoii. Ho B He
SIBJISIETCsI BEIIECTBEHHON W k-areOpoil (Tak Kak OHA HE SABJIAETCS MOTOYEYHO MOJHOM, a
ee IMOTOYEeYHOe ITOIOJIHEHNE eCTh 1 ajredpa BCeX OrPaHMYEeHHBIX KOMILIEKCHBIX IIOCJIEI0-
BaTEJILHOCTE )

Teopema 3. [1] Eciin A — mobas xkommiekcnas AW*-anrebpa, ro M,(A) — n x n
marpuiia Hag A asiasiercas AW x-anredpoii.

PesynbraTr n3BecTen TOBKO B KOMILJIEKCHOM CJIydae, B CIEIYIOIIEH TeopeMe MbI ITOKa-
JKeM, 9TO JjIs BermecTBeHHbIX AWV x-ajaredp JaHHOE CBOWCTBO BBITIOJIHSIETCS MIPH OIpee-
JIEHHBIX yCJIOBUSX.

Teopema 4. [2] Ilycts R — BemecrBennas C*-anrebpa u mycte A = R + iR — ee
koMIutekcuduramnys. [Ipeanomoxum, uro A — AW x-aiarebpa. Torma R — BemmecTBeHHAast
AW x-anrebpa.

BosuukaeT BiojiHe 3aKOHOMEPHBIH BOIIPOC, HACKOIBLKO CYIIECTBEHHO ycjioBue, 9To A =
R+ 1R AW™ - anrebpa? JlanHOE yC/IOBHE UT'paET CYIIECTBEHHYIO POJIb, IIPHU Iepexojie Ha
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MaTpPUYHbIE aJIreOphl JIJI BellecTBeHHBIX AW™ - anredp, 9T0 OYEBHIHO M3 CJIELYIOIIEi
TEOPEMBI.

Teopema 5 Ilycts R — BemectBennas AW *-anredbpa n A = R+ 1R ee komriekcngu-
Kanus, He gpisgiomasics AW x-anre6poii. Torga My(R) He siBiasierca AW *-aire6poii.

JokazareabcTBo Eciu R — BemecrBennass AW *-aiarebpa ymoBIeTBOPSIONIAA YCI0-
BUIO TeOPeMbI 4 TO 10 Teopeme 3 oueBuHO, 910 My(R)- AW x-ajrebpa.

HammomunM, 9TO ceMeiicTBO IIPOEKTOPOB MTOPOKIaeT aHHYJISITOP TOIa U TOJIBKO TOIIA,
Korga uMmeer cymnpemym. Pacemorpum coy4ait eciim omymieHo yesosue, uto A = R + 1R
AW*-anrebpa n npumennM npumep 2. OU9eBHUIHO, MBI CpPa3y TepsieM BO3MOXKHOCTDH IIPH-
MeHUTh Teopemy 3 1 4. Ocraercst TOIBKO MpoBepuTh, Gyier jgu My(R) AW *-amrebpoii.
NzBectHO, uTO MaTpuIla HaI aaredpoit n3 npumMepa 2 He aBisietca AW x-aareopoii. Taxkum
obpazom Ms(R) He sasierca AW *-anrebpoit. Teopema jokasana.
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Ushbu maqoladada Galiley fazosida buralgan sirtlar o’rganilgan. Bunday sirtlar ikkita
almashtirish (Evklid va Galiley) natijasida hosil bo’lib, ularning uch xil turi aniqlangan.
Har bir tur uchun Gauss va o’rtacha egriliklar topilgan hamda nol egrilikka ega sirtlar
tasniflangan. Natijada, I va III-tur sirtlar uchun yassi sirtlar mavjud emasligi, II-tur sirtlar
uchun esa yassi va minimal sirt tushunchalari ekvivalentligi isbotlangan.

Galiley fazosi G35 klassik Keli-Kleyin fazolaridan biri bo’lib, majrux metrikali
fazodir. Bu fazoda izotrop va noizotrop yo’nalishlar mavjudligi sababli sirtlarning
differensial-geometrik xossalari Evklid fazosidan tubdan farq qiladi. Mazkur ishda Galiley
fazosida buralgan sirtlar o’rganilib, ularning uchta turi bo’yicha nol egrilikka ega sirtlar
tasniflanadi.

Ta’rif. Galiley fazosida egri chizigning ikki xil (Evklid va Galiley) almashtirish
natijasida hosil bo’lgan sirt buralgan sirt deyiladi.

Galiley 3-fazosida burilgan sirtlar uch turga bo’linadi:

I-tur sirt: Profil egri chiziq yz-tekislikda joylashgan bo’lib, sirt quyidagicha aniglanadi:

o(s,t) = (cs, f(t)cos(bs)+ g(t)sin(bs) + £s*, —f(t) sin(bs) + g(t) cos(bs)),

bu yerda b, c € R doimiylardir.
[I-tur sirt: Profil chiziq xzy-tekislikda joylashgan bo’lib, sirt quyidagicha aniglanadi:

p(s,) = (F(t) + (be+ d)s, bsf(t) + g(t) + B2s*, (a+ f(t))s + LFDs?).
[TI-tur sirt: Bu tur ikki Yevklid almashtirish natijasida hosil bo’ladi:
p(s,t) = (f(t) +bes, coss(a+bsf(t) + g(t) + %¢5%), —sins(a+bsf(t) + g(t) + 5s)).

1-teorema. I-tur buralgan sirtlar orasida (aylanma sirtlardan tashqari) nol Gauss
egrilikka ega sirtlar mavjud emas.

2-teorema. [-tup buralgan sirt minimal bo’ladi, agar u quyidagi ko’rinishdagi chiziqli
sirt bo"Ylsa:

¢(s,t) = (cs,qcos(bs) + £s°, —gsin(bs)) + (0, p cos(bs) + sin(bs), cos(bs) — psin(bs)).

3-teorema. II-tup buralgan sirt tekis (K = 0) yoki minimal (H = 0) bo’ladi, agar u
quyidagilardan biri bo’lsa:

tekislik;

chizigli sirt (parabolik silindr);

siklik sirt.

4-teorema. III-tup buralgan sirtlarda nol Gauss egrilikka ega sirtlar mavjud emas.
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Galiley fazosida burilgan sirtlarning uch turi aniqlanib, ularning nol egrilikka ega
holatlari tekshirildi. I va ITI-tur sirtlarda yassi sirtlar mavjud emas, II-tur sirtlarda esa
yassi va minimal sirt tushunchalari ekvivalentdir. Bu natijalar Galiley va pseudo-Galiley
fazolarida maxsus sirtlarning tasnifini chuqurlashtirish uchun asos bo’dladi.

Adabiyotlar
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Ushbu maqolada Galiley fazosida berilgan asimptotik egri chiziq orqali o’tuvchi
sirtlarning oilasi o’rganilgan. Frene formulasi yordamida bunday sirtlarning parametrik
ifodasi topilgan hamda berilgan egri chiziqning parametrik sirtga nisbatan izoasimptotik
bo’lishi uchun zarur va yetarli shartlar aniglangan. Natijada, umumiy asimptotik chiziqqa
ega bo’lgan sirtlarning umumiy formulalar keltirildi.

Asimptotik chiziglar differensial geometriyada muhim tadqiqot yo’nalishlaridan biridir.
Asimptotik chiziq — bu sirt ustida normal egriligi nolga teng bo’lgan yo’'nalishda yotuvchi
egri chiziqdir. Bu faqat sirtning Gauss egriligi manfiy yoki nol bo’lgan joylarda mumkin
bosI Yladi. Ushbu ishda Galiley fazosida berilgan asimptotik chiziq orqali o’tuvchi
sirtlarning oilasi uchun shartlar keltirilgan. Galiley fazosida sirt tenglamasi quyidagi
ko’rinishda beriladi:

90(“7 U) = (uu ) 902<u7 U)v 903(1/“7 U)),

bu yerda ¢;(u,v) (i = 1,2,3) — C? sinfga mansub silliq funksiyalar. Egri chiziq tenglamasi
esa

r(u) = (u, f(u), g(u))

quyidagi ko'rinishda bo’ladi. Bunday chiziq uchun urinma, normal va binormal vektorlar:

= (L f'(u).g'(w), n= ﬁ(O,f”(U),g”(U)), b= ﬁ(o, —g"(w), f"(u)),

bo’lib, bu yerda (u) egri chiziq egriligi.
Sirt quyidagicha aniglansin:

o(u,v) = r(u) + [z(u,v)t(u) + y(u, v)n(u) + z(u, v)b(u)].

Berilgan 7(u) egri chiziq bu sirt uchun asimptotik bo’Ylishi uchun quyidagi shartlar
bajarilishi zarur:
[L’(U, UO) = y(“a UO) = Z(U, UO) - 07

—(1+ )z + 24y =0,

Bu holatda r(u) chiziq ¢(u,v) sirtda asimptotik chiziq deyiladi.
1-teorema Agar sirtning parametrik ko’rinishidagi funksiyalar

w(u,v) = a(w)X(v),  y(u,v) = b)Y (v),  2(u,v)=c(u)Z(v),
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bo’Ylsa, u holda sirt r(u) ni asimptotik chiziq sifatida o’z ichiga oladi, agar

dY(Uo)
dv

dZ(?Jo)
dv

X(vg) =Y (vo) = Z(vg) =0, b(u) #0, #0, c(u) =0,

2-teorema Agar x(u,v),y(u,v), z(u,v) quyidagicha aniglansa:

z(u,v) = fla(u)X(v), y(u,v)=gb)Y(v), z(u,v)=h(c(u)Z(v)),
u holda asimptotiklik sharti quyidagicha ifodalanadi:

f(0) = g(0) = h(0) =0, X(vo) =Y(vo) =Z(vo) =0, g¢'(0)#0, 7' (0)=0.

=0.

Galiley fazosida asimptotik chiziqqa ega sirtlarning umumiy oilasi aniqlandi. Berilgan
egri chiziqni o’z ichiga oluvchi bunday sirtlarni yaratish uchun zarur bo’lgan parametrik
shartlar keltirildi. Ushbu natijalar Galiley fazosidagi sirtlarning lokal geometriyasini

o’rganishda va kompyuter yordamida geometriya sohalarida qo’llanishi mumkin.
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Li algebralarning differensiallashlari algebraik tuzilmalarning ichki va tashqi
simmetriyalarini tushunishda muhim rol o‘ynaydi. Differensiallashlarni o‘rganish
algebraning birinchi kogomologik fazosi H!(g,g) bilan chambarchas bog‘liq bo‘lib, bu
fazo tashqi differensiallashlar fazosini tasniflaydi.

Bundan tashqari, differensiallashlar Li algebralarning klassifikatsiyasi, yarim to‘g‘ri
ko‘paytmalar qurilishi va Li algebraning ba’zi kengaytmalarini o‘rganishda muhim
o‘rin tutadi. Shu sababli, differensiallashlar algebrasini Der(g) tahlil qilish berilgan Li
algebraning strukturaviy xossalarini va simmetriyalarini chuqur tushunish uchun zarur
bosqich hisoblanadi. Quyida Li algebralarining differensiallashlariga oid asosiy tushuncha
va ta'riflarni keltiramiz.

Ta’rif 1. Aytaylik, g biror K maydon ustida Li algebra bo‘lsin. Agar D : g — g chiziqli
akslantirish quyidagi Leibniz qoidasini qanoatlantirsa:

D([z,y]) = [D(x),y] + [z, D(y)], Vr,yecg.

U holda D differensiallash deyiladi.
Li algebraning barcha differensiallashlari fazosini Der(g) bilan belgilaymiz. Bu fazo
quyidagicha aniqlangan amalga nisbatan Li algebra hosil qgiladi:

[D], DQ] =D1Dy — DyD; € Der(g), Dl, D, € Der(g)

Ta’rif 2. Har qanday = € g element uchun D,(y) = [z, y] kabi differensiallash ichki
differensiallash deyiladi va D, = ad, kabi belgilanadi. Barcha ichki differensiallashlar
to‘plami ad(g) orqali belgilanadi:

ad(g) ={ad, |z € g}

Ta’rif 3. Agar g Li algebraning barcha differensiallashlari ichki va markazi faqat nol
elementdan iborat bo‘lsa, u holda g to‘la Li algebra deyiladi.

Misol 1. sly(C) Li algebra qaralaylik. Ma’lumki, bu algebra sodda va shu sababli
perfekt algebra hisoblanadi, ya'ni sly(C) = [sl3(C), sl5(C)]. Ma’lumki har qanday sodda
Li algebrasining markazi fagat nol elementdan iborat hamda har qanday differensiallashi
ichki bo’ladi( [1] adabiyotga qarang):

Der(sl(C)) = ad(sl(C)).

Shuning uchun sly(C) algebra to‘la algebradir.

Endi perfekt Li algebralarning differensiallashlar algebrasi hagida ma’lum bo‘lgan
natijalarni keltiramiz. Quyidagi [2] adabiyotda, agar chekli o‘lchamli perfekt li
algebrasining markazi trivial bo‘lsa, u holda uning differensiallashlar algebrasi to‘la bo‘lishi
isbotlangan. Lekin, markazi trivial bo‘lmagan bir qancha Li algebralar mavjudki, ularning
differensiallashlar algebrasi ham to‘la bo‘ladi.



Yosh matematiklarning yangi teoremalari — 2025 29

Aytaylik, S5 biror 13-o‘lchamli fazo va {e, h, f, s12, s13, S23, 1, T2, T3, Y1, Y2, Y3, 2} Uning
bazisi bo‘lsin. U holda S5 quyidagicha aniglangan ko‘paytirish jadvaliga nisbatan Li
algebrasi tashkil qgiladi:

[h, xl] =T [hu yl] = — Y, [6, yl] = Ty, [f? x’b] = Y,
[Sjks i) = Oy — 65irs  [Sjks Uil = 0wy — Ojit, @iy U] = 2,

bu yerda, i,j,k € {1,2,3} va ¢;; Kroneker simvoli. Qayd etish joizki, S3 algebraning
mazkazi trivial emas.
Teorema 1. 53 algebraning differensiallashlar algebrasi to‘la Li algebra bo‘ladi.

Adabiyotlar
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N.X.Qosimov [1] ishlarida hisoblanuvchi ravishda ajralib turadigan algebralarning eng
umumiy effektiv, strukturaviy va topologik xususiyatlari ofganilib, bunday algebralarning
eng muhim turlari bayon qilingan. Negativ nomerlash va pozitiv algebralar A.I.Maltsev,
Yu.L.Yershov, A.S.Morozov, S.P.Odintsov va V.L.Selivanov tomonidan har xil nuqtai
nazardan o’ganilgan.

Ta’rif. Bizga berilgan “x” binar amal aniqlangan (G, *) gruppa va v : w — G
akslantirish uchun shunday K : G — 2“ hisoblanuvchi funksiya topilib

Vn,mew K(v(n)*xv(m)) = ¢.(K(v(m)))

tenglik o’rinli bo’lsa, (G, v) juftlikka nomerlangan gruppa deyiladi.

Ta’rif. [1] Agar v nomeratsiya negativ (pozitiv, hisoblanuvchi) bo’lsa u holda (G, v)
nomerlagan gruppa negativ (pozitiv, hisoblanuvchi) deyiladi.

Ta’rif. [1] v nomeratsiya yechilgan deyiladi, agar {(n,m) | v(n) = v(m)} munosabat
hisoblanuvchi bo’lsa.

Nomerlangan ekivalentlik 7, = {(n,m) | v(n) = v(m)}.

Ta’rif. 2] Agar nomerlangan ekivalentlik hisoblanuvchi ajraluvchi bo’lsa, nomerlangan
gruppa hisoblanivchi ajraluvchi deyiladi.

Quyidagi teorema shuni korsatadiki, negativ gruppalar hisoblanuvchi ajraluvchi
gruppalarning sodda bo’lmagan misollari hisoblanadi.

Teorema. Har qanday (G, v) negativ gruppa hisoblanuvchi ajratiluvchi nomerlangan
gruppa bo’ladi.

Isboti. 7, nomerlangan ekivalentlikni £ yopilma operatorini, I" orqali belgilaymiz.
Ya'ni ['(E) operator E - yopiq to’plamni o’z ichiga oladigan eng kichik to’plam va u w ni
0’z ichiga oladi. Shuni aytishimiz mumkinki, W to’plam z raqamni rad etsa, agar z ¢ W
bo'lsa, yani W = w \ W va ixtiyoriy 4, B C w bizga berilgan bo’lsin, I'(A) - yopiq,
hisoblanuvchi W to’plamni, ya'ni W ni w dan ajratuvchini quyidagicha hosil gilamiz:

0-qadam: Dy = {0}, Ey =0

1-qadam: D, = Dy U {1}, E; = Eq U {0}

e+1-qadam: Biz D, ga tegishli bolmagan birinchi # € w ni tanlaymiz va tekshirishni
boshlaymiz “ushbu toplamlarning har biri W, tomonidan rad etilganligini”. Agar W,
tomonidan D, U {z} rad etilsa, u holda bilamizki

De+1 = De, E€+1 = Ee U {I’}

Agar W, tomonidan E,. U {z} rad etilsa, agar unday bo’lmasa, u holda W, tomonidan D,
va E.U{x} rad etiladi. Ya'ni v ni negativligidan “W, tomonidan D, U{z} (yoki E.U{z})
rad etilishi” hisoblanuvchi sanaluvchi munosabat.

D=|JD., E=JE

ecw ecw
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deb hisoblaylik.

Agar hisoblanuvchi ravishda sanaluvchi toplamning toldiruvchisi ham hisoblanuvchi
ravishda sanaluvchi to’plam bolsa, u holda toplam hisoblanuvchidir. Shunday gilib bunda
D C w hisoblanuvchi sanaluvchi va £ C w ham hisoblanuvchi sanaluvchi. U holda bu
to’plam hisoblanuvchi deyiladi.

Endi tekshiramiz, yani D ni I' - yopiqgligini. X va Y lar berilgan, agar X C D bo’lsa,
u holda qandaydir e uchun X C D., Y C E, bo’ladi. U holda D, U {z} to’plamni keyingi
bironta qadamda W, rad qilmaydi. Bu esa shuni bildiradiki qandaydir 7 > e qadamda
D.U{z} to’plam W; tomonidan rad etiladi. Ya'ni x € E;;; agar i + 1 > e bo’lsa u holda
x € E bo’ladi. Teskari holda D, U {z} tomonidan rad etilmay qoladi, bundan x € D. Bu
ziddiyat. Demak D ham I" - yopiq hisoblanuvchi to’plam hisoblanadi. Teorema isbotlandi.
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BasoBble MoHsITHSI, HCIIOJIB3yeMble B pabore, cojiepkarcs B [1-4|. Hamomuum, uto Beio-
Jly omnpejesiennas (QPyHKIUS U3 MHOXKeCcTBa HaTypaabHbix unces N B N nasbiBaercd 6vi-
wucAUMOT, eCl CylecTByeT Bbraucsiomuii ee aaropurs [1]. Tlommuoxectso A C N Ha-
3BIBAETCS GULYUCAUMBIM (NEPEHUCAUMBIM, COOTBETCTBEHHO KOMEPEUUCAUMDBLM ), €CJIU BbI-
YUCMMa ero Xapakrepuctuieckast pyHkius (x4 (coorBercrBerHo A — 061aCTh 3HAUEHMI
HEKOTOPOH BBIYUCINMOl (DYHKINN)). DTH ONpe/Ie/eHIsT €CTeCTBEHHBIM 00Pa30M ePEHO-
CATCsT HA MHOTOMECTHBIE (DYHKITMKM U OTHOIIEHHSI.

Cnenys 1O. JI. Epmosy u C. C. T'onuapoBy [2-4|, nmpuBejieM psiJi OCHOBHBIX OIpPe-
nenennii. Ecim 2 cyernas yHuepcasibHasg ajredbpa 3pdeKTUBHON CUTHATYPBI X, TO ee
HyMmepayuet Oy/1eM Ha3bIBaTh BCIKOE OTOOpaXKeHne ¥ MHOXKECTBa HaTypaJbHbIX uncea N
Ha OCHOBHOE MHOKECTBO aJjireOphl |2, /y1st Koroporo cyiectByeT 3bdeKTuBHOe ceMeiicTBO
{/f:} BbrunCIMMBIX DYHKIWIA, TPEICTABIAIONMX Y-oepanun ajrebpsl 2 B HyMepaiuu v,
T. €. BCsKas olepalus o € X IPeJCTaB/IAeTCs COOTBETCTBYIOIIEH el TaKOl BbIMUCIUMOI
dbyuxmweit f,, aro v(f,(x1,...,2,)) = o(v(z1),...,v(x,)). Ecim n sxkBuBasenTHOCTD Ha
N, To anrebpy B Oyraem HA3bIBaTH NpPedcmasumoti HAJ 1), €CJU CyIEeCTBYeT HyMepalus
9TOI aJIreOPhI ¢ HYMEPAITMOHHON SKBUBAJIEHTHOCTHIO, PABHOM 1), T. €. HaleTcd Takoe -
dbekTrBHOE cemeiicTBO { f;} BBIYUCINMBIX (DYHKITHIA, COVIACOBAHHBIX € SKBHBAJECHTHOCTHIO
n (U3 7-9KBUBAJEHTHOCTH apryMEHTOB CJIE/IyeT 1)-9KBHBAJEHTHOCTH 3HAUEHUl (DYHKITHi
Ha 9THX apryMeHTax), 9To B n3omopdHna darrop-ajaredpe BHIMUCIIMOIL anredper Ay 1mo
KOHTpysHImH 77 .

QynaMeHTaIbHbIE ajqredpandyecKrue MOHATUS TPYIIIBI SBJIAIOTCH KJIACCUYECKUM 00b-
€KTOM MaTeMaTUIeCKOl JIOTUKHU, KOTOpasi, B YaCTHOCTU 3aHMMAETCs OIMCAHUEM aJrOPUT-
MUYECKUX CBOICTB I'PYIII, 38/[AHHBIX TEMU WA WHBIME [peJcTaBIeHnaMu. Bakueitmmun
CpeJii AJI'OPUTMUYECKUX TTPEJICTABICHUAN 3TUX O0bEKTOB ABJISIOTCS BHIUUCIUMBIE, T.€. Ta-
K€, KOTOPble N30MOP(MHBI TPYIIITaM, HOCUTEISIMUA KOTOPBIX SIBJISIIOTCS BBIYUCIUMBIE T10]1-
MHOXKECTBa MHOYKECTBA HATYPAJIbHBIX |Kce/, ONHAPHAS Olepalius TPyl IPeJICTaBIeHA
HOJIXOAAINECH BBIYUCIMMON OllepaIinei.

Onpenenenne 1. Hymeposansoii rpymmoii HaseiBaercs napa (G,v), rae G rpymmna ¢
oneparueit “-’, v : N — G — orobpakeHne co CJIeyIONIM CBORCTBOM:

Hna -7 OmHapHOI oIeparuu CyIeCcTBYeT TakKas peKypcuBHas (byHKIus f., 91O
v(f(z,y)) =v(z)- v(y)

B [5] BBEACHBI cteryionye TOHATHS:

Onpenenenne 2. Hymepanus aareOpbl Ha3bIBAETCS JIOKATBHO MTO3UTUBHON (HEraTHB-
HOIH), e/ XOTs1 ObI OJIUH CMEXKHBII KJIACC A/pa ITON HyMepaIUH sIBJISIeTCsI ePEInCIIMbIM
(KOTIEpEINCIUMBIM ).

OrmeTnM, 9TO, B TO BpeMs KaK MO3UTHUBHOCTH M HETATUBHOCTDL SIBJIAIOTCH “TJI00a/Ib-
HBIMU TTOHSATUSIMU, TIOJIPA3yMEBAIONINMI HAJIUYINE €IMHO00Opa3HON 3hhEeKTUBHOI MpoIie-
JIyPbI TTOPOXKICHNST HYMEPAIMOHHON SKBUBAJIEHTHOCTU WU COOTBETCTBEHHO €€ JIOMOJTHEe-
HUd, “JIOKAJBLHOCTD , BOOOIIE TOBOPs, O3HAYAET OTCYTCTBUE TaKoil mporeypol. [Ipu sToMm,
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K [PUMepY, YUCI0 JIOKAJBHO MO3UTHBHBIX (HEraTWBHBIX) SKBUBAJEHTHOCTEH Jarke ¢ He
OoJiee YeM JIBYX3JIEMEHTHBIMU CMEXKHBIMU KJIACCAMU €CTh KOHTHUHYYM, TOTJIa KaK YHUCJIO
MO3UTUBHBIX (HEraTHBHBIX) SKBUBAJEHTHOCTEH cyeTHO. OYEeBUIHO, YTO BCsIKas SKBUBA-
JIEHTHOCTBH C KOHEYHBIMU CMEXKHBIMU KJIACCAMU ABJIAETCA KaK JOKAJBHO ITO3UTUBHON, TaK
U JIOKAJIbHO HEraTUBHOM, OIHAKO €€ aJrOPUTMUYECKast CJI0KHOCTh MOXKET OBITh KaKOi
yrojiHo. Tem He MeHee CBOMCTBA CUMMETPHU B I'PYIIIAX U IOJISAX MO3BOJIAIOT PABHOMEDPHO
9 HEKTUBHO [IEPEXOJIUTD OT JIOKAJIBHON MO3UTUBHOCTH (HErATUBHOCTH ) MX [IPEJICTABJICHUI
K TJI00aJIBbHOI, T. €. aJIrOPUTMbI IO3UTUBHOCTH (HErATUBHOCTH ) OKA3bIBAIOTCS M3HAYAIBHO
OPUCYTCTBYIOIIAMUA B CTPYKTYypaxX CaMUX ITUX CHUCTEM, YTO IPOABILAETCI U B CBOHCTBAX
UX aJTOPUTMUIECKUX MpejcraBienuii. B [5] mokasan ciemyrormuii pesyabrart.

IIpensioxkenune 1. /I BCSKOI JIOKATBHO TIO3UTUBHO# (JIOKAJIBHO HETATUBHOM) IPYTI-
b JIFO0OM CMEKHBIH KJIace ee sijipa MepedncynM (KOIepedrCIuM ).

Teopema 1. Eciin nHymepalius rpyiibl § BISeTCS JOKAJIBHO TO3UTUBHON U JIOKAJIBHO
HEraTUBHOMU, TO OHA BBIYUCJIMMA.

JIurepartypa
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B paGore [3] pasBuT Teopus BBIUUCIUMO OTIEJIUMBIX HyMePOBaHHBIX ajre6p. Mojemn
SIBJISTFOTCST €CTeCTBEHHOM 00001eHeM anrebp. B [4] mana cTpykTypHas XapakTepu3ariis
BBIYUC/IIMO OTAEJUMBIX Mojiesielt. Ouenpb BaxKHO n3ydaTh 3DOEKTUBHBIE CBOWCTBA HyMe-
POBAHHBIX aJIreOpamvyecKnX KJIaCCUIeCKNX CHCTeM, TaKUX KaK IPYIILI U KOJblia. B man-
HOIT paboTe paccMaTpPUBAETCS PABHOMEPHO BBIMUCINMO OTJIEUMbIE TPYIIIBI U MOy Y€HbI
AHAJIOTUYIHbIE PE3YJILTATHI JIJIsi KOHKPETHBIX aJIredp, a MMEHHO JJIs HyMePOBaHHBIX IPYIII.

Bee Heorpe/ie/isieMble MOHATUS MOYKHO HaiiTu B [1-4].

Ecin B ompejiesiennn BbIMUCIUMON OTIEJIMMOCTU MOJIE/N 1IOTpeboBaTh HaJM4Yne -
dbexkTuBHOTO IIpOIIECCA TTOCTPOEHUSA JIJIS OTJIEJISIONIEr0 MHOYKECTBA 110 3JIEMEHTY @ W IO
HOMeEDY IIPEUKATHOrO CUMBOJIA, | TO 1MOIyYnM HOHATHE PABHOMEPHO BBIMUCIUMO OT/IE-
JUMOI MOJIEJN.

s rpynn hbopMasibHO JIQJINM CJIEIYTOIIee OIPe/IeICHIE.

Onpenenenne 1. Hymeposanuoii rpymmoii HaseiBaercs napa (G,v), rae G rpynna ¢
onepamnueit ‘-7, v : N — G — oroOpakeHue co CJIeIYIONIM CBOHCTBOM:

st “-7 dbuHapHOIT ollepaIuu CyIecTBYeT TaKkas BbluncanMas YHKIHUA f. HAa MHOXKe-
crBe HaTypasbHbIX wucesa N, uro v(f.(z,y)) = v(z) - v(y).

Ecyin mymeparust v BrauciuMoM (O3UTUBHOM, HETATUBHOM ), TO HyMEPOBAHHAs I'PYTI-
na (G, ) Ha3BIBAETCS BBIUNCIUMOM (HO3UTHBHOM, HeraruBHOM). Hymeparms v HazoBem
nozutuBHOIt (HeratusHoi), ecom ker v (N?\ ker 1) Borancmmo nepeancamvo. Hymeparus v
HA30BEM BBIUHCINMOM, ecjiu OTHOIIeHne Ker v Bbrancnmo. HymeparmonHnast SKBUBAJIEHT-
HOCTH =,,.

Onpenenenue 2. HymepoBannas rpynmna Ha3bIBA€TCH BBIYUCIUMO OTIETMMON, €CIN
TAKOBOII sIBJISETCs €4 HyMepaIMOHHAas SKBUBAJIEHTHOCTD.

Crenyiomasi TeopeMa IOKa3bIBAET, UTO HETaTUBHBIE TPYIIIBI ABJISIOTCS BayKHBIMU
HEOYEBUTHBIMU IIPUMEPAMU BBIYUCIUMO OTICTMMBIX I'DYIIIOL.

Teopema 1. Besikast Herarusaas rpynma (G, V) sBJIseTCsl BEITHCIAMO OTJCTIMOMN Hy-
MEPOBaHHON I'PYIIIION.

Creryrormas TeopeMa XapaKTepU3upyeT BBIYUCIUMO OT/IEUMBbIE TPYIIIHL.

Teopema 2. HywmepoBannasi rpyIma BBIYUCIUMO OTJIEIUMO TOTJA U TOJIHKO TOTJIA,
KOI'J[a OHa allPOKCUMUPYeTCs] HETaTUBHBIMU I'DYIIITaMU.
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In this work, we present some results on the dynamics of a Volterra quadratic stochastic
operator whose coefficient varies according to the rule of a piecewise-linear function.
Let S™! be the m-dimensional simplex:

R~ {z =(21,....,0m) € R™ 1 2; > 072% =1} (1)
i=1

We consider a Volterra operator on S!. This dynamics is generated by the operator
W (z,y,a) €S — S, (where S = S x [—1,1]) having the following form

x = I(l - a’y)7
Wiy = (1 +az) )
a’ = f(a)
where a € [-1,1], f: [—1,1] — [—1,1] is piecewise-linear function defined as
2042, if —1<a<-—1,
fla)={ —20, if —1<a<li, 3)

20 —2, if 3<a<l.

The operator W maps a point (x,y,a) in the space S to another point (z/,v,a’) in
the same space. The first two equations describe how x and y evolve. The third equation
a’ = f(a) determines the evolution of the parameter a, this is a one-dimensional discrete
dynamical system independent of x and .

A periodic point of period k for W is a point (x,y,a) such that W*(z,y,a) = (x,y,a),
where W* denotes k-th iteration the operator W (see [1], [2], [3]). Since dynamics of a is
independent, any periodic point of W must have an a component that is periodic for the
map f. Therefore, to have periodic points for W, we need f to have periodic points.

Remark. If the operator W has a periodic point of period k, then the function f also
has a periodic point of period k. But the fact that the function f has a periodic point of
period k£ doesn’t mean that the operator W also has a periodic point of period k.

The function f, that is defined above has no odd-periodic points for periods k > 3.
Consequently, we have

Theorem. The operator W has no odd-periodic points for periods k£ > 3.
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The asymmetric p-state clock model, also known as the chiral model, was introduced
by Ostlund and Huse in 1981 [2]. Let I'* = (V, L) be the Cayley tree, where each vertex
has k+ 1 neighbors with V' being the set of vertices and L the set of edges (see [1]). For an
arbitrary vertex 2 € V, we put W,, = {z € V| d(z,2°) = n},V,, = {z € V| d(x,2") < n},
where d(z,y) is the distance between = and y in the Cayley tree, i.e., the number of edges
of the path between = and y. Let S(z) = {y € W41 : d(y,z) = 1} be the set of direct
successors of . We assume that the spin variables take values in the set ® = {1,2, ..., p}.
A configuration o on a subset A C V is defined as a function x € A — o4(z) € ®. The
set of all configurations on A is denoted by Q4 = ®4, while the set of all configurations
on V is given by 2 = Qy with o0 = oy.

The p-state asymmetric clock model is defined by the Hamiltonian

j=—J 3 COS(% (1) ~o(y) ~ A)), (1)

(z,y)EL

where J € R is the coupling constant, and A € R is an additional parameter of the model.
Let h: x> hy = (hox, Mgy Bmz) € R™ be a vector function of z € V' \ {2°}.
Consider a probability distribution x™ on Q. :

1™ (o,) = Z7  exp(—BH(0,) Z ho( (2)
zeWp

where 0, € Qy,, = %, T > 0 is temperature and

Z exp(—(BH (6,) + Z h&(z),z)

&neﬂvn zeWn,

A probability distribution p(™ is said to be compatible if for any n > 1 and 0,,_; € Qy; _,,

we have
S (00 V) = 1" (e, 3)

wnGan

where 0,1 Vw, € Q. In this case, there is a unique measure p on 2 such that u({o |y, =
o)) = u™(0,), for all n and o,, € Qy;,. Such a measure is called a splitting Gibbs measure
(SGM) corresponding to the Hamiltonian H and to the function x +— h,,x # xq [1].

The following statement gives a condition on h, guaranteeing that the distribution of
p™ (o) is compatible.

Theorem 1. The probability distributions ™ (c,),n = 1,2,..., determined by the
formula (2), are compatible if and only if, for any x € V '\ {2}, the following equation

holds:
= S F(p,0). (4)
y€S(w)
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Here, 6 = exp(J 3 COS(%A)), where h’ denotes the vector
h; = (hl,:c - hp,xa h2,x - hp,xa ceey hp—l,ac - h’p,z)
and the vector function F(-,p,d) : RP~1 — RP~1 is given by
F(h7p7 9) - (Fl(h7p7 9)7 o 7Fp71(hap7 0))7 h = <h17 h?a sy hp71>7
with components
z exp(JB cos(Z (i — j — A)) + hyy) + exp(JB cos(Z(i — p— A))

=1

Fy=In? o ,

> exp(JBcos(Z(p—j — A)) + hyy) + 0

j=1

1=1,...,p—1.

Namely, for any boundary condition satisfying the functional equation (4) there exists
a unique SGM.

Proof: Necessity. Suppose that (3) holds; we aim to prove (4). Substituting (2) into
(3), we obtain, for any configuration o, 1:2x € V — an_l(x) € &:

> Z;lexp( BHy a(on)+ > > ( Jﬂcos T (0n1(2) — waly) — A))

WnGQWn z€Wn_1 yES(:Jc

+hwn(y)vy)) =74 exp( Bty 1 (0n1) Z o (), >

wEWn 1

where w,, : x € W, = w,(z).
From this, we derive:

Zn—1 Z H H exp(J 3 cos( (O—nfl(fﬂ) — wo(y) = A)) + he)y) =

UJnEQW zeWp— 1y€S( )

H exp(Po, 1 (@),2)- (5)

CEEWTL—I
Consequently, for all i € ®,

> exp(JBeos(3r(i = j = A)) + hyy)

eXp( - - yEI;[ Z exp Jﬁ COS(?W(]) J— A)) + hjvy). <6)

]€<I>

Introducing 0 = exp(Jf COS(%A)) as in (5) and denoting h;, = h;, — hy ., we obtain (4)
from (6).
Sufficiency. From (4), we recover (6) and (5), leading to (2). This completes the proof.
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Let Q, be a field of p-adic numbers. For each a € Q,, n € Z we denote
By(a)={x€Q,: |z —al, <p"}.

We notice that B, (a) is a clopen subset of Q,. Recall that Z, = {z € Q, : |z|, < 1} and
7y ={x € Q, : |x|, = 1} are the set of all p-adic integers and p-adic units, respectively
(for further details on p-adic analysis, the reader is referred to [1,2]).

The range of the p-adic exponential function is denoted by &,, and one has

P BO(l)a lfp 7A 2.

By (>°(Z) we denote the set of all bounded bilateral sequences over Q,, i.e. x =
(- 1,20, 71,...) € £0(Z) if and only if max{|z;|, : i € Z} < oo. Here we have used
"max"instead of "sup"because of the discreteness of the p-adic norm.
We notice that £>°(Z) is a non-Archimedean normed space over Q, where the norm is
defined by
| x |l,= max{|z;|, : i € Z}, x € (7(Z).

The set )(Z) = {xeﬁgo(Z): lim |xin\p:0} is a closed subset of (>°(Z).
n—oo
Consequently, (¢)(Z), || - ||,) is a non-Archimedean Banach space.

Let x = (...,2x_1,%0,21,...) be a bilateral sequence on @Q,. Then the following are
equivalent:

* x € )(Z);

o
o > ;) < oo for any permutation 7 of integers.

1=—00

We consider the following nonlinear bilateral recurrence equation
Tntl = ((l’l + l’_l) >\n + (6 + 871> (1 — )\n)) Tp — Tp_1, Vn S Z, (].)

where 6 € £, \ {1} and A= (..., A_1, X, A1, ...) € (7).

Theorem. Let A = (..., A1, Ao, A1,...) € cg(Z) be a bilateral vector satisfying Ay = 1,
Ain € pZ, for all n € N. Then, for every 6 € &, \ {1}, the set of solutions to equation (1)
in SPZ has the cardinality of the continuum.
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We present a result concerning Gibbs measures for a Hamiltonian defined on a Cayley
tree % = (V, L) (see [1] for the basic definitions). Following [2], we study a coupled Ising-
Potts model on Cayley trees of order & > 2. The spin variables are vectors (s, o), where
sel={-1,1}and o € ® ={1,...,q}, with ¢ > 2.

A coupled configuration (s, o) on V' is a function assigning to each vertex € V' a pair
(s(z),0(x)) € I x P.

The Hamiltonian of the coupled Ising-Potts model is given by

=—J > s o(a)o(y)> (1)

(z,yyeL

where J € R is a coupling constant, (z,y) denotes nearest-neighbor vertices, and 0;; is
the Kronecker symbol.

In [2], it was shown that each translation-invariant Gibbs measure for the Hamiltonian
(1) (in the case ¢ = k = 2) corresponds to a positive solution of the following system:

9711)1 +0u; +vy +1 2
Ul =
! 0+ 60 1vy + up + v

- 9_1u1—|—9v1—|—1)2+1 2
! 0+ 0—1vy + uy + vy

0L+ Ovy 4+ uy +v1\°
’U =
2 0+ 0-1uy + uy + v,

Denote by n;(H) the set of translation-invariant Gibbs measures of the coupled Ising-
Ising model.

By an analysis of system (2)-(4) we have proved the following:

Theorem 1. The following holds:

L if 0€(3(5-v21), 5(5+V21)
ni(H) >4 2, if 6=3(5-v21), 3(5+ v21)
3, if 0 (0,505 - V2D) U (565 + V21), +00)
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Let Q, be a field of p-adic numbers (see [1]). Any p-adic number x # 0 can be uniquely
represented in the canonical form

x = p" D (g + z1p + T2p® + ...

where (z) € Z and the integers z; satisfy: zo # 0, z; € {0,1,....p — 1}, j € N (see [1]).
In this case |z|, = p™7@).

Let I'* = (V, L) be a Cayley tree and ® = {—1,1} (see [2]). We consider p-adic Ising
model with GéQ)—periodic external field on the Cayley tree.

For given configurations o, € Qy, _, and gp(") € Qu, we define a configuration in
Qy,, as follows

. | opa(z), ifx eV, .,
(On-1V™)(x) = { e (z), ifxeW,.

A formal p-adic Hamiltonian H : 2 — Q, of the p-adic Ising model is defined by

H(o)=J Y  o(@)aly)+) (), (1)
<z, y>€L zeV
where 0 < [J], < p"Y®=Y and 0 < |a,|, < p~V/®~D.
We define a function b : © — h,, Vo € V\{zo}, h, € Q, and consider p-adic probability
distribution z{" on Qy, defined by

n ]' x
W (0,) = Wexpp{Hn(an)} IT »® n=1.2..., (2)

n xGWn

where Z{" is the normalizing constant.
A p-adic probability distribution ugn) is said to be consistent if for all n > 1 and

On—1 € Qy,_,, we have

> ona V) = u (on), (3)
PEQw,,

In this case, by the p-adic analogue of the Kolmogorov theorem there exists a unique
measure f, on the set Q such that uy ({o|v, = 0,}) = ;LEL”) (o) for all n and o,, € Qy, .(see
[3]) A limit p-adic measure generated by (2) is called a p-adic generalized Gibbs measure.

From [3] it is known that the sequence of p-adic probability distributions { ug")}nzl,
determined by formula (2), is consistent if and only if for any z € V' \ {z¢}, the following
equality holds: R
Onyh, + 1

/};x: =~
) 0+ nyhy

yeS(z
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where 0 = exp,{2J}, 1, = exp,(2a,), hy =1, exp,{2h, }.
Let 0 =1+ 601p+o[p], n =1+ n0p*° + o[p'°] and

| m, if |x| — even,
=01, i |z] — odd.

Theorem 1. Let p > 3.Then for the Ising model with ng) -periodic external field on
the Cayley tree there exist two G?) -periodic p-adic generalized Gibbs measures.
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In the work, we consider the mixed type spin-1 and spin-2 Ising model on the Cayley
tree of order two. Let I'? = (V, L) be the Cayley tree of order two, here V is the set of
vertices and L is the set of edges. The vertices x and y are called nearest neighbors and
they are denoted by [ = (x,y) is there exists an edge connecting them. A collection of the
pairs (z,21), ..., (x4_1,y) is called a path from the point = to the point y. The distance
d(z,y),x,y € V on the Cayley tree is the number of edges in the shortest path from x to
y. Let 2° be a any vertex and we call it the root of tree. Denote

W,={2xcV |dz2°)=n}, V,={2xcV|dx2")<n},

Ln:{l: <xay> € L | 'xayE Vn}a
% ={z eV :dx°z) —even}, I? ={ze€V:dx’ )~ odd}.

To define the model properly, let us consider spin state spaces as follows: & = {—1;0;1}
and ¥ = {—2;—1;0;1;2}. The corresponding configuration spaces are defined by 2, =
™% and Q= 0T,

For the configuration £ € = = Q, x {)_, the associated sites belong to successive
generations of the tree. At odd-numbered levels of the tree, spins with W elements are
placed in the vertices at even-numbered levels, i.e.

£(x) = {a(m) if v el?

s(x)if v € T2,

where 0 € & = {—1;0;1} and s € ¥ = {—2; —1;0;1;2}.

Let Si(z) = {y € G2 : (x,y)}, © € Go. Consider the quotient group Go/G5 =
{Hy, ..., H,}, where G} is a normal subgroup of index r with r > 1.

Definition 1. A configuration £(z) is called to be G — periodic if {(x) = &; for all
x € Go with x € H;. A Gs-periodic configuration is called to be translation-invariant.

The (formal) Hamiltonian of the mixed type spin-1 va spin-2 Ising model is defined by

H() =—J ) &@)y),
(zy)

where J € R are coupling constants and £ € =.

For a pair of configurations ¢ and ¢ that coincide almost everywhere, i.e., everywhere
except for a finite number of positions, we consider a relative Hamiltonian H (¢, ), the
difference between the energies of the configurations £ and ¢ has the form

H( ) = =T > (Ex)(y) — o(x)e(y)).
(z,y)
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Let M be the set of unit balls with vertices in V. We call the restriction of a
configuration £ to the ball b € M a bounded configuration &,.
Define the energy of a ball b for configuration £ by

UE) = U6 T) =57 3 E@Ew.

(z,y)EL:
z,y€edb

Let G = {z € Gy :| x| —even}, G2\ G = {z € Gy :| = | —odd}.
In the considered setting, one easily finds that U(&,) € {Uy, ..., U13} for every &,, where

5 3 1 1
Ui =3J, U2:§J, Us =2J, U4:§J, Us = J, U6=§J, U; =0, U8=—§J, Uy = —J,

3 )
Uo = =5/, Un==2J, U= —5J, U3 = -3J

Definition 2. A configuration ¢ is called a ground state of the relative Hamiltonian
H if
U(pp) = min{Uy, ..., U3} for any b € M.
For any 7 =1, ..., 13 we put

A,L:{JGR Ul:mm{Ul,,Ulg}} (1>
It is easy to see
Alz{JIJSO},Algz{JIJEO},A2:A3:A4:...:A12:O.

Let us consider the quotient group G»/G3 = {Hi,...,H,}, where G} is a normal
subgroup of index r with r > 1.

A configuration &(x) is said to be G,(f) -periodic if

_Jo(x)ifzeT?
Sla) = {s(x) ifzeT?

Vo € Gy,x € Hyi=1,r.

Theorem 1. Let k£ = 2.
1. If J € Ay, then for the mixed spin-1 and spin-2 Ising model the configurations & (x) =
(—1;=2), &(x) = (1;2) are GéQ)—periodic ground states.
2. If J € A3, then for the mixed spins Ising model the configurations &(x) = (—1;2),
&4(x) = (1;—2) are G§2)—periodic ground states.
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Let E ={1,...,m} be a finite set and the set of all probability distribution on E

sm—1 — {X = (21, .., Tpp) € R™ 1 ; > 0, le = 1} (1)
i=1

be the (m — 1)-dimensional simplex. A QSO is a mapping defined as V : S™~1 — gm~!
of the simplex into itself, of the form V(x) = x'€ S™"! where

ZIZ';C = Z RM:U%':L'J-, k € E, (2)
ij=1
and the coefficients P;;, satisfy
Pjr="Pji>0, Y Pjr=1 forall ijkeE. (3)
k=1

The trajectory (orbit) {x(™}, o, of V for an initial value x(® € S™~! is defined by
x(mt) =y (x(”)) =yt (X(O)) , n=0,1,2,..

Separable QSOs were introduced as follows: let A = (ai);}—,, B = (bjx),_, be the
matrices with the real entries. Consider the QSO (2), (3) with additional condition

Dijr = aikbjkv Vivja ke Ev (4)

where a;, bj € R entries of matrices A and B such that the conditions (3) are satisfied
for the coefficients (4). Then the QSO V corresponding to the coefficients (4) has the form

7, = (VX)) = (AX), - (BX), k€ E, (5)

where (A(x)), = éaik%, (B(x))r = i bjkx;.

j=1
Definition The operator (5) is called a separable QSO.
Let us consider the following matrices:

100 1 14a 1
A=l010]|,B=|1-a 1 14+¢ |, (6)
00 1 1 1-c¢ 1

where a, c € [—1,1].
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Then corresponding SQSO W : §% — 52 is:
) =z (1 —axy),
W xy=x9 (14 axy — cx3), (7)
xhy = x5 (14 cxa) .

Let a face of the simplex S? be the set I, = {x € S? : z; =0, i ¢ a C {1,2,3}}.
Let the set int S = {x € S? : xyzow3 > 0} and let the set 5% = S? \ int S? be the
interior and the boundary of the simplex S?, respectively. Let e; = (1,0,0), e; = (0, 1,0),
e3 = (0,0,1) be the vertexes of the two-dimensional simplex.

Theorem 1. For the SCSO W (7), the following assertions true:
(i) The faces L1901, T3y, Tiosy of the simplex S* are invariant sets;
(11) FIX(W) = {el, €q, 83};
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Lotka—Volterra systems are important models in mathematics, biology, and economics.
Their trajectories and limit sets, especially in simplices, help to understand long-
term behavior. This work studies degenerate cases of Lotka-Volterra mappings in the
simplex S*, showing how skew-symmetric matrices and tournament graphs describe the
convergence of trajectories.

For any 2° € S, let

w(@®) = {20, 2W, 23 1}
be the set of limit points of the positive trajectory, and
a(z®) = {20, 2V 2D )

be the set of limit points of the negative trajectory.

Definition 1. A graph with vertices 1,2,...,m is called a partially oriented graph,
in which any two vertices are connected by a directed edge; such a graph is called
a tournament. It is known [2] that matrices in general position form an open and
dense subset everywhere in the set of all skew-symmetric matrices, and moreover, the
corresponding partially oriented graph is a tournament.

Definition 2. A skew-symmetric matrix is called a matrix in general position if all
its principal minors of even order are positive. The Lotka—Volterra operator consists in
studying the trajectories of points and defining the set of initial points P and the set of
terminal points () of the trajectories. It is clear that with each skew-symmetric matrix
one can associate the corresponding partially oriented graph.

Theorem 1. For any interior point 2° of the simplex S*, both the positive and the
negative trajectories converge, and, moreover a(z°) C P and w(2°) C Q.

Theorem 2. Every trajectory converges and, moreover, a(z°) C P, w(2°) C Q.
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The Chui-Weeks model on the Cayley tree (see [2]) is defined by the following

Hamiltonian
=J Z —o(y) | +Oéz5a(x),o, (1)

(z,yyeL eV

where J, o € R, «v is an external field, and o € &V, & = {0, 1,2, 3}, as well as §; ; denotes

the Kronecker delta, that is, d; ; = 1 if ¢ = j and 0 otherwise.
Recall that model (1) coincides with the SOS model under the condition o = 0 (see,

e [1]).
Let M be the set of all unit balls with vertices in V' and let S;(z) be the set of all
nearest-neighbor vertices of x € V. We denote the restriction of a configuration ¢ to the

ball b € M by op,. The energy of configuration o, on b is defined by the formula
J

Ulow) =5 > lo(@) —o(a) k+225m

xESl(Cb) r€b

where J = (J,a) € R? and ¢, is the center of the unit ball b.
The Hamiltonian (1) can be written as

== Z U(O’b).

We proved the following lemma.
Lemma. Let k = 2. Then for each configuration py,, we have the following

Ulpy) €{U; 11 =1,2,...,29},

where
Ul_o;Ug_a;Ug_g;U4_g+%,U5_%+%O‘U J; Uy = J+Z

U8:J+%§U9 J+34,U10—32J U11=%]+%;U12=%]+%;U13=%7+%;

U14:2J;U15:2J+Z,U16—2J+ U17—52J UISZ%JF%;UN:%J %;
U20:3J;U21:3J—|—%;U22:3J+%;U23:3J—|—?27a;U24:%]—|—%;
UQS_%M;U 4J+Z U27—4J+ Uy = 92J+%;U29:% ?ZTO‘.
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Definition. A configuration ¢ is called a ground state for the Hamiltonian (1), if
Ul(pp) =min{U; : i =1,2,...,29}

for any b € M.
We denote A¢ = {(J,a) € R? : Us = min{U; : i = 1,2,...,29} }.
Calculations show that:

A ={(J,a) eR*: J>0,a>0}; Ay ={(J,a) e R*: 18] > a, a« < 0};

Ag=As=Apg=Au=A1r={(J,a) €R?*: J=0,a>0}; Ay = A5 = A; = Ag = Ay
=An =Ap = A3 = A5 = A = Aig = Ajg = Agy = A = ...
= Ay ={(J,a) €ER*: J =0, a=0}; Ay ={(J,a) ER*: —a < 6J < 0};
Ays={(J,a) €R*: 0 < < —6J}; Agg = {(J,a) e R?*: 18] < a < 0}
and (J?, 4, = R2.

We study all translation-invariant ground states for the Chui-Weeks model on the
Cayley tree of order two. The following theorem describes all translation-invariant ground
states for the four-state Chui-Weeks model.

Theorem. Let k = 2. Then, for the four-state Chui-Weeks model, the following
assertions hold:

(i) The configurations o(x) = i,i € {1,2,3}, for all x € V are translation-invariant
ground states iff (J,«) € Ay;

(i) The configuration o(x) =0 for all x € V is the translation-invariant ground state iff
(‘L CY) € A2;'

(iii) If (J,a) € R?*\ (A U Ay), then there is no translation-invariant ground state.

Proof. Let k = 2.

(i) We consider the configuration o(z) =i, i € {1,2,3}, for all z € V. For any b € M
by Lemma we have U(cy,) = Uy = 0. Thus the configuration o(x) =i,i € {1, 2,3}, for all
x € V is ground state iff (J, ) € Ay;

(ii) We consider the configuration o(z) = 0 for all z € V. For any b € M by Lemma
we have U(op) = Us = . Thus the configuration o(x) = 0 for all z € V' is ground state
if (J,a) € Ay

(iii) It is obvious. Theorem is proved.
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Let us denote by R and R, the set of all real and non-negative real numbers,
respectively. Then for a given m > 2 we denote by S™~! the set of all probability vectors
(or distributions), i.e.

Sm_l = {X: (':Elvaa"'?xm) GRT : Zxk: 1}
k=1

One can see that S™ ! is a norm closed subset of R™. Moreover, S™~! is a simplex, i.e.
every x € S™ ! is written as follows x = Y7 | zey, where {e,}7, is the standard basis
of R™.

The quadratic stochastic operator (QSO) is a mapping of the simplex into itself, i.e.

Vi, = ZPZ-j,kaxj, k=1,...,m. (1)

,j=1

where Pj;;, are coefficients of heredity and

Pij,k = _Pz%k Z O, VZ,.],]{? € {]., Ce ,m}, (2)
d Pyr=1, Vije{l,...m}. (3)
k=1

Thus, each quadratic stochastic operator V' can be uniquely defined by a cubic matrix
P = (P )i =1 with conditions (2), (3).
(-Volterra QSO. Fix ¢ € {1,...,m} and assume that elements P;;; of the matrix P
satisfy
Pir=0, Vke{l,...,0}, i,je{l,...,m}, (4)

P, > 0 for at least one pair (i,j),i # k, j # k, for any Vk > (. (5)

Definition. [4] For any fixed ¢ € {1,...,m}, the QSO defined by (1) — (5) is called
¢-Volterra QSO.
The following type of 1-Volterra operator on S? was studied in [2,3]

' = x(x + 2ay + 2bz),
Vape 1 8 ¥ = 4> +2(1 = b)zz + 2cyz, (6)
2 =22+2(1 —a)zy +2(1 — c)yz,

where a,b,c € (0;1).
By Fix(V,..) we denote a set of all fixed points of the operator V,; ., 1i.e. x € Fix(Vyp.)
if and only if V(x) = x.
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It should be noted that in [2,3] the authors investigated the operator V' defined by (6)
in the special case a = b.

Theorem. Let V, ;. be a QSO given by (6) and a # b. If sgn(1 — 2a) # sgn(2b — 1)
then

{e1, ez, €3}, if ¢ # %,
Fix(V,pe) =
(o) { {e1} U{(0,y,1—y):ye0;1]}, ifc:%_
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Let E = {1,...,m} be a finite set and set of all probability distributions on £

- :{x:(xl,xg,..., ERm sz_ y

the (m — 1)- dimensional simplex, where RT = {x e R™: z; >0, i=1,...,m}.

A mapping V : R — R} is called stochastic operator (SO) if V(5™ 1) C S™~1. The
simplest non-linear SOs are quadratic stochastic operators.

A map V : S™71 — S™71 5 called a quadratic stochastic operator (QSO) if

(Vx)p = Z Dij kTi;

ij=1

for any x € S™ ! and for all K =1,..., m, where

Pijk = pjik > 0, for all 4, 7; sz‘j,k: = 1.
k=1

A QSO is said to be a Volterra QSO if the coefficients of heredity satisfy the following
additional assumption p;;, =0, for k ¢ {i,j}, 5, k=1...,m
The orbit (trajectory) {x(™}>° of an operator V for an initial point x(® € S™! is
defined by
x ) = (x™) = v (%), n=0,1,2,...

Denote by wy (x(?) the set of limit points of the trajectory {x(™1>° . One of the
main problems in mathematical biology consists to study of asymptotical behaviour of
the trajectories for a given QSO. In other words, the main task is the description of the
set wy (x(¥) for any initial point x(® € S™~! for a given QSO.

A point x € S™71 is called a ﬁxed point of V' if V(x) = x. Denote the set of all fixed
points by Fix(V). We let a face of the simplex S™~! be the set T, = {x € S™ ! : z; =
0, i¢ aC E} and let e, = (014,02,...,0m;) € S™ ', i =1,...,m, the vertices of the
simplex S™~!, where §;; is the Kronecker delta.

Let DV (x*) = (0V;/0x;) (x*) be the Jacobian of V' at the point x*. A fixed point
x* is called hyperbolic if its Jacobian DV (x*) has no eigenvalues on the unit circle. A
hyperbolic fixed point x* is called: (i) attracting if all the eigenvalues of the Jacobian
DV (x*) are in the unite ball; (ii) repelling if all the eigenvalues of the Jacobian DV (x*)
are outside the unite ball; (iii) a saddle otherwise [1].

Let 7 be a permutation of the set E. Define a map T : S™~! — S™! by the formula
T (%) = (Tr(1)s Tn(2): - - - s Tnm)) -

In [2] it has been proven that any quadratic homeomorphism of the simplex is a
superposition of the permutation T, and the Volterra operator Vy, that is T o Vj.
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We shall study the dynamics of the following homeomorphism of the simplex S?

) =z (1 + axy + bxs) (1 + by + axs — abrixe — abryzs + (be — ac)razs),

W oy =x3(1 —bry —cxs) (1 — azy + cxy — ala + ¢)xyw5 — abrixz + woxs)
rh =19 (1 — azy + cx3) (1 — by — cxz — abryxe — b(b — )13 + Pwo3)

where a,b,c € (0, 1].
It is easy to see that W is a superposition of the Volterra QSO and its permutation.
Denote x* = (0, 2*,1 — z*), where z* € [0, 1] is a real solution of the quartic equation

(1-2)1=cz)(1+c(l+c)z—c?2?) —az=0.
Theorem. For the SO W the following assertions are true:
i) the face I'fy3) is an invariant set;
ii) Fix (W) = {es,x*}, here e, is attracting and x* is repelling points;

iii) for any x(© € S? we have

{e1}, it 2" >0,
ww (O =y, o =02 =0,

fenesy, i 2 #2240 0.
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Let E ={1,...,m} be a finite set and the set of all probability distributions on E

St =Ax = (21,...,2,) ER™: 2; >0, for any i and Zazizl},

i=1

the (m — 1)-dimensional simplex.
A cubic stochastic operator (CSO) is a mapping W: S™ 1 — S™1 of the form

Wz, = Z Pijpevixjxr, (€L, (1)
i.j,kE€E
where Py, are the coefficients of heredity such that
Pyry >0, Vi jkl€E, Y Pue=1 Vi jkeE. (2)
(eE
Let
A= (ai0)imy s B= ()] =y C=(cr)im
be the matrices with the real entries.
Consider a CSO (1), (2) with additional condition
Pijre = aibjecre, for all 4,7,k (€ F, (3)

where a;, bje, ce € R entries of matrices A, B and C' such that the conditions (1) are
satisfied for the coefficients (3). Then the CSO W corresponding to the coefficients (3)
has the form

zy = (W(x)), = (A(x)), - (B(x)), - (C(x)),, (€EE, (4)
where (A(x)), = i awai, (B(x)), = szjl bz, and (C(x)), = kil Chelh.

Definition The CSO (4) is called separable cubic stochastic operator (SCSO).

Let us consider the following matrices:

1 00 1 1+ 1 1 1
A=lo1 0|, B=[1-a 1 1], 0c=|1 1 14¢],
0 0 1 1 1 1
where ab + bc = ac and a, b, c € [—1,1].
Then corresponding SCSO W : §? — 52 is:
=z (r1+ (14 a)ry + x3) (x1 + 22+ (1 — ) x3),
W zh=xo((1 —a)xy + 2o+ x3) (21 + 22+ (1 + ¢)x3), (5)

zh =x3((1+b)xy + 22+ 23) (21 + (1 — ¢)zy + 23) ,
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where ab + bc = ac and a, b, c € [—1,1].
Using the equation x; + x2 + x3 = 1 we rewrite the operator (5) as follows

y =z (14 azy) (1 — bxg),
W ah=mxo (1l —ax)(1+cxs), (6)
xh =x3 (14 bxy) (1 — cxy),

where ab + bc = ac and a, b, c € [—1,1].

Let a face of the simplex S? be the set I, = {x € S? : z; =0, i ¢ a C {1,2,3}}.
Let the set int S = {x € S? : xyzow3 > 0} and let the set 5% = S? \ int S? be the
interior and the boundary of the simplex S?, respectively. Let e; = (1,0,0), e; = (0, 1,0),
e3 = (0,0,1) be the vertices of the two-dimensional simplex.

Theorem 1. For the SCSO W (6), the following assertions true:
(i) The faces L1901, 13y, Tiosy of the simplex S* are invariant sets;
(11) Fix (W) = {el, (SO eg};

(iii) for any x9 € (1 9y we have

Ww (X

(0)): e, if O<CL§1,
e, if —1<a<0;

(iv) for any x© € I'yy 3y we have

o (x0) = e, if 0<b<1,
v ey, if —1<b<O0:;

oy _ Jes if0<e<t,
ww (x) {%,ﬂ —1<e<0
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Consider a map V : R? — R3| x = (11, 29, 23) = X' = V(x) = (2], 7, 74) defined by

) = x — frixe — axq,
V. Z‘IQ =T + 5$1I2 — YT, (1)

Ty = x3 + YTo + .

Such operators can be considered as discrete analogues of the models which arise in
the problems of epidemiology (see e.g. [1,2,3]).
The orbit (trajectory) can be written as x" ™) = V(x™) = V" (x9) | n > 0. We are

interested in studying the limit lim x, for any initial condition x(®© € R3. Let wy, (x(o))
n—oo

be the set of limit points of the orbit {X(")}nzo Lo -

Let S?={xeR®:2; > 0,29 > 0,23 > 0,21 + 22 + 73 = 1} be the two-dimensional
simplex. Denote by e; = (814, 02, 03;) € S?, i =1,2,3, the vertices of 5%, where §;; is the
Kronecker delta symbol. We set T, := {x € S*:x; =0, i¢ 7 C{1,2,3}} be a face of
S2.

A point a € S? is called a fized point of V if V (a) = a and we denote by Fix (V) the
set of all fixed points.

Proposition-1. (1) maps S? to itself if and only if

0<a<l, 0<9<1, 7y—-1<f<1~a (2)

Theorem-1. For the operator (1) the set of fixed points has the form:

(52, if a=p=7=0,
I3y, it a=p=0,v#0,
Iy Ulpsy, if a=v=0,8#0,
Fix (V) = ['(2,3}, if B=~4=0,a#0,
NS it a=0,py#0,
{e;}, it =0, ay#0,
[ya3), if v=0,a8#0,
| {es) if - afy #0;

Here, the point e3 is an attracting fixed point, and all other fixed points are of non-
hyperbolic type.
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Theorem-2. For the quadratic operator (1) with parameters given in (2) for an
arbitrary initial point x(*) € §2\ Fix (V), the set of limit points has the form:

.
{(m&o),xgo),$§0)>}, if a=83=~v=0,

) 1f04:5:0777é07

if a=~v=0, >0,

(1—1’:(30),0,1’30) , if a=v=0, 8<0,
wy (x1V) = (0.2 1-a")}, i a0, =7=0,
(1 —a%,0,2%)}, if a=0, fv#0,
{(0,0,1)}, if #=0, ay#0,
{(0,1 —a3,23)}, if =0, aB#0,
{(0,0,1)}, if afy #0.

\

Corollary. For any parameters (2) the quadratic operator (1) is a regular
transformation.
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m

Consider the space R™ with the norm |x|| = > |z;] = 1. Let S™!
i=1
{x € R7": ||x|| = 1} be the (m — 1)-dimensional simplex, where RT = {x € R™ :
0, i=1,...,m}.
A map V of S™~! into itself is called a quadratic stochastic operator (QSO) if

v

m
(Vx), = Z PijkZiZy,

ij=1

for any x € S™ ! and for all k = 1,..., m, where

Dije = Pjie > 0 foralld,j,k=1,...,m and Zpij,kzl, ,]=1,....,m.
k=1

Assume that {X(")}n:O L, C 5™ 1is the orbit (trajectory) of the initial point x(® €
S™=1 where x("t1) = V(X(”)) foralln =0,1,2,... Let wy (X(O)) be the set of limit points
of the orbit {X(”)}n:012 . Since S™7! is a compact set, and {x™} c Smlit

n=0,1,2,...
follows that wy (x() # 0.

A point x € §™7! is called a fixed point of V if V(x) = x. Denote the set of all fixed
points by Fix(V). We let a face of S™ ! be the set I, = {x € S™1: 2, =0, k ¢ a},
where o C {1,...,m}; let &, = (814,024, ...,0mi) € S™ 1, i € {1,...,m}, denote the
vertices of the simplex S™!, where §; ; is the Kronecker delta.

The QSO V is called Volterra, if p;;, = 0 for any k ¢ {i, j}. The asymptotical behavior
of orbits for Volterra QSOs was deeply studied [2].

Let DV (x*) = (0V;/0z;) (x*) be the Jacobian of V at the point x*. A fixed point
x* is called hyperbolic if its Jacobian DV (x*) has no eigenvalues on the unit circle. A
hyperbolic fixed point x* is called: (i) attracting if all the eigenvalues of the Jacobian
DV (x*) are in the unite ball; (ii) repelling if all the eigenvalues of the Jacobian DV (x*)
are outside the unite ball; (iii) a saddle otherwise [1].

In [3|, quadratic operators with nonstochastic matrices were studied, and necessary
and sufficient conditions on the operator coefficients were established for the quadratic
operator to preserve the simplex.

Consider a non-Volterra quadratic operator defined on the two-dimensional simplex
which has the form

/ 2 2
1 =27+ (v2 + 23)° — ar1T0 — Az 23,

Vo oh= (24 a)ry,, (1)
rh = (24 a)x23,

8
I
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where o € [-2,1].
For o € (—1,1] denote S, = {x € S?: z; =1/(2+ a)}.
In the following theorem we give description fixed points and their types.
Proposition 1. For the operator V, the following statements are hold:

i) the faces ['f12y and I'(y 3y are invariant sets with respect to operator Vi;

ii)

, _J{ed}, if ael-2,-1],
Fie(Va) = {{el}USa, it ae(-1,1];

iii) the point x € S, is a non-hyperbolic and the vertex

attracting, if ae[-2-1),
e; has the type a (an) < non-hyperbolic, if a= -1,
repelling, if ae(—1,1].

The following theorem describes the orbit of any point x(® € S2.
Theorem 1. For the operator V, the following statements are hold:

i) if x» € I'z3) then for any a € [~2,1] we have V,, (xV) = e;;
i) if x@ € T'y9; \ {e1, €2} then we have
(1,0,0), if «oel[-2-1],
i V2 0y =4
e (mm0> if e (-1,1];
iii) if x© € (135 \ {e1, €3} then we have
(1,0,0), if «el[-2,-1],
lim VOCL (X(O)> - 1 1ta :
fuvd (m,o, 2+—a> if ae(-1,1);
iv) if x© € int S?\ Fiz(V,), then we have
(1,0,0), if ae€l-2,-1],
Tim V7 (x@) =< (1 (1+ )zl (1+a)ay”
24 (24 q) (l‘éo) - a:go)) (2+a) (xéo) - x§0)>

if a e (=1,1].

Remark 1. The operator given by (1) for the case o € [0, 2] was investigated in [3].
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In recent years, the study of infectious disease spread within populations has become
increasingly relevant. Mathematical modeling of infectious diseases aids in studying the
spread of diseases. In the classical SEIR model, the population is divided into four parts:
(i) S— part of the population that is susceptible; (ii) F— the part of the population that
is exposed; (iii) /— the part of the population that is infectious; (iv) R— the part of the
population that has recovered from the disease.

Consider the following epidemic model

Sni1 = Sn — BSul, + uRy,
Enii =1 —m)En + BSuln,
Lyi = (1= 7)lh + 1By,
Ry = (1= p) Ry + yaly,

(1)

where n is a non-negative integer number. where S, F, I and R are defined as above and
S+ FE+ 1T+ R = 1. The parameters — is the infection rate, v;— denotes the rate
at which an exposed person is converted to an infector, 79— denotes the rate at which
infectors are recovered, u— be the rate at which removals lose the immunization and
become susceptible.

The nonlinear system (1) is analyzed using the quadratic stochastic operators
approach.

Let S™ ! ={x € R} : " x; = 1} be the (m — 1)-dimensional simplex. A map V' of
i=1

S™=1into itself is called a quadratic stochastic operator (QSO) if

V(X)k = Z Dij kTiZj, k= 1,2, s, m, Vxe€ Sm_l’

ij=1

where p;jr = pjir > 0foralli,j,k=1,....mand > )" pijr=1foralij=1....,m.
Assume {x™ € S™71:n =0,1,2,...} is the orbit (trajectory) of the initial point
x(® € §m=1 where x"*) = V(x™) for all n = 0,1,2,... We denote by wy (x(?)) the set

of w- limiting points of the orbit {X(")}n>0.

We let a face of the simplex S™ ! be the set T, = {x € S™ ' : 2, =0, k ¢ a}, where
a C{l,...,m}; let & = (614,004, ...,0mi) € S™ ' i € {1,...,m}, denote the vertices
of S™~1 where §; ; is the Kronecker delta.

The QSO V is called Volterra, if p;j, = 0 for any k ¢ {i, j}. The asymptotical behavior
of orbits for Volterra QSOs was deeply studied [1].
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Consider following operator V : R* — R*, x — x’ = V(x), defined by

A
T) = 21+ pxy — Pris,

b = (1 —=m)xs + Briw3,
vy = (1 = y2)z3 + 1122,
vy = (1 = p)xy + 7213,

8

where fE’l = Sl, x’2 = El, l'g = Il, .TZL = Rl, Ir = So, Lo = Eo, I3 = Io, Ty = Rg.

In [2], the dynamical properties of a discrete-time SIRD reinfection model were
investigated. Using the approach in [2], we analyze the discrete-time nonlinear operator
defined in (2).

Proposition 1. The operator (2) maps S? to itself if and only if

57717727“6 [071] (3)

In the next theorem, we describe the set of limit points of the orbits of any initial
points under the operator V. We proved that the operator (2) has the regularity property.

Theorem 1. For any x(* € S3\ Fiz(V) and the QSO (2) with parameters (3), the
set of limit points has the form

({1 —af) —af” 2l 20}, i B=m=7%=0, 1>0,
{<x50)7071_1{0)_x510)>07*rz(10)>}7 if 5:72 ZLLZO, " >07
{(2", 2,01 =2t —ai")},  if B=m=p=0,7>0,
{01 -2 =l 20 2")}, i m=mn=p=0,8>0
{(I‘T,O,l ‘TT:O)}? if 52'72 :07 ’71M>Oa
{(1_3850)7'%%0)7070)}7 it B=7=0, %p>0,
{(1—%;—13:(30),$§,13:(30), if M :72:07 ﬁ,u>0,

wy (x%) = ${(@}”,0,0,1 — 2"}, if B=p=0,m%>0,
{(0,0,1 — 21", 23, if yy=p=0, fn >0,
{(0@3’0,1—@)}7 if M =pn=0, 672 > 0,

{ei}, if 8=0, 1y2p >0,

{(27,0,0,1 —a7)}, it p=0, By >0,

{es}, if 72=0, fynp>0,

{(1 - $§a$§7070)}7 if M= 0, B72/~L > 0,
({e1}, if  Byiven >0, B <.
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In [1] all linear operators which maps n-dimensional simplex of idempotent measures
to itself are described. These linear operators on the set of idempotent measures are
"idempotent"analogies of Markov chains, where a state of the Markov chain is an
idempotent measure, but linearity of the evolution operator is defined by the usual
operations + and -. Moreover, in [1|, the dynamical systems generated by the linear
maps of the set of idempotent measures are studied. In this paper we analyze quadratic
operators mapping Z, to itself, focusing on Volterra-type operators. We give limits of
trajectories for all initial points in the case a;; = —1.

Consider a cubic matrix P = (pijak)?,j,kzl with pijr € Rmax-

Definition 1. The quadratic map

Q:x=(x1,....,2,) ERpx = @' =Q(z) = (2, ...,2]) € R}

max max

is defined as

n
ZL"/k = Z Dij kTiZy, k= 1, 2, ey N (1)
ij=1
where p;; i € Rax-
Definition 2. Quadratic operator (1), corresponding to matrix P = (pij,k)zj;k:p with
pije < 0 for all ¢, 7, k, is called quadratic Volterra operator if it satisfies condition:

Pijk = 0, k 52 {ivj}‘ (2>

By this definition, it is easy to see that a Volterra operator (denoted by V') has the
following form:

Vo =y Z(pzkk + prik)Ti, k=12, n. (3)

i=1

Definition 3. [see 2| A fixed point zy = (mgo) , xgo), s x%o)) of an operator V is called
hyperbolic if its Jacobian Jy (x¢) has no eigenvalues on the unit circle.

Definition 4. [see 2| A hyperbolic fixed point zo = (z\”, 2\, ..., z!")) called:

1) attracting if all eigenvalues of the Jacobi matrix Jy (zg) are less than 1 in absolute
value;

2) repelling if all eigenvalues of the Jacobi matrix Jy (x) are greater than 1 in absolute
value;

3) saddle otherwise.

Definition 5. [see 3] Quadratic Volterra operator (4) with condition (2) is called a
quadratic absolute stochastic Volterra operator (QASVO).

From condition (2) it follows that for QASVO we have p;;; = —1 forany i =1,...,n.
Let’s denote by a;; = piji + pjis, it i # j, else if i = j then a;; = pii;.

We study trajectories of non-fixed points for QASVO in the case n = 4. We have to
study following cases for ¢, 5,k € {1,2,3,4}: a;; = ag = ajp, = —1.
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In this case we have fixed point as (0,0,0,0) and all points of the peace of plane
z; +x; +x, = —1, where z; <0, z; <0, =z, <0 fori,j ke {1,234} Now, let us
find trajectories of non-fixed point under QASVO V : Z, — Z,. Under condition (4) the
system (™D =V (2™) gets following system:

(xgmﬂ) = —wgm) (m) + mé ™y xém) + xflm) ,

() _ ) () (m) a4 ol 4 atm
xgmﬂ) = —xgm) (m) + xé ™) + x:(gm) + xim) , (4)
xflmﬂ) = —xflm) (m) + wé ™y xém) + xflm)

Proposition 1. Suppose a;; = —1, i,j € {1,2,3,4} . For the QASVO V : 7, — Zy:

a) the fixed point (0,0,0,0) is an attracting fixed point;

b) all fixed points (21,2, x3,24) € Iy, where, ; + x; + 2, = —1, x; < 0, z; <
0, xp <0, and z; =0 for 4, j,k,l € {1,2,3,4} are repelling fixed points.

Let denote by

Dir={rely: —1<zi+a;+z,<0, 2, =0}, i,j,k,l€{1,2,34}.

Theorem 1. Let n = 4 and @;; = —1 for 4,5 € {1,2,3}. For arbitrary z© =
<x§ ), a:go), xé ), 0) the trajectory has the following limit

( { (0,0,0,0), if 2@ = (xg),xéo),x() 0) € Dias;
{ 20 = (I(o) mgo),xé ), O) ,if xgo) + xéo) + x:())()) =—1;

if (0= (xgo),xg),xg), )614\1)123, then
—50,0,0,0), if z” #£0, 2V =0, 2V =0,
0,-00,0,0), if 2\¥ =0, 2”20, 2 =0,
0,0, —00,0), if ()_o x“_o, 20 £ 0,

lim V™ () = E
(
(=00, —00,0,0), if #¥£0, 2\ £0, 2V =0,
(
(
(

m—ro0

—00,0,—00,0), if x§°) #0, xgo) =0, xg) £ 0,
07 — 00, _0070)7 if ‘Tg()) = 07 ng) 7é 07 xZ(SO % 07

—00, —00, —00,0), otherwise.
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Idempotent mathematics employs associative operations @ (idempotent addition, = &
x = ) and ©®, forming semifields/semirings. A key example is the tropical semiring
Ryax = RU{—0o0}, where @ is max, ® is +, 0 = —oo, and 1 = 0 (see [1],[2]). Tropical
geometry studies polyhedral complexes (tropical varieties) with applications in algebraic
geometry, optimization, and biology [3].

Idempotent measures, used in control theory and nonlinear PDEs (e.g., Hamilton-
Jacobi equations), define the simplex

T, = {(z1,...,2,) €R"

e MAX T; = 0}.

Note that max; z; = 0 is equivalent to 1 & - - - ® z,, = 1 (see[1]).
Consider a cubic matrix P = (pij,k)?j vy With pijr € Riax.
Definition 1. The quadratic map

Q;x:(ml’“_’xn) cR" %%’:Q(l‘):(l’&,,l’;)ERn

max max

is defined as .
.%'2/, - Z DPij kil yj, k=12 ..,n, (1)
ij=1
where p;jx € Ruax.
Denote

Mn = {:E = («TI; ,ZEn) I~ R:Lnax DX S 07 Zxk — _1}'
k=1

We note that any quadratic map (1) with p;;, < 0 and

> b =—1 (2)
k=1

maps M, to itself.
Definition 2. Quadratic operator (1), corresponding to matrix P = (pijvk)zj,k:17 with
pije < 0 for all 7, j, k, is called quadratic Volterra operator if it satisfies condition:

pijk =0, k ¢ {@]}- (3)

By this definition, it is easy to see that a Volterra operator (denoted by V') has the
following form:

Vioz) =m Z(pik,k: + prik)Ti, k=1,2,...,n. (4)
i=1
Theorem 1. A quadratic operator V' given by cubic matrix P = (pij,k)?j ey With pij e <0
maps Z,, to itself, if and only if it satisfies one of following conditions:
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i) Each k-th matrix Py, = (pij); ;_; of the cubic matrix P’ contains exactly one non-zero
row and exactly one non-zero column.

ii) Cubic matrix P has at least one zero matrix, i.e., 3m < n such that all elements of
m-th matrix P,, consists of only zeroes.

Condition (3) implies that Volterra operator satisfies the first condition of Theorem 1.

Theorem 2. A quadratic Volterra operator, maps Z,, to itself.

Definition 3. Quadratic Volterra operator (4) with condition (2) is called a quadratic
absolute stochastic Volterra operator (QASVO).

From condition (2) it follows that for QASVO we have p;;; = —1 forany i =1,...,n.

Definition 4. A solution to V(z) = z is called fixed point. The set of all fixed points
denoted by Fix (V).

Proposition 1. If z = (xy,...,2,) is a fixed point of a quadratic map (1) with
conditions p;;; < 0 and (2) then

i T; € {—1, 0}
i=1

All fixed points of Volterra operator V' : Z,, — Z,, are defined and described their
characteristics in the case pijxxr + prix = —1 for general n. And also, fixed points of
Volterra operator V' : Z,, — Z,, in the case p; ; + prix 7 —1 for cases n = 2 and n = 3 are
found and studied their dynamics. Finding all fixed points in the case pixx + prix 7 —1
is a difficult problem for general n. We consider the case n = 4.

Let’s denote a;; = pij; + pjiq, if ¢ # j, and if 7 = j then a;; = pi; ;.

The set of all fixed points of QASVO V : Z, — 7, given in following Proposition.
Proposition 2. Assume n = 4, the set of all fixed points for QASVO V : 7, — 7, is:

Fix(V) = {(0,0,0,0), (-1,0,0,0), (0,-1,0,0), (0,0,—1,0), (0,0,0,—1)}

U{($1,$2,$3,$4> €71,, where, v;+z;+z,=—-1, 2, <0, z; <0, 2, <0, 2, =0,
if Ajjr=0 and a;; = ay = aj; = —1}
U{(x1,9172,333,$4) € I,, where, x; = auji, ;= Bijk, Tk = Vijk, T =0,
if (Ayjr >0, aj; >—1, ayp < -1, aj >—1) or
(A, <0, a;; <=1, ay > -1, ajp <—-1) for i<j<k.
where 4,7, k,1 € {1,2,3,4}.

References

1. Akian M., Densities of idempotent measures and large deviations.

Trans. Amer. Math. Soc. 1999, V.351, P. 4515-4543.

2. Del Moral P., Doisy M., On applications of Maslov optimization theory. Math. Notes.
V. 2001, 69(2), P. 232-244.

3. Itenberg 1., Mikhalkin G., Shustin E., Tropical Algebraic Geometry. Birkhéuser Basel,
2009.



Yosh matematiklarning yangi teoremalari — 2025 65

IDEMPOTENT O’LCHOVLAR SIMPLEKSINI O’ZINI O’ZIGA
AKSLANTIRUVCHI OPERATORLAR

Karimov Muzaffar Musaxonovich!, Karimova Shalola Musayevna?®

'Namangan davlat universiteti, Namangan shahar, O’zbekiston
2Namangan davlat texnika universiteti, Namangan shahar, O’zbekiston
mmkarimov86Qrambler.ru

Maks-plus Ryax va min-plus Ry, algebralar tipik misollar bo’ladi. R— haqiqiy sonlar
maydoni bo’lsin. Unda R,.x = R|J{—oc0} dagi amallar:

r@y=max{z,ylvary=x+y.

Shu kabi Ry, = RJ {400} dagi amallar: & = min, ® = +.

Yangi qo’shish amali idempotent bo’ladi, ya'ni barcha zlar uchun x & x = .

Yuqorida berilgan idempotent qo’shish va ko’paytirish amalli Ry, = R|J{—0oc} ni
qaraymiz. (n—1)—o’lchovli idempotent o’lchovlar simpleksini quyidagi tarzda aniqlaymiz:

n

I, = {(ml, .Tp) € R max z; = 0} =
1<i<
={(z1,..xn) ER . T1D...Dx, =1}.

Faraz qilaylik (P)7 ,, operatorda {i,j,k,....,t} = M va [M] = m bo‘lsin.

Teorema: (P)Z k.11 Operator I, ni o'zini o'zl akslantirishi uchun quyidagi ikki shartni
birini bajarishi zarur va yetarli:

1. [ ning kamida bitta giymatida (P);jx..; = 0 va

Pijk.11 <0, agar m =2h bo'lsa,
Pijk.11 >0, agar m =2h —1 bo'lsa,

_ ‘ Pijr.11 <0 agar € {i,j,k,...,t}
2. Agar m = 2h bo‘lsa { Pijr.i=0 agar (¢ {i,j k, ...t}

{ Pyt >0 agarle{i,jk, ..t}

agar m = 2h — 1 bo‘lsa

Pt =0 agarl ¢ {i,jk,..,t}
Yuqoridagi operatorlarda

Mot — Pijk.ti Pijk.tj Pijkotr - Pijk.ts
Pk +i Pijk.+j Pijktg - Pijk. it

almashtirish yordamida hosil qilingan barcha operatorlar.
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Let 3% = (V, L) be the Cayley tree of order k > 2. Let ® = {0,1,2} and 0 € Q = Y
be a configuration. We denote by () the set of all configurations on V.

We consider the set @ as the set of vertices of the graph G. A configuration o is called
a G-admissible configuration on the Cayley tree, if {o(z),o(y)} is an edge of the graph
G for any pair of nearest neighbors z,y in V. We denote by Q¢ the set of admissible
configurations.

The set of activities [1] for the graph G is a function A : G — R,. For given G and A,
the Hamiltonian of the G-HC model is defined as

Hy(0) = =) InAg(ey, if 0 € Q°

zeV

Let L(G) be the set of edges of the graph G, and let A = A% = (a;;); jez denote the
adjacency matrix of G.
We consider the specific graph G = hinge: {0,0}{0, 1}{0,2}{1, 1}{2, 2} (see [3]).
The notion of a Gibbs measure is introduced in the standard way (see, e.g., [1]-[3]).
It is known [4] that every Gibbs measure for the HC-model on the Cayley tree can be
associated with a set of quantities z = {z,,z € Gy}, satisfying
;0 + 121,y + Qia2ay

Zip = A i=1,2. (1)
VS (e) Qoo + o121,y + Qo222

Translation-invariant and periodic Gibbs measures have been studied in [3]-[7]. We
construct new solutions to (1), i.e., we take m and r to be non-negative integers such that
0<m<kand0<r <k. We consider the following matrix

m k—m
M = <r k — T) '

This matrix determines how many times the values z and t occur in the set S(x) for
each z, € {z,t}. More precisely, the boundary condition z = {z,,x € Gy} with values
z=(z1,22) € R% and t = (t1,t2) € R? is defined by the following steps:

e if at vertex x we have z, = z, then m vertices from the set S(x) take the value z,
and the remaining k — m vertices take the value t;

e if at vertex « we have z, = ¢, then r vertices from S(z) take the value ¢ (Note: r is
used here, not the value r as in the original text, which would be inconsistent), and the
remaining k — r vertices take the value z.

A measure corresponding to z,, constructed in the manner described above and which

is not translation-invariant (TI), is called an alternative Gibbs measure (AGM) and is
denoted as fip, .
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For the AGM, from system (1) we obtain the following system of equations

m k—m r k—r
2= A (2 Y ] o= )\ [ Ltt Atz
1 1421422 1+t1+to ) 1 1+t1+t2 1421422 ’ (2)
m k—m r k—r
o= N\ - [ 22 . 1+to to = \ - 1+t . 1+29
2 1+21+22 I+t1+to » 2 1+t +to 1+z1+22 '

We consider the invariant set Iy = {(z1, 20, t1,t2) € RY: 21 = 29, t; = t5}.

The following theorem has been proven.

Theorem. Let £ > 2 and A > 0. For the HC model in the case G = hinge on Iy,
AGMs (not translation-invariant) exist for A > 0 if and only if m +r < k — 6.

Remark. In the paper [8], alternative Gibbs measures for the HC-model in the case
of the graph "wand"were studied.
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Let 3% = (V, L) is the Cayley tree. For fixed 2° € V we set W,, = {z € V | d(z,2°) =
n}, Vi =U._oWs, where d(z,y) is the distance between vertices z and y on the Cayley
tree. Let ® = {0, 1,2} and 0 € Q = ®" be the configuration, i.e., c = {o(z) € ®: z € V}.
The set of all configurations on V' (V,,) is denoted by Q (Qy,).

Consider the set ® as the set of vertices of some graph GG. The ¢ configuration is called
G-admissible configuration on the Cayley tree (in V) if {o(x),0(y)} is edge of the graph
G for any the nearest pair of neighbors x,y from V' (from V,,). Let us denote the set of
G-admissible configurations via Q®¢ (Q%}f)(see [2]).

The activity set [1]| for the graph G is the function \: {i,j} € K — \;; € R;. Value
Aij of function A on edge {i,j} € K is called its “activity”.

In the hinge-graph G, configuration are admissible only if, for any pair of nearest-
neighbor vertices {x, y}, we have that o(x)o(y) # 2.

For given G and ), it is known if o € Q¢ then the Hamiltonian of the HC model as

H(J) _ —J Z<x7y> ln)\g(x), if o€ QG,
400, if o¢QC.

Let z: @ — 2z, = (204, 21,0y 22,0) € R3 vector-valued function on V. For n > 1 and
A > 0 consider the probability measure ;™ on Q“L/f, defined as

o :L 1 Yoo T o (1)

n (z,y)EVn zeWy,

The sequence of probability measures u(™ is said to be consistent if for any n > 1 and
On_1 € Q“Zfﬁl the equality holds

Z u(”)(an_l V wy)1(op_1 Vw, € QF G) u(” 1)(an 1) (2)

wn €Qy,,

In this case, by the theorem Kolmogorov (see [3|) there is a unique measure p on
(Q*C | B) such that u(o : oly, = 0,) = u™(0,) for all n and any o, € Q“Z/f

We call the resulting hinge-graph model the HC' model. Consequently, for the HC
model we have the next system of the equations

=00 Atoar0+A11a112] , +A12a1225
L111lyes(x) Ao0aoo+Ao1a012] ,+Ao2a0225

(3)

oo [1 A20a20+X21a212] , +A22a2225
2,2 1lyeS(x) Aooaoo+Xo1a012] ,+Ao2a02z5
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and, for any z = {z,: ¢ € V} satisfying (3), there exists a unique GM p for the HC.
We therefore restrict our attention to a smaller class of measures, namely the translation-
invariant GMs, i.e., z;, = 2;.
More precisely, we denote § = exp(.J) and consider the activity A = (A\i;) (i j3ex defined
as
0, if i=1j=2
Aj =14 1, if i=j, (4)
0, otherwise.

Let © = ¥/z1, y = /25. Then searching only for translation-invariant measures, the
functional equation (3) reduces to

0+ a* 0+

1+9wk+9yk’y 1+ OxF + OyF (5)

T

Let the invariant set I} = {(x,y,t) € R®* : x =1, y = t}. Then on the set I}, the
system (5) is equivalent to

.Zl,’k—SC

By analyzing the function in equation (6) for £ > 2, we obtained the following theorem.

Theorem 2. Let £ > 2. Then for the three state HC model in the case G = hinge,
there exist critical values 6.,.(k) = f(xq, k) such that the number of TISGMs on I is 1
if 0 > 0..(k), 2if 0 = 0..(k), 3if 0 < 0 < 0.,.(k), where x; is point of maximum of the
function f(z, k), defined by (6).

Theorem 3. Let k£ = 2. Then, for the three state HC model in the case G = hinge,
there exist critical values 6., ~ 0.13507 and 6, ~ 1.23607 such that the number of TISGMs:
1if0>60,;,5it0>0,;6if0>0.;7if 0 > 46..
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Let m be a natural number and let E,, = {1,2, ... ,m} be a finite set. Then the set
of all probability distributions on the FE,, is

Sl — {x: (x1,m9, ..., xpm) €ER™: x; >0, Vi, sz = 1},
i=1

which is called m — 1-dimensional simplex.
In general, a cubic operator V : z € R™ — 2/ = V (z) € R™ corresponding to a matrix
P = {Pyjri}; ;- is defined by:

Viz =

i

R'jk,lxixjxk, [ = 1, oo, (1>
1

s

Let W be an operator defined on simplex S™~!. A point x € S™ ! is called a periodic
point of W if there exists an n so that W"(x) = x. The smallest positive integer n
satisfying the above is called the prime period or least period of the point x. A period-one
point is called a fized point of W. Denote by Fix (W) the set of all fixed points of the
operator W, i.e.

Fix (W) = {x € 5?: W(x) =x}.

Let DW(x*) = (0W;/0x;)(x*) be a Jacobian of W at the point x*.

Definition 1.[3] A fixed point x* is called hyperbolic if its Jacobian DW (x*) has no
eigenvalues on the unit circle in C.

Definition 2.[3] A hyperbolic fixed point x* is called:

i) attracting if all the eigenvalues of the Jacobian DW (x*) are in the unit disk;

ii) repelling if all the eigenvalues of the Jacobian DW (x*) are outside the closed unit

disk;
iii) a saddle otherwise.
We consider the following CSO on the two-dimensional simplex :
2 = cz® + 32%z + 3x2° + 3wyz,
W =< v =dz*+ 3y*z + 3y2% + 3ayz, (2)
2= (z+y),

where c+d=1, ¢ >0, d > 0.
Theorem. The dynamical system generated by operator (2) has the following
assertions hold
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1. The set of fixed points is Fix (W) = {(c(1 —2%), d(1 —2%), 2%},
1

1
where 2 =1 — £(108 + 12v/93) * + 2(108 + 12v/93) *;
2. The fixed point is a saddle;

3. For any initial point A € S?\ Fiz (W) the trajectory will converge to 2-periodic orbit,
namely to the periodic points (0,0, 1) and (¢, d,0).
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Let I = (V, L) is the Cayley tree. For a fixed 2 € V we set
W, ={z e V]d(x°, ) =n},V, = {x € V|d(a",x) < n},

where d(z,y) is the distance between vertices x and y on the Cayley tree.
We consider a model in which spin variables take values from the set ® = {—1,0,1}.
We then define a configuration o on V' as a function z € V' — o(z) € ®. The set of all

configurations coincides with Q = ®V. Let A C V. We denote the space of configurations
defined on a set A by Q4.
The Hamiltonian of the Blume-Capel model is given by the formula

H(o)=J ) (ox) = a(y)), (1)

<x,y>

where J > 0.
The set of the direct successors of = is denoted by S(z), i.e.,

S(z) ={y € Wpld(z,y) =1}, 2 € W,.

Let h: x> hy = (h_14,hos, h1:) be a vector-valued function on = € V' \ {2°}. We
consider the probability measure p™ on €y,

N’n(gn) = Z;1 eXp{—ﬁH(Jn) + Z ha(w),az}‘ (2)
zeWnp
Here o € Qu., and Z, is a normalization factor, Z, =
> exp {—5H (0n) + D hg(x)yx}, where hs, € R. The probability measure
on €8, zeW,

p™ is said to be consistent if for all n > 1 and any o,,_; € Qy,_,:

Z 1" (0-1,0™) = p" V) (0,1). (3)

g(n)

In this case, there is a unique measure p on {2y such that

,U({U|Vn = Un}) = M(n)(an)

for all n > 1 and any o, € Qy,,.
A condition for h; , ensuring the consistency of the measures p™ is formulated in the
next theorem.
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Teorema 1. Let k > 2. The sequence of probabilistic measures (™, n = 1,2, ...,
defined (3) is consisted if and only if the equalities

o 0421 y+0+21,4
Rlax = HyeS(:v) 0z 1,y +14+021,°

\ (4)
H Z,1,y+9+9 21,y

Z_lvx = yeS(x) 0271,y+1+921,y7

where 0 = exp{JB}, B =1/T, zi, = exp(hix — hox), t = —1,1 hold for any x € V.
Translation-invariant Gibbs measures (TIGM) correspond to solutions (4) with z;, =
zi >0 forall z € V and i = —1,1. We introduce the notation z; = 21, z_1 = 2. Then (4)

has the form
k
o = [ Qlzatb+21
1= 0z1+020+1 )

. k
From the solution z; = 25 = z of system (5), we obtain the following Theorem 2 and
Theorem 3. The case z; # 2o will not be considered here.
Theorem 2. Let k = 2. Then for the Blume-Capel model there is critical value
0. ~ 0.1351717506, such that:
a) for 0 < 0 < 0., there are 3 translation-invariant Gibbs measures: i1, pia, fi3;
b) for 0 = 0., there are 2 translation-invariant Gibbs measures: puy, fia;
c) for O.. < 0 there exists only one translation-invariant Gibbs measure: 1.
Using the methods employed in [2]-[4], we analyze the extremality of the measures
11, o and p3. Consequently, the following theorem holds.
Theorem 3. Let k = 2. For the Blume-Capel model, the following statements hold:
a) the measure py is extremal if 0 € (01, 6,);
b) the measure o is extremal if 0 € (03,04);
c) the measure us is extremal if 0 € (65, 6),
where 0., ~ 0.1351717506, 0; ~ 0.144632, 0y ~ 1.59963, 03 ~ 0.09442, 0, ~ 0.1126974,
05 ~ 0.0771265, and 0 ~ 0.085221.

()
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The Cayley tree [1|. A Cayley tree S* of order k& > 1 is an infinite tree, , i.e. a graph
without cycles in which each vertex is connected to exactly k£ + 1 edges. We denote the
tree by S* = (V, L, i), where V is the set of vertices, L is the set of edges, and i is the
incidence function that assigns to each edge [ € L its endpoints z,y € V. If i(l) = {z,y},
then the vertices x and y are called nearest neighbors, and the edge connecting them is
denoted by I = (z,y).

For a fixed vertex z° € V', we define the set W, = {x € V : d(2°, z) = n},

Vi={zeV:daz)<n},L,={l=(x,y) € L:2,y €V,}. (1)

Here, d(z,y) denotes the distance between vertices z and y on the Cayley tree, which is
defined as the minimal number of edges in any path connecting = and y, i.e., d(z,y) =
min{d : 3z = xg, 21, ..., Tg_1,Tq = y € V such that (zg,x1),..., (xg_1, 74}

Let Z = {...,—2,—1,0,1,2,...}. As shown in [3], all vertices of the Cayley tree can
be partitioned into equivalence classes indexed by integers. Moreover, each vertex in the
equivalence class labeled by m lies on a unique path, referred to as a Z-path.

Model. A configuration 0 = {o(z),z € V} on the vertex set V of a Cayley tree is
defined as a function assigning to each vertex x € V' a value o(z) from the set {—1,1}.
Here, —1 corresponds to the DNA base pairs A and 7', and 1 corresponds to the base
pairs C' and G. The set of all configurations defined on the vertex set V' is denoted by
Q2. Similarly, configurations on the subset V,, are defined, and the collection of all such
configurations is denoted by €2,,. The restriction of a configuration to a Z-path is referred
to as DNA.

The Ising model is employed to describe the configuration energies o of the DNA
molecule set, given by the Hamiltonian

H(o)=J Y a(x)oly), (2)
(x,yyeL

where J > 0 is the coupling constant between neighboring DNA vertices, o(x) € {—1,1}.
Markov chains. The transition matrix of a Markov chain (with a given Gibbs
measure) is defined as (see [4])

0w 1

GRu+1 92;‘2“) . (z,y) € Z-path,
P@y) — (Pk(’a;,w)m:l’? _ u{;i2 utm

Pl T, (vy) ¢ Zepath,

_v__ v
v+02 v4+-02



76 Khatamov N.M., Malikov N.N., Bahodirova Sh.B.

where (u,v) is a solution of for the system of the functional equations given in the work|]|
Note that each matrix P*¥ does not depend on (z,y) itself, but depends on the Z—path
to which it belongs.

Stationary distributions are easy to find:

0%u+u u+62
02025 2u+02° 02uc12ut62 )’ <$, y) S Z—path,

@y —
02v3+v v+62
). (@) ¢ Zepath.

02v2 42046027 0202420402

Theorem 1. Regardless of the edge (x,y) for k = 2,3,4,5 we have the following limit

relations

11 11

lim 7@ — (_’ _) . lim rly)2 — (_7 _) ., lim r{y)3 — (1,0)
T-0 22 T—0 22 T—0

in case of low temperatures and

(11
lim 7Y = lim 79 = ( ) i=1,2,3

T 5400 TST, 2’9

in case of high temperatures.

Corollary 1. Utilizing this proposition, the structure of DNA is analyzed for k =
6,7,8,9 under both low and high temperature regimes.

In the case of " — 0, the DNA set has the following stationary states (configurations).

For measures of ,ugk), the base pairs —1 = A+ T and 1 = C'+ GG at each point of the

DNA molecule are found with equal probability 1/2 for states -1 and 1.

), all DNAs are rigid and interact, and o(z) = —1 for all z €

For measures of uék
Z—path.

For measures of ,ugk), all DNAs are rigid and interact, and o(z) = 1 for all z € Z—path.

In the case T' — 400 the sequence of states -1 and 1 in the DNA molecule on the
Z—path is free, the states are independent and identically distributed. There is a state -1

with probability 1/2 and a state 1 with probability 1/2.
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Every DNA molecule is composed of a double helix structure formed by two
complementary nucleotide strands. These strands are held together by hydrogen bonds
between base pairs: cytosine pairs with guanine (C-G), and adenine pairs with thymine
(A-T). [1].

The Cayley tree [2|. A Cayljey tree S* of order k¥ > 1 is an infinite tree, , i.e. a
graph without cycles in which each vertex is connected to exactly k + 1 edges. We denote
the tree by S* = (V) L, 1), where V is the set of vertices, L is the set of edges, and i is the
incidence function that assigns to each edge [ € L its endpoints z,y € V. If i(l) = {z,y},
then the vertices x and y are called nearest neighbors, and the edge connecting them is
denoted by [ = (z,y).

For a fixed vertex z° € V', we define the set W, = {x € V : d(2°, z) = n},

Vi={r eV :da’z)<n},L,={l={(z,y) € L:z,ycV,}. (1)

Here, d(z,y) denotes the distance between vertices x and y on the Cayley tree, which
is defined as the minimal number of edges in any path connecting = and vy, i.e., d(x,y) =
min{d : 3xr = xg, 1, ..., xq_1,Tq = y € V such that (zg,x1), ..., (xg_1,%q)}

Let Z = {...,—2,—1,0,1,2,...}. As shown in [3], all vertices of the Cayley tree can
be partitioned into equivalence classes indexed by integers. Moreover, each vertex in the
equivalence class labeled by m lies on a unique path, referred to as a Z-path.

Model. A configuration 0 = {o(z),z € V} on the vertex set V' of a Cayley tree is
defined as a function assigning to each vertex x € V' a value o(z) from the set {—1,1}.
Here, —1 corresponds to the DNA base pairs A and 7', and 1 corresponds to the base
pairs C' and G. The set of all configurations defined on the vertex set V' is denoted by
Q). Similarly, configurations on the subset V,, are defined, and the collection of all such
configurations is denoted by 2,,. The restriction of a configuration to a Z-path is referred
to as DNA.

The Ising model is employed to describe the configuration energies ¢ of the DNA
molecule set, given by the Hamiltonian

H(o)=J ) o(z)aly), (2)
(

z,y)EL

where J > 0 is the coupling constant between neighboring DNA vertices, o(z) € {—1,1}.
We find a finite-dimensional distribution of the probability measure i on the set €2,
of all possible configurations on V,,

pn(0n) = Z Lexp {/BHn(On) + Z ha(y%y} , (3)

yeEWn

where Z -1 is the normalizing coefficient, 8 = &, T > 0 is the temperature,

1
T?

H,(o,) = Z on (7)o (y),

(z,y)ELn
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and {h;, e R;i=—1,1,z € V,,}.
Theorem 1. The probability distributions p, in (3) are consistent if and only if the
equations

022,, +1 0%, +1 62z, + 1

ZJ? - A~ : - +2 : A~ : ! +2 AZt——i_27 <'T~L7 m> ¢ Z_path7
Zxo + 0 Zxq + 0 teSo(z) 2y + 0 (4)
62z, +1 62z, +1

5, = 0%, + 1 “F (xy,x) € Z-path,

22;1 + 62 te51 (x) ét + 62 )
holds for any v € V '\ {2°}. Here, 0 = e~ 7P,

2y = eMeTh-10 — (x, ) ¢ Z-path,

~

3, = eMah-1e — ) (x),z) € Z-path.

The Gibbs measures corresponding to such solutions are called translation-invariant.
From (4), we get
2 k—2

u = 02v+1 62u+1

o\ vt6? u+62 )

k—1

v = 02v+1 02u+1

= \vre2 u+62 ’

where u,v > 0. Clearly, u = v = 1 satisfies system (5) for any k£ > 2 and 6 > 0.
(k

()

) the Gibbs measures corresponding to the solutions zgk), 1=1,2,3

Let us denote by p,
given in the work [2]. Let us define the critical temperature

1

Iny /3

Theorem 2. For the DNA-Ising molecule model on the Cayley tree of order k > 2 the
following statements are true:

1) if T > T,, then there exists a unique translation-invariant Gibbs measure ji;;

2) if T < T,, then there exist three translation-invariant Gibbs measures ji1, fia, i3, i.€.
a phase transition occurs.
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The definition of the Gibbs measure and other concepts related to the theory of Gibbs
measures can be found, for example, in [2]|. In this paper, we study tranlation-invariant
Gibbs measures for the HC-Blume-Capel model in the case of a "triangle"on a Cayley
tree.A Cayley tree I'* = (V, L) of order k > 1 is an infinite tree, i.e., a graph without
cycles such that each vertex has precisely k£ + 1 edges, where V' is the set of vertices of
the graph I'*, L is the set of its edges. Let i be an incidence function associating each
edge | € L to its endpoints z,y € V. If i(l) = {z,y}, then = and y are called the nearest
neighbors of a vertex and can be written as (z,y). The distance d(x,y),z,y € V on the
Cayley tree is defined as

d(z,y) = min{d|3z = x¢, 1, .., T4_1,Tq =y € V{(xg,21), ..., (Tg_1,Za) }.

We consider a model in which spin variables take values from the set ® = {—1,0,+1},
which has the following form (see[1])

triangle:  {—1,1},{1,0},{0,—1},{0,0}.

We then define a configuration o on V' as a function x € V' — o(z) € ®. The set of all

configurations coincides with Q = ®". Let A C V. We denote the space of configurations
defined on a set A by Q4.
The hamiltonian of the Blume-Capel model is given by the formula

H(o)=J ) (o(x) = a(y))’, (1)

<z, y>

where J > 0.

For a fixed 2° € V, we write x < y if a path from 2° to y runs through .

A vertex y called a "direct descendant'of a vertex x if x < y and d(z,y) = 1.

We let S(x) denote the set of "direct descendants"of a vertex x € V.

Let h: x> h, = (h_14, hos, h1z) be a vector-valued function on z € V' \ {z}. We
consider the probability measure p™ on €y,

Won) = 2 exp{=BH(00) + Y how)a}- (2)
zeWp,

Here 0 € Qy,, and Z,, is a normalization factor,

Zn = Z eXP{—ﬁH(an) + Z h&(m),x}a

E'nEQVn zeWn,

where hs , € R.
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The probability measure p(™ is said to be consistent if for all n > 1 and any 0,1 €
QVn71:

Y1 (gner,0™) = pl" 7 (050) )

g'(n)

In this case, there is a unique measure p on {2y such that

p{oV, =0,}) = M(n)(an)

for all n > 1 and any o, € Qy,,.

The following theorem gives necessary and sufficient conditions on h;, under which
(3) holds.

Theorem 1. Let k > 2. Probability distribution ;™ (0,),n = 1,2, ... in (2) consistent
if and only iof for any x € V' the following hold:

- H a1,-10%2_1 y+a1 00+ai,121,y
Lz = Llyes(z) "ag, —102"1y+a0,0Fa010z1,

(4)

H a_1,-12-1 y+a_1,00+a_1,10%1 ,
y€S(z)

Z_ =
Lz ao,—10z-1,y+ao,0tao,10z1,y ’

where 0 = exp{—JB},f =1/T, z;» = exp(h;y — hos), i = —1,1.

Translation-invariant Gibbs measures correspond to solutions of (4) with z;, = z; for
all x € V and 1 = —1, 1. For convenience, let’s denote z; = 21,21 = 25 . Then the system
of equations (4) in the case of "triangle" will look like:

k
o 9+942:2
1= 14+02z1+6022 )

2 = 9+9421
2 = 1460214022

Let z; = zo = z. Then from (5) we get

0+ 60%2\"
= ) 6
© (1 ¥ 292) (6)
The following theorem is true.

Theorem 2. Let k > 2. Then for any 0 > 0 the equation (6) has a unique solution.

Then from this theorem we obtain the following

Theorem 3. Then for the HC-Blume-Capel model in the "triangle "case for 6 > 0
there is only one translatsion-invariant Gibbs measure .
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The Hard-Core (HC) model is significant in statistical physics as a fundamental repre-
sentation of a gas consisting of particles with finite size. This model can also be obtained
as a limiting case of the antiferromagnetic Ising model (see, e.g., [1]). Moreover, the HC
model has found applications in the study of communication networks (see, e.g., [2]).

In this paper, we derive a functional equation for the HC model with one-level next-
nearest-neighbour interactions, exploiting the self-similarity of the Cayley tree. The Cayley
tree I'* of order £ > 1 is an infinite tree. We denote by V the set of the vertices of the
tree and by L the set of edges of the tree. Two vertices z and y, where x,y € V, are
called nearest-neighbour if there exists an edge [ € L connecting them, which is denoted
by | = (z,y). The distance on this tree, denoted by d(z,y), is defined as the number of
nearest-neighbour pairs of the minimal path between the vertices x and .

For a fixed 2° € V, called the root, we set W,, = {z € V | d(z,2") = n}, V,, =
U _o Wi For the sake of simplicity, we put | z |= d(z, 2°), x € V. Two vertices z,y € V
are called second nearest-neighbour if d(x,y) = 2. The second nearest-neighbour vertices
x and y are called prolonged second nearest-neighbour if | z |#| y | and is denoted by
> 7,y < . The second nearest-neighbour vertices z,y € V that are not prolonged are
called one-level next-nearest-neighbour since | z |=| y | and are denoted by > 7,7 < .

Let ® = {0,1,2} and o € Q = ®" be the configuration, i.e., 0 = {o(z) € ®: 2z € V}.
In other words, in this model, each vertex z is assigned to one of the values o(z) € ®.
The set of all configurations on V' (V},) is denoted by Q (€y;,). Obviously, Q C ®V.

Consider the set ® as the set of vertices of some graph . Using the graph G we
define a G-admissible configuration as follows. The o configuration is called G-admissible
configuration on the Cayley tree (in V,,) if there is an edge {o(z),o(y)} in G for any
nearest-neighbour pair of x,y from V' (from V). Let us denote the set of G-admissible
configurations by Q¢ (Qf ).

For given G, we define the Hamiltonian of the G—HC-model with one-level next-
nearest-neighbour interactions as

H(o)=—J> 1o(x)>1) = J1 Y Sotw)owm:
eV >7,y<
where the sum in the first term ranges all vertices, the second sum runs over all one-level
next-nearest-neighbours and J, J; € R are the coupling constants.
Let A be a finite subset of V. We will denote by o(A) the restriction of o to A. Let

a(V\A) be a fixed boundary configuration. The total energy of o(A) under condition
a(V\A) is defined as

H(a(A) |7(V\A) = =T ) 1o(@) > 1)=D1 Y Sowow—J D, 1oy >1).
z€A >STY<:x,yeA (z,y):z€NygA
Then the conditional Gibbs measure i of a configuration o(A) is defined as

_ _exp(=BH(o(A) [a(V\A)))
pa(o(A) [T(VAA)) = ZyG(V\A)) )
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where [ is the inverse temperature and Z,(a(V'\A)) is partition function in volume A.
Let L(G) be the set of edges of a graph G. We let A = AY = (aij)ij denote the

adjacency matrix of the graph G, i.e.,

¢ J1 if {i.j} € L(G).
9o, if {i,j} ¢ L(G).

In (3], the fertile three-state HC-models are identified that correspond to graphs of
the hinge, pipe, wand, and wrench types.

Let & = 2. Then taking an advantage of structure of the Cayley tree, under some
conditions we obtain the following system of equations

;5 = @

u=\- a100+a110u®+a120v2+2a10a11u+2a10012v+2a11 a12uv
ap00+ao10u?+ao20v2+2a00a01 u+2a00a02v+2a01 ag2uv (1)

v=\- a200+a210u+a220v%+2as0a21u+2a20a22v+2a21 azauv
ap00+ap10u?+ap20v2+2ap0a01u+2a00a02v+2a01a02uv

where A = exp(B.J), 0 = exp(5J;).

It is important to note that if there is more than one positive solution for the system
(1), then there is more than one translation-invariant limiting Gibbs measure (TILGM)
corresponding to each solution. We say that a phase transition occurs for the model, if
the system (1) has more than one positive solution. We obtain the following result

Theorem 1. Let £k =2, A\ > 0 and 6 > 0. For the HC model with one-level nearest-
neighbour interactions on the Cayley tree in the case “Wand"“ the following is true

e if 0 < A < 1 is satisfied, then there exists a unique TILGM, i.e., phase transition
does not occur;

e if A > 1 is satisfied, then there exist three TILGMs, i.e., the phase transition occurs.

Remark 1. The Theorem 1 coincides with the classical result for the HC model when
0 =1 (J; =0),i.e. if A > 1 then there exists three distinct TILGM.
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In 1979 Jelitto [1] introduced the zero-field Ising model on the closed Cayley tree of
branching ratio two and proceeded to solve it exactly. In the work, we consider the Ising
model on the closed Cayley tree of branching ratio three. We exactly solve the model,
i.e., we find the critical value of the parameter such that below this value there are three
limiting Gibbs measures.

To define a random field, it is useful to consider the construction of the closed Cayley
tree of branching ratio three. We begin with a single vertical edge containing a pair of
sites. This structure is then duplicated to the left and right, with the three top sites linked
through an additional site using three edges. Similarly, the same process is applied to the
three bottom sites, forming the fundamental polygons. Next, this structure is again copied
to the left and right, linking the three top and three bottom sites in the same manner
as before. This iterative process results in a closed tree with three upper levels and three
lower levels. Denote the finite closed tree constructed at the nth stage by 7. The infinite
closed Cayley tree is then defined as 7~ = lim,, ., 7™. The infinite closed Cayley tree T
can be decomposed into three parts:

T=T'uT?us,

where T'! = (V4, L;) represents the upper tree and T = (V5, Ly) represents the lower tree
and S is the set of edges which connects upper and lower tree.

We study binary random fields on 7, which can be viewed as the limiting measures
of a spin system defined on a sequence of finite closed Cayley trees. Let V =V; UV, and
L =1L1ULy If ]l € L an edge with endpoints z,y € V' then we write [ = (z,y) and the
endpoints are called nearest neighbors.

We assume that ® = {—1,1}, and ¢ € Q = ®V represents a configuration, i.e.,
o={{o, €P:xeV}.

The random field on 7™ = {V(™ LM} is represented in terms of the potential

function:
H(o)=—Jy Z 0.0y — N1 Z oi0; — Jo Z O10m;
(

(z,y)€S i,5)€L1 (I,m)€Ls

where the first summation extends over all spins on the surface sites (i.e., those

corresponding to nearest-neighbor pairs on upper level 1 and lower level 1), while the

second and third summations extend over the upper and lower trees of 7™, respectively.
Several notable special cases of this system include:

(a) To recover the system on an open tree, we set Jy = 0. The resulting system
corresponds to two independent Ising models on open trees.

(b) If Jo # 0 and J; = J,, we obtain the closed symmetric model.
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(c) If we set J; = Jy and Jy = 0o, we obtain a spin system on the closed tree, where the
upper level 1 and lower level 1 (i.e., the surface levels) have been fused.

Let B be the o-algebra generated by cylindrical sets with finite base of Q¢. For any
n we let Bywm = {0 € Q : g|ym = 0,} denote the subalgebra of B, where ol ) is
restriction of o to V(™ and o, : # € V™ + o, (x) an admissible configuration in V(™.
The resulting for o € By, Gibbs distribution is then defined by

Plo) = 0 (—p- (o).

where Z(™ is the partition function.
Taking an advantage of structure of the closed Cayley tree, under some conditions we
obtain the following system of equations

3
€T, = Tn—1+bzn_1+ctbeyn—1
n Cwn—1+bCZn—1+1+byn—1 )

3
_ [ bexn_1+czn_1+b+yn—1 (1)
yTL - cxp—1+bczn—1+1+byn—1 ’ !

3
o b$n71+zn71+b0+0yn71
n cxp—1+bczn_1+1+byn_1

where g = e 7200, b=e2M c=e2h p, = J /KT, i=0,1,2.

If the system of equations (1) has a unique solution, the corresponding limiting measure
is also unique, indicating the absence of a phase transition. On the other hand, if the
system has multiple solutions, this implies there is more than one limiting measures,
which is characteristic of a phase transition. We obtain the following result

Theorem 1. For the Ising model on the symmetric closed Cayley tree with a branching
ratio of three:

e if0<b<0.79530rb>2++3,a phase transition occurs,

e if 0.7953 < b < 2 + /3, a phase transition does not occur.
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In the present paper we study p-adic (quasi) Gibbs measures for the Blum-Kapel on a
Cayley tree. Moreover, we prove that there exists at least one translation-invariant p-adic
Gibbs measure for this model on a Cayley tree and we also study p-adic quasi Gibbs
measures.

Let Q, be the field of p-adic numbers (see e.g.[1]) and & = {—1,0,1}. A configuration
o on A CV is defined by the function x € A — o(x) € ®. The set of all configurations
on A is denoted by Q4 and Q = Qy (see e.g.|2]). The (formal) Hamiltonian of the p-adic
Blum-Kapel is defined by

H(o)=J Y o(z)o(y), (1)

(z,y)EL

where J € B(0,p~/(P~1) is a constant, (x, y) stands for nearest neighbor vertices. Assume
that h : V — Q;’) is a mapping, i.e. hy = (h14, hoy, hs), where h;, € Q,, i € ¢ and

x € V. Given n € N, we consider a p-adic probability distribution ,uﬁln) on (Qy,, defined by

n 1
i (0) = a5 0y {Ha(@)} [ hotoro (2)

n zeWn,

where 0 € )y, and 7™ is the corresponding normalizing factor. If p-adic probability
distributions (2) are compatibly (see [2]) then a non-Archimedean analogue of the
Kolmogorov’s extension theorem [3], there exists a unique p-adic quasi Gibbs measure.
In real case, the Blum-Kapel model was well-studied by Khatamov N.M. (see e.g. [4]).
A condition for h;, ensuring the consistency of the measures ,ugln)(o) is formulated in
the next theorem.
Theorem 1. The sequence of probability distributions (2) is consistent if and only if

for h;, the following equalities hold

o )\h+1’y+z\71h71’y+1
h’-‘rl,ét - H h+1,y+h—1,y+1 ’
yeS(x) (3)
h/ _ H )\_1h+1,y+/\h,1’y+1
—Lz = hi1yth-1y+1
yeS(z)

where \ = exp,{J}.

Definition 1. If Vx € V, h, = h then the quantities h, are called translation-
invariant. The measure puy, is called translation-invariant measure if it corresponding to
translation-invariant quantities h,.

Theorem 2. Let p # 3, h_1, = hi1,. Then there exist a unique translation-invariant
p-adic Gibbs measures for the Blum-Kapel model on the Cayley tree of order k.

Let k, = Card{z € F,, : 2F = 22 (mod)p}.

Theorem 3. Let p # 3, h_1, = h1,. Then there exist s, + 1 translation-invariant

p-adic quasi Gibbs measures for the Blum-Kapel model on the Cayley tree of order k.
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Let Q be the field of rational numbers. The completion of QQ with respect to the p-adic
norm defines the p-adic field Q, (see [1]).

Let IT* = (V, L) be Cayley tree (see [2]) and ® = {0,...,m}. A configuration o on
A C V is defined by the function z € A — o(x) € ®. The set of all configurations on A
is denoted by Q4 = ®4. For simplicity, we denote Q = Q.

A Hamiltonian H : Q — Q, of the p-adic SOS model with an external field is defined
by

Hy(on) = J Z |o(z) —o(y) [ + Z Ao (z)x

(z,y)€Ln €V

where J € B(0,p~/®7V) is a coupling constant, a, = (g, 14, Umz) € QT such
that o, € B(0,p~Y/®=V) (i = 0, m) is the external field, {x, y) stands for nearest neighbor
vertices and | - |, stands for usual absolute value.

We define a function z : v — z, € @;’”1, Vo € V and consider p-adic probability

measure pgn) on {2y, defined by

M,(%n)(an) - Zr;% epr{Hn(U”)} H Zoe)e @)
€W,

Here Z, ; is the normalizing constant. We say that the p-adic probability measures (2)
are compatible if for all n > 1 and 0,,_; € ®"»—1 :

3 (00t Vwn) = 1D (00). (3)

wEQWn

Here 0,1 V w, is the concatenation of the configurations.
Theorem 1. The sequence of p-adic probability measures (2) satisfy (3) if and only
if for any = € V the set of quantities z = {Z,,x € V' \ zo} satisfy:

m—1 p|i—j| m—i
B Dojmg 0" ez + 6
Zi,ac - ai,:p H

T =01, m=1, (4)
yeS@) 2 Zjy T

J=0

here, 0 = exp,(J), air = exp,{Gis — Qo) and z;, = aw;—z fori=0,1,....,m — 1.

In this case, by the p-adic analogue of the Kolmogorov tﬁeorem, there exists a unique
p-adic quasi Gibbs measure p, on the set € such that . ({o|y, = 0,}) = e (0y,) for all
n € N and o, € Qy, (see [2]).

The set of all p-adic quasi Gibbs measures associated with functions z = {Z,,z € V'}
is denoted by QG(H ).



88 Rahmatullaev M.M., Akhmedov 0.U.

Definition 1.[3] If for some function z the measures 1" satisfy the consistency

condition, then there exists a unique p-adic probability measure, denoted by pu., since
it depends on z. Such a measure u, is called p-adic quasi Gibbs measure.

Definition 2.[4] A phase transition is said to occur if there exist at least two different
p-adic quasi Gibbs measures p, v € QG(H) such that p is bounded and v is unbounded.
In other words, two different functions s and h may be found defined on N, for which
corresponding measures p, and py exist; one of these measures is bounded, while the
other is unbounded.

In this work, we consider translation-invariant p-adic quasi Gibbs measures
(TIpQGMs) for the three states p-adic SOS model with an external field on the Cayley
tree of order two and we get the following theorem:

Theorem 2. Let p > 3 and p = 7(mod 24) or p = 13(mod 24). Then for the three-
state p-adic SOS model with an external field on the Cayley tree of order two, a phase
transition occurs.
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The Cayley tree I'* of order k > 1 is an infinite tree, i.e., such that from each vertex
of which issues exactly k+ 1 edges. We will denote by V' the set of the vertices of the tree
and by L the set of edges of the tree. The distance on this tree is defined as the number
of nearest neighbour pairs of the minimal path between the vertices x and y (where path
is a collection of nearest neighbour pairs, two consecutive pairs sharing at least a given
vertex) and denoted by d(z,y) [1,2].

We consider the three-state modified SOS model on a Cayley tree of order two, where
each vertex is assigned a spin variable that takes values in the local state space ® =
{=1,0,1}. For any subset A C V, a spin configuration o4 on A is defined as a function
v € A o(x) € ®. The set of all configurations is given by Q4 = &4, while the full
configuration space is denoted as Q = ®V with o = oy

We define a periodic con figurations as a configuration o € ) that is invariant under
a subgroup of shifts K C Gy of finite index. More precisely, a configuration ¢ € € is
said to be K-periodic if o(zy) = o(x) for any x € Gy and Y € K. For a given periodic
configuration, the index of the subgroup is called the period of the configuration. A
configuration that is invariant under all shifts is said to be translation-invariant.

The modified SOS model is defined by the formal Hamiltonian

=7 Y lo@) = o) | cos (m(o(x) — a(y))), 1)

(z,y)eLl

where J € R is the coupling constant.
Let h: x> hy = (h_14,hox, ") € R® be a vector function of x € V. Consider a
probability distribution x™ on Q. :

1™ (o,) = Z;  exp(—BH(0,) Z ho( (2)
CCEWn
where o,, € (y, and
Ly = Z exp( BH(,) + Zh
&nEQVn ZEEWn

A probability distribution p(™ is said to be compatible if for any n > 1 and o,_; €
Q. _,, we have

Z P (001 V wn) = "V (o), (3)

wn€Qw,,

where 0,1 Vw, € Qy, .
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Under condition (3), there exists a unique measure y on ®" such that ¥n and o, € ®"»

P v,=n}) = pn(0n).

Such a measure is called a splitting Gibbs measure (SGM) corresponding to the
Hamiltonian H and x + h,, o # 2°.

We describe SGMs, i.e., characterize such measures with respect to any finite-index
normal subgroup of Gj. Studying G,(f)—periodic solution of the model (1) is reduced to

solve the following system:
( k
P to+0t1+0—2
0= \02tg+0t1+1 )

k
9t0+t1 +0

0—2t0+0t1+1

20+021+0—2
0— 220 +0z1+1

| |
o
—
N
SN~—

k
_Oz0t+z14+60

0— 220+021+1

where G,(f) ={r e Gy \x|—even}.

From the first and third equations in (4), we easily see that (zg;tp) = (1;1) is a
solution of system of equations for every 6,z; and ¢;. In this case, from the second and
fourth equations in (4), we obtain the system of equations

20+t1 k 29—’—2’1 k
— () = (R )
1 (9—2+1+6’t1) o (6’_2+1—|—921> (5)
Denote 20 + i
i
fz) = <9*2+1—|—9$>

Then the system of equations (5) becomes

f(f(z1)) =21 =0. (6)

Obviously, values z; satisfying f(z1) = z; satisfy (6), and for these values correspond
translation-invariant Gibbs measures which obtained in [3|. The remaining solutions

correspond to G,(f)-periodic Gibbs measure that are not translation-invariant. In the
case k = 2 for G§2)—periodic (non-translation-invariant) Gibbs measures, we obtain the
following result after solving equation (6):

Theorem. Let 0., ~ 2.312345325. If 6 > 0., then there are at least two GéQ)—periodic
(non-translation-invariant) Gibbs measures.
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Let 7% = (V, L),k > 1, be the Cayley tree of order k, i.e. an infinite graph such that
every vertex of which is incident to exactly k£ + 1 edges. Here V' is the set of all vertices,
L is the set of all edges of the tree 7. It is known that 7% can be represented as a group
Gy, which is the free product of k£ 4 1 cyclic groups of the second order [1], [2].

For an arbitrary point 2" € V we set

W, ={z € V]d(a®,2) =n},V, = | ] Wi,

m=0
Ln = {<$,y> € L‘.T,y € Vn}7
S(x)={y € Wyy1 :d(z,y) =1}, xeW,

where d(x,y) is the distance between the vertices x and y on the Cayley tree, i.e. the
number of edges in the shortest path joining the vertices x and y.

Let ® = {—1,1} and let o € 2 = ®" be a configuration, i.e. ¢ = {o(z) € ®: z € V}.
Let A C V. We let 24 denote the space of configurations defined on the set A and taking
values in .

We consider the Hamiltonian of the Ising model:

H(o)=—J ) olz)a(y). (1)
(

z,y)EL

where J € R, o(x) € ® and (z,y) are nearest neighbors.

We are going to describe new Gibbs measures of the Ising model on the semi-infinite
Cayley tree of order k = 2. We define the set of quantities h = {h,,z € V'} as follows:

(A) If on the vertex of the z, we have h, = hs, then at each vertex of S(x) we put the
value hy. If on the vertex of the x, we have h, = hy, then at one vertex of S(z) we put
the value hy, and on another vertex of S(x) we put value of 0. If on the vertex of the z,
we have h, = hy, then at one vertex of S(x) we put the value hs, and on another vertex
of S(z) we put one of the value of 0. If on the vertex of the x, we have h, = 0, then at
each vertex from S(z) we put the value 0.

It is easy to see that the boundary conditions defined by the (A) are compatible iff
the following system of equations is satisfied:

hi = f(ho,0),
hy = f(hs,0), (2)
hs = 2f(hy, 0).
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It is clear that hy = hy = hy = 0 is a solution of (2). Using the formula f(h,0) =

arctanh(ftanh h) = %ln %, and introducing the notation o = %, 2 = e,
1=1,2,3.
From equation (2), we derive the following system of equations:
= ofijfp
_ ozt
2= Gt (3)

a2
— 21T

<3 = <a21+1> :

By analyzing system of equation (3), we get the following:

Theorem 1. The following results concerning the Gibbs measures for the Ising model
on the Cayley tree are established: Let k& = 2.

o if 0 e <;§§+ﬁ£; 1), then there are three Gibbs measures g, p1 and o, which two

of them are non-translation-invariant Gibbs measures;

e ifde(—1;0)U (0; %], then there exists a unique translation-invariant Gibbs
measure fi.

Remark 1. The translation-invariant measure corresponding to (z1,22,23) = (1,1,1)
found in Theorem 1 was studied in [2],[3],[4]. The non-translation-invariant measures
mentioned in the of Theorem 1 are new Gibbs measures.
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Mixed-spin systems, combining different spin magnitudes on a lattice, have attracted
extensive attention across both experimental and theoretical studies, as they exhibit
rich phenomena including compensation points, reentrant transitions, and exotic critical
behavior [1,2|. In the present work, we obtain a set of system of equations for the triple
mixed-spin Ising model on the Cayley tree.

Let T* = (V, L) denote a semi-infinite Cayley tree of order k > 1 with a designated root
vertex (9. Each vertex in the tree has exactly k+ 1 edges, except for the root 2(°), which
has exactly k edges. Here, V' denotes the set of vertices and L denotes the set of edges. Two
vertices = and y are said to be nearest neighbors, denoted by [ = (z,y), if there exists an
edge in L connecting them. A sequence of nearest-neighbor pairs (z,x1),...,{(xq_1,y) is
called a path from vertex z to vertex y. The distance d(zx,y) between two vertices z,y € V
is defined as the length of the shortest path connecting them. For each non-negative integer
n, define the following subsets of the Cayley tree:

W, ={z eV |dzz?)=n}, Vn:UWm, L,={(z,y) e L|z,y € V,}.

m=0

The set of direct successors of a vertex x € W, is defined as S(x) = {y € W,41 | d(z,y) =
1}. We define levels of the tree as follows:

" ={z eV |dz% z)= i(mod3)}, i=0,1,2

In this work, we consider spin state spaces given by W = {—%, %} , & ={-1,0,1}, T =
{—%, —%, %, g} The associated configuration spaces are defined by €2; = @Ff, 1=0,1,2.
Additionally, we define the finite-volume configuration spaces as €2, , = @F?mv", 1=20,1,2.
The full configuration space of the model is given by = = €y x 21 x 5. Elements of () are
denoted by o(z) for x € Tk, and elements of ; are denoted by s(z) for x € T}, elements
of 2, are denoted by ¢(z) for x € I'5. We define the Ising model with triple mixed spins
(3,1,3) governed by the Hamiltonian
H(E)=~J) &@)Ey), E€=
(

z,y)

Let us denote h = {hy},crr, where
he, x €Tk
he =1 h,, xe€Tl¥

he, xe€T%
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with izx = (ib_
(h_s(2),h_s(x), hy(x), h

=

) h%@)a hac = (h—l,am fLO,wa .h—l—l,a:) and ?l([E) =

2 3 2(1‘ )

For each n > 1, the finite-volume Gibbs measure ! is defined as

lw N

1 —
MZ(&) - Z_ exp {_ﬁHn(§> + Z h&(ﬂ(l’)} ) 5 € oy i= QO,n X Ql,n X QQ,'m (1)
n xeWp
where Z,, is the partition function.
The sequence of measures { M’ﬁ} is said to be compatible if, for alln > 1 and &, 4 € =,,_1,
the following condition holds:

Y G Vw) = phoi () (2)

we=Wn

Here, &,_1 Vw denotes the concatenation of the configurations. In this setting, there exists
a unique probability measure p on = such that for all n and &, € Z,,, p({£ |v,= &.}) =
i (&n)-

We obtain the following result

Theorem 1. The sequence of measures {u”}, n = 1,2,... defined by (1) is compatible
if and only if, for all z € V, the following system of equations holds:

( _ Y, +6+62 Z,
Xe = yEI;[(m) 02Yy+0+2,°
o 6% Ty+0*+62 Uy+Vy
Y, = yel;[(x) O3 (Ty+14+U,+Vy) °
_ Ty+024+0* Uy +0° V,
Zy = yeg(x) O3 (Ty+14+U,+Vy) °
]
_ Xy +6°
Tx - H 0246 X,
yeS(x)
0 Xy+1
U.= |1 ny:e 7
yeS(x)
0% X,+1
Ve= 11 —92+5Xy.
\ y€S(z)
where .
0 = exp (56J>,
X, =exp(hy, 1,
27

- h 17 )7 Yz - eXp(h—l,z - hO,x)7
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The Ising model has continued to provide new problems and insights for nearly
a century, remaining a cornerstone in the study of statistical mechanics and phase
transitions [1,2]. In the work, we study periodic splitting Gibbs measures for the Ising
model with Ising-type interactions on the Cayley tree of order two.

The Cayley tree I'* of order k > 1 is an infinite tree, i.e., such that from each vertex
of which issues exactly k+ 1 edges. We will denote by V' the set of the vertices of the tree
and by L the set of edges of the tree. The distance on this tree is defined as the number
of nearest neighbour pairs of the minimal path between the vertices = and y (where path
is a collection of nearest neighbour pairs, two consecutive pairs sharing at least a given
vertex) and denoted by d(z,y).

The mixed-type Ising model with Ising-type interaction is defined by the formal
Hamiltonian

Ho) == Y o@oly) =D Y, (*@)oly)+o(x)’y)),

(zy)CV (z,y)CV

where the first and second sums run over nearest neighbour vertices (z, y), the spins o(x)
take values in the set ® = {—1,1}, (J;, Jo) € R? are the coupling constants.

As the root of the tree, we fix a vertex 2° € V. Let V,, := {z € V : d(z,2°) <
ny, W, :={z €V :d(x,z") = n}, be respectively the ball and the sphere of radius n
with center at 2°. For x € W, let S(z) = {y € W, 41 : d(y,z) = 1} be the set of direct
successors of x.

For z € V\{2} — h, = (h_14,h1,) € R* we define the (finite-dimensional) Gibbs
distributions by the formula

pin(0n) = 21 eXp{ — B H(o,) + Z hg(x),m} (1)

$€Wn

where Z,, is the corresponding partition function.

The probability distributions (1) are compatible if for all o, ; € ®"»~ one has
an@wn tn(0p—1,wn) = pn_1(0y_1). Under the condition, there exists a unique measure
pon ®Y such that Vn and o, € ®V : u({o |v,= 0n}) = p1n(0,). Such a measure is called a
splitting Gibbs measure (SGM) corresponding to the Hamiltonian H and x + h,, x # 2.

The compatibility condition is satisfied if and only if Vz € V\{z°} the following vector
identity holds

P _ Z In 62 n? exp(ﬁy) +1 @)
xr ~ 02
veste) exp(hy) + P

where 0 = exp(8J1), n=exp(BJa), hy=his—h 1.
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It is known (see, e.g., [1]) that there exists a one-to-one correspondence between the
set V' of vertices of the Cayley tree of order £ > 1 and the group G}, of the free products
of k + 1 cyclic groups of the second order with generators ay, as,..., agi1- }

_ Definition 1. Let K be a subgroup of G. We say that a collection of vectors h =
{hy : © € Gy} is K-periodic if hy, = h, for all z € G, and y € K. A SGM is called
K-periodic if it corresponds to a K-periodic collection h.

Let G,(f) = {z € Gy, : the length of word x is even}. One can show that for any normal
subgroup of finite index K in G}, each K-periodic SGM for the model is either translation-
invariant (TT) or G,?)—periodic. Thus, in the present work, we study G,(f)—periodic SGMs
in the case k = 2. This problem is reduced to describing the solutions of the system

L P4l
t2+%

t _ 92 z12 Zg-i-l (3)

2 .

2,0

2+ =
W2

)

For z =t the system (3) is reduced to

92
23—92n222+—2z—120,
n

which studied in [3], describes TISGMs. After some algebras, from (3), we obtain the
quadratic equation
?n? (0*n° +1) 22+ (0" =Dz +0*n° +0* =0,
which describes periodic SGMs.
As a result, we prove the following theorem

Theorem 1. For the Ising model with Ising-type interaction on the Cayley tree of
order two the following assertions hold: there exist 6, = \% —1, 0, = \/Lg and

m®) = \/ =308 — 604+ 1 — (1= 04) /(T = 90 (T = 07)

866 ’

m2(0) = \6/_398 — 60+ 14 (1 —6)/(1—90%)(1 — 6"

806 ’
such that

1. Forn € (m(0),m2(0)) and 6 € (04,02), there are two Gg2)—periodic (not translation-
invariant) Gibbs measures;

2. For the remaining cases, all the ng)-pem'odic Gibbs measures are translation-
mvariant.
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We study periodic limiting Gibbs measures for the symmetric Ising model on the closed
Cayley tree of branching ratio two. The problem can be formulated as the following system
of six equations with unknowns:

( T o (:v1+le+B+BQy1)2
2 = (B:r1+32z1+1+By1)27
_ (B%z1+Bz1+B+y1)?
Y2 = Bar+B%+1+ By )2
2y = (Bz1+21+B%+By1)?
2 7 (Bz1+BZz1+1+By1)2’ (1)
7 = (z2+Bza+B+B?ys)?
L7 (Bzy+B%z+1+Bys)?’
_ (B%z2+Bzy+B+y2)?
Y1 = Bas+ B2t 1+ By2)2
5 = (Bza+22+B%+Bys)?
\ 1 - (B$2+3222+1+By2)2 .

We consider the mapping W : R® — R® which defined by RHS of (1).
Lemma. The following sets are invariant with respect to the mapping W':

Il = {(ml,yl,zl,xQ,yg,zg) € R6 X = 1,y1 = 21,9 = 1,’y2 = 22},

IQ = {(l’l,yl,Zl,IQ,yQ,ZQ) S R6 T =21, = ]_,ZEQ = 292,Y2 = 1},
13 = {(xl,yl,zl,xg,yg,ZQ) - RG T =Y, = ]_,ZEQ = Y2, %22 = 1} .

It is easy to verify that (1,1,1,1,1,1) is a solution of the system of equations (1)
independent of the parameter B.

On the invariant set [;, from the system of equations (1) we obtain the following
system of equations:

_ (n+B)?
Y2 = By 9
_ (12+B)? ( )
O (Bya+1)2°

From the system of equations (2) we have the following equation for y;:
(yi — 1) (B*yi*+ (B*+2B — L)y1 + B?) (yi* — (B> —2B—1)y; +1) =0.  (3)

The positive solutions of equation (3) are as follows, depending on the parameter B:
(1) (23) 1Y
Y150 it B S Ov g )
1
ygl) if B e {?3}

gy it B e (3; OO>7
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where
a (23) —B*>-2B+1+(1-B)\/(B+1)(1-3B)
Yy = 17 W - 2132 !
09 _ B?—-2B—14(B—-1)\/(B+1)(B-3)
= .

2
Now, using the first equation in the system of equations (2), we find the positive yéi)

corresponding to the yy),i =1,5:

2

’ Lo B>(VB+1++1-3B)° b
ws _ (VB+1+vB-3)°

4,5
. F gt

' ((B-2VB+1+BVB-3)

The solutions on the remaining invariant sets can be derived analogously to those
obtained on the invariant set I;. By solving system (1) on the invariant sets specified in
the Lemma, we arrive at the following theorem:

Theorem. Let N,j, be the number of non-translation-invariant periodic limiting Gibbs
measures for the symmetric Ising model on the closed Cayley tree of branching ratio two.
Then the following statements hold for N;p,:

2, if B € (0;3—2v2),
Nip > ¢ 4, if B€[3—2v23)U(3;3+2V2],
6, if B € (34 2v2;00).

Remark. The translation-invariant limiting Gibbs measures for the symmetric Ising
model on closed Cayley trees of branching ratio two were studied in [1]. On the invariant
sets we considered above, a non-translation-invariant periodic limiting Gibbs measure did
not arise when B € [%, 3], but it may exist outside the cases we have seen.

References

1. Berger T., Zhongxing Y. "Cardinality of phase transition of Ising models on closed
Cayley trees". Physica A: Statistical mechanics and its applications. 1990. Vol. 166, No.
3, pp- 549-574.



Yosh matematiklarning yangi teoremalari — 2025 99

Periodic Ground States for the Coupled Ising-Potts Model on the Cayley
Tree of Order Two

Rahmatullaev M. M.!, Razokova N. K.?

Institute of Mathematics after named V.I.Romanovsky, Tashkent, Uzbekistan;
e - mail mrahmatullaev@rambler.ru
Chirchik State Pedagogical University, Chirchik, Uzbekistan;
e - mail n.razokova.90@mail.ru

In this paper we consider Ising model’s spins s(xz) € I = {—1,1} and Potts model’s
spins o(z) € ® := {1,2,3}, both are assigned to the vertices of Cayley tree. A coupled
configuration (s,0) on V' is then defined as a function z € V' — (s(z),0(z)) € I x ®@; the
set of all configurations is IV x ®V.

Consider the quotient group Gy/G; = {H, ..., H,}, where G}, is a normal subgroup of
index r with » > 1.

Definition 1. A configuration (s(z),o(x)) is said to be Gj—periodic if (s(x),o(z)) =
(s;,04) for all x € Gy, with « € H;. A Gp—periodic configuration is said to be translation-
invariant.

The following Hamiltonian is called the coupled Ising-Potts model:

H(s,0) = =21 Y s(@)s®)owow) — T2 Y 5@)s(1)do(@row)s (1)
(zy)eL )2
where J;, J; € R is constant and ¢;; is the Kroneker’s symbol.
Let M be the set of all unit balls with vertices in V' and S;(z) be the set of all nearest
neighboring vertices of x € V. We denote the restriction of a configuration (s, o) to the
ball b € M by (sp,04) . The energy of configuration (s, 03) on b is defined by the formula

J1
Ulspon) = =5 D s(2)s(e)dowpote) =2 D, 5(2)3()0twot, (2)
(EESl(Cb) d(;:z)e:bZ

We have the following lemma.

Lemma 1. Let £k = 2. For each configuration (¢,v5), we have the following
U(@b7¢b) € {UZ . T = 1,2, <y 13} where U1 = —%Jl - SJQ; U2 = —ljl; U3 =
—Ji—Jo; U= —3J1—Jo; Us = =3Jo; Us=3J1—=3Js; Ur=3J1; Us=J1—Jp; Ug=
%Jl —Jy; U= _%Jl +Jo; U = %Jl + Jo; Uip = Jp; Uz = —Ja.

Definition 2. A configuration (p, 1)) is called a ground state for the Hamiltonian (1),
if U(pp,p) =min{U; :i=1,2,...,13}, for any b € M.

We denote

Ae ={(J1, ) ER* : Us = min{U; :i = 1,2,...,13}.
Calculations show that:
1
Ay ={(J1, o) ER*: J; >0, Jy > —1J1};

A2:A4:A7:A9:A13:{(J1,J2)€R23J1:0,J2:O};
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1

Ag = {(Jl, JQ) & R2 : Jl > O, JQ = —lel}; A5 = {(Jl, J2> € R2 : Jl = 0, JQ > 0}7
1 1

Ag ={(J1, ) €ER*: J; <0,J, > ZJl}; Ag={(J1, ) €ER?: J; <0, .Jo = ZJl};

1 1
A ={(J1, ) ER*: J; >0,J5 < _é_ljl}; A ={(J1, ) €ER?: J, <0, .1 < ZJI};
A ={(J1, ) €ER*: J; =0,J, <0}

13
and |J 4; = R%
i=1
In this subsection we study all G§2)—periodic ground states for the coupled Ising-Potts
model on the Cayley tree of order three, where G = {z € G5 :| x| —is even}, where
| # | means length of the word x.

All G;Q)— periodic configurations have the following form:

(s0,00), if x € Gf),

3
(81,0'1), lfQZ € GQ\G&Q)’ ( )

(s(x),0(z)) = {

where (s;,0;) € I x &, i =0, 1.

Theorem 1. Let £ = 2. Then for the coupled Ising-Potts model the following
assertions hold:

i) If (Ji,J2) € A;, then the following six translation-invariant configurations
(s(z),o(x)) = (i,7), i € {£1}, j € {1,2,3}, Va € V are translation-invariant ground
states;

i) If (J1,Ja) € As and ky # ko, k1o = 1,2,3, then the following G{?-periodic
configurations

(i,2), if € G,
(i, jo), if 2 € G2\ GF,

(i,1), if 2 € G,

(s(z),0(2)) = { (i,7), if € Gy \ G,

(s(x),0(2)) = {

[ (1,3), ifr eGP, _ [ (LK), ifzeay,
o) ={ PR HIEET ooy = { LhL G

S (=1L,k), ifz € Géz),
(s(z), 0(2)) = { (1, k), if 2 € G2 \ G2,

where 1 =1,—1;5=2,3;j0=1,3;51 = 1,2; are Gg)-periodic ground states;
References

1. Rozikov U.A., Gibbs Measures on Cayley Trees, World Scientific, Singapore, (2013).



Yosh matematiklarning yangi teoremalari — 2025 101
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Let Q be a field of rational numbers. For a fixed prime number p, every rational number
r # 0 can be represented in the form z = p"* where, r,n € Z, m is a positive integer,
and (n,p) = 1 and (m,p) = 1, where number r is called a p-order of z and it is denoted
by ord,(z) = r. The p-adic norm of x is given by

p "z #0,
||, = -
0, =0.

The norm of |.|, is non-Archimedean, meaning that, it satisfies the strong triangle
imequality:
[z +ylp < max{[z],, [y|,}, Va,y€Q

Completing the field of rational numbers Q with respect to the p-adic norm yields the
p-adic field Q,. Ostrowski’s theorem states that any possible completion of Q by norm is
either the field of real numbers R or one of the p-adic fields Q,. Any p-adic number z # 0
can be uniquely represented in the canonical form

x=p" D (g + z1p + T2p® + ...
where y(z) € Z and the integers z; satisfy: zo # 0, z; € {0,1,....p — 1}, j € N (see [1]).
In this case |z|, = p~7@).

In this paper, we study a two-variable dynamical system.
Let G : Q2 — Q2 be an analytic mapping and let z* € Q2 be a fixed point, i.e.

G(z*) =z

Denote by Jg(2*) the Jacobian matrix of G at *. Let its eigenvalues be A\, Ay € C,, (the
p-adic complex extension).

Definition 1.(]2])

o If max{|\i,, [A2]p} < 1, then z* is said an attracting fixed point;
o If min{|\|,,|A2|,} > 1, then 2* is said a repelling fixed point;

o If |\|, <1< |As], (or vice versa), then z* is said a saddle point;

e If for at least one \; we have |\;|, = 1, then the nature of the point requires a special
analysis; it may be a neutral (indifferent) fixed point.
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We consider the following map: G : Q2 — Qj is defined by
G(ﬂ?’ y) = (G1<x7 y)7 GZ(;U7 y)) with

2
Oz
Gr(ay) = (L)

2 (1)
Galry) = (25232)
where 6,1 € B(1,p~/®=1) \ 1 are parameters.

It should be noted that, for each fixed point of the operator defined in the form (1),
there corresponds a unique p-adic Gibbs measure for the three-state Potts model with an
external field on the Cayley tree of order twol3].

Theorem 1. Let p > 3, [n— 1|, < |0 — 1|,, p = 1(mod 8) or p = 3(mod 8). Then there
are four fixed points of (1). Moreover, all fixed points are saddle.
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1

The Cayley tree I'* of order k > 1 is an infinite tree, i.e., a cycles-free graph, such that
from each vertex of which issues exactly k + 1 edges. Let I'* = (V, L), where V is the set
of vertices and L is the set of edges.

It is known that there exists a one-to-one correspondence between the set V' of vertices
of the Cayley tree of order £ > 1 and the group Gy of the free products of k£ + 1 cyclic
groups of the second order with generators ay, as,..., ags1 [1].

The Hamiltonian of the inhomogeneous Ising model 2] has the following form:

H(o)= Y Juo(x)a(y), (1)
(

zy)eL

where summation is over all pairs of nearest neighbors and J,, € R, o(x) € {—1,1} for
any x,y € V. It is known that each Gibbs measure of the inhomogeneous Ising model
corresponds to a set h = {h,,x € G} of quantities satisfying the relation

h:c = Z f(hzﬁexy)? (2)

y€S(w)

where S(x) is a set of direct descendants, z € V', f(h,6) = arctanh (6 tanh k), and 0,, =
tanh(J,,/T"), holds [3] . Let Gk/@k = {Hy, ..., H,} be a quotient group, where G is a
normal divisor of index r > 1. We introduce the notation {z,} = {y € Gy :< z,y >}\5(2)
for x € Gj. R

Definition 1. A set of quantities h = {h,,x € Gi} is said to be Gy periodic if
hayy = hy for any x € Gy and y € @k ( here, @k is a normal subgroup of index r > 1).
In this paper,we give a more general deﬁniAtion of the Gibbs measure. For x € Gy, we set
{z,} ={y € Gy :< z,y >}\S(z). Let G/Gy = {H, ..., H,} be a quotient group.

Definition 2. A set of quantities h = {h,,z € Gy} is said to be ék weakly periodic
if hy = h;; for x € H; and x| € H; for any = € Gy,

We note that the weakly periodic set of h coincider with an ordinary periodic one (
see definition 1) if the quantity h, is independent of z;.

Definition 3. A Gibbs measure 1 is said to be Gy, (weakly) periodic if it corresponds
to the @k—(weakly) periodic set of h. The Gj-periodic measure is said to be translation
invariant.

We note that weakly periodic Gibbs measures depend on the choice of the normal
divisor.

Let AC{1,2,...,k+1} and Hy = {z € G}, : ), 4, ws(a;) is even}, G,(f) ={r € Gy :
|z| iseven} , where w,(a;) is the number of letters of x € Gy,
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e consider the quotient group Gi/Ha = {Ha, Gy \ Ha}.

By virtue of (2), the H4-weakly periodic set h then has the form

hl, £L‘¢€HA, x € Hy,
h — hg, fL‘ieGk\HA, r € Hy, (3)
z h3, Z’iéHA, ZEGGk\HA,

hy, :qeGk\HA, l’EGk\HA.

The (3) hj, j = 1,4, satisfy the system of equations.
Let A= {1} . We see the 6,, in this case as follows:

9 o 617 376662)7 ZJGG2\G§2)a
Ty (2) (2)
(92, xGGQ\GQ,yGGQ.

And from equation (2) we have:

( hy = f(h1,01) + f(hs,61),

hi = f(h1,02) + f(hs,02),

he = 2f(hy,6s),

hz :2f(h1701)a (4)
hs = 2f(hy, 61),

hg — 2f(h4,92),

hy = f(ha,01) + f(h2,01),

( ha = f(ha, 02) + f(h2,02),

Theorem. Let k = 2| A |= 1. Then all H4-weakly periodic Gibbs measures for the
GgQ)— inhomogeneous Ising model are translation-invariant.

Remark. We studied the Hj-weakly periodic Gibbs measures for the GéQ)—
inhomogeneous Ising model. Translation-invariant Gibbs measures was studied for the
inhomogeneous Ising model in [3].
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We consider present paper the Ising-Potts model on a Cayley tree. We find at least
7 translation-invariant Gibbs measures under some conditions for (2, 3)-state Ising-Potts
model on the binary tree.

The Ising-Potts model is applicable to a diverse array of complex systems,
encompassing multicomponent alloys, disordered magnetic structures such as spin glasses,
magnetic systems exhibiting phase coexistence, biological networks, neural architectures,
and socio-dynamic models.

Let T* = (V, L) be a Cayley tree of order k [1] and ® = {—1,1}, ¥ = {1,2,...,q} (¢ >
3). A configuration (o,s) on A C V is then defined as a functlon reA— (o ( ), s(xz)) €
® x W. The set of all configurations on A is denoted by Q24 = (® x ¥)4. One can see
that Qy, = Qy,_, X Qu.,. Using this, for given configurations (o,_1,s,-1) € Qy,_, and
(0[], Sp)) € Shw,, we define their concatenations by

(Onessnet) Vs sia))(a) = { (oo o B € o

where (0,s)(x) := (0(x), s(x)). It is clear that (0,_1, Sp—1) V (0], 5[y) € Q-
The Hamiltonian of the Ising-Potts model is given by

H,(on, sn) = —« Z (1—a) Z J’y s(2)s(y)s (2)

< 7y>€Ln < 7y>€Ln

where 0 € &, s € U, « € [0, 1].

Note that in [2], the homogeneous Ising-Potts model was studied, however, the
hamiltonian is different from (2).

Let us consider a probability measure p,, on 2y, defined by

un(an,sn)zaneXp{ BH (00, 50) + > ho sm}, (3)

IGWTL

where = %,T > (- temperature, hy = {(h_11.4, ., o190y P12 s P1ge) €E RM 2 €V}
is a collection of vectors, Z, ! is the normalizing factor.

A probability distribution p, is said to be consistent if for all n > 1 and (0,1, s,—1) €
Qy,_,, we have

Z ,un((o-nflu 8n71> \ (U[n]7 5[n]>> = ,unfl(o-nflu 3n71>- (4)
(O1n),5[n] ) EQW,

By the Kolmogorov theorem, there exists a unique measure p on the set €2y, such that,
for all n and (o, s,) € Qv ,

p((o,8)lv = (0n, 80)}) = 1n(0n, 5n)-
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Let I = {z = (21,...,21,1,22,...,20) € R* '} where 2;,, = exp{hij. — h-142}

1=—-1,1,7=1,2,...,q. !

Theorem. Let k =2, Jp = ;%= J; and a = exp{JBa}, a € (0,1). For the translation-
invariant Gibbs measures of the (2, 3)-state Ising-Potts model, on the invariant set I, the
following assertions hold

o Ifac(0,1)U(1,Bf) then there exists a unique TIGM,;
e If o € [BY, BS) then there are three TIGMs;

o If a = BS then there are four TIGMs;

e If a € (BS, BS) then there are five TIGMs;

e If a € [BS, +00) then there are seven TIGMs.

where Bf =~ 2,010 BS ~ 3,828 Bf ~ 4,921.

Remark. In [3], the authors proved that there exist at most 7 translation-invariant
Gibbs measures for the 3-state Potts model. We prove that there exist at least 7
translation-invariant Gibbs measures (2, 3)-state Ising-Potts model on the binary tree.
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Let W : R3 — R3 be the operator defined by

' =gy — g1x — cxy + x,
2

S$1T

y = —1 52— ky+y, (1)
So +x

2 = (—dy + rx — rex?) z + 2,

where all parameters are positive.

Interpreting (1) as a biological model, we let x, y, and 2z denote the plasma glucose
concentration, the insulin concentration, and the functional -cell mass (i.e., the S-cells
capable of proper insulin secretion), respectively. The constant gy represents the average
daily glucose influx, including hepatic glucose production and dietary intake. The term
g1 models insulin-independent glucose uptake, primarily by brain and nerve cells, while
cxy represents insulin-dependent uptake, mainly by fat and muscle tissues; here, ¢ is the
insulin sensitivity coefficient. Insulin secretion from S-cells is assumed to follow a Hill-
type function of coefficient 2, activated by elevated glucose levels, where s; denotes the
secretory capacity per (-cell. The insulin clearance rate is denoted by k. The net growth
of functional -cell mass is assumed to depend quadratically on glucose: moderate glucose
promotes proliferation, while excessive glucose induces apoptosis, resulting in a net loss.
Here, dj is the zero-glucose death rate, and rq, o are constants [1],[2].

We denote

A:rl—k\/rf—i—élrg(l—do)’ B:1—917 C:(l—gl)k'
2r9 c s1C
Lemma. If
0<g1 <1, 0<k3§1, 0<d0§1, 90/91§A7 T%SZ.LTQCZO (2)

then the operator (1) maps the set
Q:{(m,y,z)GRi’JgonSA, 0<y<B, OSZSC}

into itself.

Theorem 1. The operator W, as defined in (1), has no periodic points of period p > 2
in the set €.

Theorem 2. Assume that (2) holds and that r? < 4redy. Then the trajectory of W

converges to the fixed point < 0.0, O) for any initial state ( (0) /(0 ) e, ie.,

lim W (29, 4@ 20 = (@, 0, O) :
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Note that the completion of the field of rational numbers Q with respect to the p-adic
norm defines the field of p-adic numbers Q,. Any p-adic number x # 0 can be uniquely
represented in the canonical form x = p?"®)(2g 4 x1p + z9p? + ...), where v(z) € Z and
the integers z; satisfy: o > 0, 0 < z; < p —1 (see [1]). In this case norm of the p-adic
number z € Q, defined by ||, := p~7@.

Let m,, denote the set of all bounded sequences in the field of p-adic numbers Q,,. Then
it is not difficult to see that the set m,, is a subspace of the linear space Qg’. We can define
the norm in m,, as ||z|| = sup;cy |2ip-

Tree. A tree is a connected graph without cycles. Let T = (V, L) be a tree, where V
is the set of vertices and L is the set of edges. Two vertices x and y are called nearest
neighbors if there exists an edge b = (z,y) € L connecting them. Let A C V. Denote
0A={z e V\A: Jyec A, (z,y)}.

We consider a system with nearest-neighbor interactions on an infinite tree in which
each vertex has at least two edges, and where the spins assigned to the vertices take values
from the set of natural numbers N. A configuration 04 on A C V is then defined as a
function © € A — o4(z) € N. The set of all configurations is N4.

We always assume that for each edge (z,y) € L a matrix Pr = (Puay(i,7))ijen
satisfies the following conditions

sup |P(I7y>(i7j)|z7 < 00, Zp@,y)(i?j) =1, (1)

1,JEN jeN

where, P,y (i,j) is the probability that the y-end of the edge (x,y) is in state j when
the x-end is in state 7.

Let z : L — m, be a vector-valued function, i.e., z(x,y) = {z(x,y)}ien be a vector
in m,. For any finite connected nonempty set A C V (and A = AU IA) we consider the
p-adic probability distribution u% on N4 defined by

wi(oq=s) :_HZ< (@a2) J[ Pow(s@) <)) (2)

xea/l (z,yyeL:
(z,y)yNA#£D

where x4 denotes the unique neighbor of x € 94 belonging to A, and Z is the normalizing

factor, i.e.,
Zi=Y_ 1] 2w@anr) ] Puew ,0(y))-

pi €A (z,y)€L:
(@,y)NAED

We say that the p-adic probability distributions p% are compatible if for all ¢ € NA:

" wh(oa =001 =) =15 (04 =5). (3)

pENOA
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In this case, according to the p-adic version of the Kolmogorov’s extension theorem
(see [2]), there exists a unique p-adic probability distribution x* on NV such that, for any
finite connected nonempty set A C V and for all ¢ € N4, p2 ({o |4 =<}) = p%4 (04 =5).
Such a distribution p# on NV is called a p-adic Markov chain with transition matrices
(Play)) (zyyer, corresponding to the function z : L — m,,.

Without loss of generality, we set hereafter z;(x,y) = 1 for all (x,y) € L. Then the
following statement describes conditions on z(z,y) guaranteeing compatibility of (2).

Theorem 1. p-Adic probability distributions p% in (2) are compatible if and only if
for any (x,y) € L, and for all i € N, the following equations hold

L 35 (35 (0:0) = 1Pl i)
alwy) = ]] = : (4)
veoty\(a} 14 - (2(y,v) — 1) Py (1, 7)

Jj=2

Now we examine the conditions on the parameters and on P, ,y for the non-uniqueness
of the solutions of the equation (4) on the the Cayley tree of order k£ > 1. Suppose the
matrix P, .y, (z,y) € L in the system of equations (4) satisfies the condition

P<mﬂy)<2a 1) = P<90,y>(i7 1)? Vi > 2, (5)
and we assume further that Py, (1,1) and Py 4 (2,1) are independent on (z,y), that is
l—a= P(x,y>(2, 1), 1— ﬁ = P(I’y>(1, 1). (6)

Theorem 2. If (5), (6) are satisfied, o, B are p-adic integers, and there exists v €
{0,1,2,...} such that

E(B—a)+1#0, k(B—a)+1=0(modp*>T!),

kB + @(52 —a?) =0 (mod p),

kB + @(BQ —a?) # 0 (mod p'*1),

then the equation (4) has at least two solutions.

A quasi-phase transition in the context of p-adic Markov (or Gibbs) measures occurs
when more than one distinct measure (solution) exists that satisfies all the required
compatibility and consistency conditions. As a corollary of Theorem 2, we have the
following.

Theorem 3. If the conditions of Theorem 2 are satisfied then for the matriz P,
on the Cayley tree of order k > 1, there are at least two p-adic Markov chains, (i.e., a
quasi-phase transition occurs).
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Bizga bo’sh bo’lmagan X to’plam va uning ba’zi qism to’plamlaridan tashkil topgan
2 to’plamlar sistemasi berilgan bo’lsin.

1-Ta’rif. A to’plamlar sistemasi X to’plamning ba’zi qism to’plamlaridan tashkil
topgan o-algebra deyiladi, agar u quyidagi shartlarni qanoatlantirsa:

X e,

AeA— A°c;

(Aj)jeny CA=Ujen 45 €A

1-Misol. (i) {X,0} X to’plam yordamida hosil gilish mumkin bo’lgan eng kichik o-
algebra bo’ladi.

(i) P(X)- X ning barcha gism to’plamlari sistemasi bo’lsin. U holda bu sistema X
yordamida hosil gilish mumkin bo’lgan eng katta o-algebra bo’ladi.

Endi biz uchun muhim bo’lgan tushuncha — o’lchov tushunchasini kiritamiz.Biga bo’sh
bo’lmagan X to’plam va uning ba’zi gism to’plamlaridan tashkil topgan 2l o-algenra
berilgan bo’lsin.

2-Ta’rif. X to’plamda aniqlangan p o’lchov deb, quyidagi ikki shartni
qanoatlantiruvchi p : A — [0; 00) akslantirishga aytiladi:

p(@) =0 (1)

p(J A) =D ul4y) V(Ajen CA A JAi=0,i#j. (2)

jEN jEN
2-Misol. a) (X,2l) o’lchovli fazo bo’lsin. U holda

_)IA], agar A chekli
e +00, agar A cheksiz

akslantirish o’lchov bo’ladi.Bunday o’lchov sanoq o’lchovi deyiladi.
b)
p(la;b]) =b—a

akslantirish ham o’lchov bo’ladi.Ushbu yo’l bilan aniglangan o’lchov Lebeg o’lchovi deb
ataladi.

3-Ta’rif. X bo’sh bo’lmagan to’plam,2l uning ba’zi qism to’plamlaridan tashkil topgan
o-algebra va p unda aniglangan o’lchov bo’lsin. U holda (X, 2(, i) sistemaga o’lchovli fazo
deyiladi.

Biz endilikda o-chekli filtrlangan o’lchovli fazo haqgida tushunchaga ega bo’lamiz va
unga misol keltiramiz. Buning uchun biz avvalo filtr va o-chekli fazolar haqgida bilib
olishimiz kerak.

Bizga (X, 2, 1) o’lchovli fazo berilgan bo’lsin.
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4-Ta’rif. (Ay)ges, o-algebralar ketma-ketligi filtr deyiladi agar Yk,m € I, m > k ,
Ar C A, shart o’rinli bo’lsa, ya'ni:

Ao C Ay C A CAs... C A

shart bajarilsa.
3-Misol. (2, F) o’lchovli fazo, Q = {1,2, 3,4} va F = 2% bo’lsin. (F,),>o o-algebralar
ketma-ketligini quyidagicha aniqglaylik:

Fo = {(Z)a Q}’
Fi1 = U({{lv 2}7 {3’4}}> = {®7 {172}7 {3v4}a Q}a
Jo = U({{l}a {2}7 {3}7 {4}})

U holda Fy C F; C Fa, so (F,,) filtrlangan sitema bo’ladi.

5-Ta’rif. Agar (X, A, ) o’lchovli fazoda o’suvchi (4;);eny € A, A; T X to’plamlar
ketma-ketligi mavjud bo’lib, Vi, u(A;) < oo shart bajarilsa, bu fazo o-chekli o’lchovli fazo
deyiladi.

Bizga (X, A, A;, u) filtrlangan o’lchovli fazo berilgan bo’lsin.

6-Ta’rif. Agar (X, A, u) o-chekli fazo tashkil qilsa, berilgan (X, A, A;, 1) fazoga
filtrlangan o-cheklli o’lchovli fazo deyiladi.

Biz R da o-algebralar ketma-ketligini quyidagicha aniqlaylik:

n n+1
Bk:0<[?,2—k>>,k€N,n€Z

1 o’lchov sifatida esa yuqorida keltirilgan Lebeg o’lchovini olaylik.
Teorema. (R,B,By, ) fazo filtrlangan o’lchovli fazoning barcha shartlarini
qanoatlantiradi. B = J, .y B sistema esa Borel o-algebrasi bo’ladi.
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Since their introduction in [1], closed Cayley trees have played a pivotal role in the
modeling of various physical systems and phenomena. Notably, it was demonstrated in
[1] that the use of closed Cayley trees leads to more accurate results compared to open
Cayley trees [2], [3]. In the work, we consider the Ising model on the closed Cayley tree
of branching ratio three. We exactly solve the model, i.e., we find the critical value of the
parameter such that below this value there are three limiting Gibbs measures.

To define a random field, it is useful to consider the construction of the closed Cayley
tree of branching ratio three. We begin with a single vertical edge containing a pair of
sites. This structure is then duplicated to the left and right, with the three top sites linked
through an additional site using three edges. Similarly, the same process is applied to the
three bottom sites, forming the fundamental polygons. Next, this structure is again copied
to the left and right, linking the three top and three bottom sites in the same manner
as before. This iterative process results in a closed tree with three upper levels and three
lower levels. Denote the finite closed tree constructed at the nth stage by 7. The infinite
closed Cayley tree is then defined as 7~ = lim,, ., 7™. The infinite closed Cayley tree T
can be decomposed into three parts:

T=Itur?us,

where I'! = (V4, L;) represents the upper tree and I = (V5, Ly) represents the lower tree
and S is the set of edges which connects upper and lower tree.

We study binary random fields on 7, which can be viewed as the limiting measures
of a spin system defined on a sequence of finite closed Cayley trees. Let V = V; U V5 and
L =1L1ULy If ]l € L an edge with endpoints z,y € V' then we write [ = (z,y) and the
endpoints are called nearest neighbors.

We assume that ® = {—1,1}, and ¢ € Q = ®V represents a configuration, i.e.,
oc={o, €2V}

The random field on 7™ = {V®™ LM} is represented in terms of the potential

function:
o) =—Jo E 0x0y — E 00 — Jo E O10m,

(z,y)ES ( i,J)€L1 (I,m)€ L2

where the first summation extends over all spins on the surface sites (i.e., those

corresponding to nearest-neighbor pairs on upper level 1 and lower level 1), while the

second and third summations extend over the upper and lower trees of 7™, respectively.
Let B be the o-algebra generated by cylindrical sets with finite base of Q2¢. For any

n we let Bywm = {0 € Q : g|ym = 0,} denote the subalgebra of B, where ol ) is

restriction of o to V™ and ¢, : # € V™ — o, (x) an admissible configuration in V™
The resulting for o € By,») Gibbs distribution is then defined by

Plo) = e (~ (@),
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where Z(™ is the partition function.
Taking an advantage of structure of the closed Cayley tree, under some conditions we
obtain the following system of equations

3
P Tn—1+bzn_1+ctbeyn—1
T\ exn—1+bezn_1+1+byn—1 )

3
[ bexp_1+czn—1+b+yn—1 (1)
Yn = cxp—1+bczn—1+1+byn—1 ) !

3
P bIn71+Zn71+bc+cynf1
n crp—1+bczn—1+1+byn—1

where a = e72h0 h=eM  c=eM2 h;=J kT, i=0,1,2.

If the system of equations (1) has a unique solution, the corresponding limiting measure
is also unique, indicating the absence of a phase transition. On the other hand, if the
system has multiple solutions, this implies there is more than one limiting Gibbs measures
(LGM), which is characteristic of a phase transition. It is evident that the following sets
are invariant under the operator W : R* — R3, as defined by the RHS of (1):

L={(z,y,2) eR*:y=z2=1},
[2:{(x,y,z)€R3:a::z,y:1},
Li={(z,y,2) eR* iz =y, z=1}.

Let I = U?:l I;. Summarizing, we have the following result
Theorem 1. For the Ising model on the closed Cayley tree with a branching ratio of
three in the case of an invariant set I has:

e three TILGMs if b < %, c< %, and b > 2

c—1.
c—2"

one TILGM if b < %, c< %, and b < 2=

c—2 ,

three TILGMs if b > 1, ¢ < 1 and b < 2=1;

five TILGMs if b > 1, ¢ > L and b < 2=L;

c—2"

seven TILGMs if b > %, c> %, and b > 2=}

2
LITERATURE

1. Jelitto R.J. The Ising model on a closed Cayley tree, Physica A: Statistical mechanics
and its applications. 1979 . Vol . 99, No. 1. P. 268-280.

2. Eggarter T.P. Cayley trees, the Ising problem, and the thermodynamic limit, Phys.
Rev. B, 7(9) pp. 2989-2992, 1974.

3. Katsura S. Takizawa, M.: Bethe lattice and the Bethe approximation, Progress of
Theoretical Physics, Vol.51, Issue 1, 82-98, (1974).



Yosh matematiklarning yangi teoremalari — 2025 115
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Bifurcation theory provides a powerful framework for analyzing how qualitative
changes in system dynamics arise as parameters vary. In predator-prey systems, an
important phenomenon is the Neimark-Sacker bifurcation, the discrete analogue of the
Hopf bifurcation. This occurs when a fixed point loses stability as a pair of complex-
conjugate eigenvalues cross the unit circle in the complex plane, leading to the emergence
of a closed invariant curve. Ecologically, such a transition represents a shift from a steady
coexistence state to sustained quasiperiodic oscillations, which can be interpreted as
persistent and irregular bloom cycles.

In the present work, we investigate a discrete-time phytoplankton-zooplankton model
that incorporates Holling type III (%) grazing response and Holling type II (AHLU)
toxin release, reflecting the saturating nature of these biological interactions.

2

uv
MW = (2 —u) — ———
u) =u u
2—w- 5 .
2
1 Buv OQuv
v = ——— 4+ (1—r)v— :
v+ u Y+ u

where r,[3,7v,0— are positive parameters, u and v denote the scaled densities of
phytoplankton and zooplankton, respectively.

Theorem. Let E = (%, ?) be a positive fixed point of system (1), and 8 = 3y be such
that A(w) = 1. If 8 varies within a sufficiently small neighborhood of Sy, then system (1)
undergoes a Neimark-Sacker bifurcation at £, where A(w) denotes the determinant of the
Jacobian matrix evaluated at E.
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2-ADIC ISING MAPPING AND ITS DYNAMICS
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In [1], it was established that if p =1 (mod 4), then the dynamical system generated

by the Ising mapping
ar+1\°
€Tr) =
o) = (25

is topologically conjugate to a symbolic dynamical system with two symbols. In [2], the
dynamics of the 2-adic Ising mapping were thoroughly analyzed for the case a # 3
(mod 4). The authors proved that the mapping is regular whenever |aly > 1 or |[a—1|2 < %,
while for |als < 1 the trajectory of every initial point is contained in a 2-periodic cycle.

In the present work, we study the 2-adic Ising mapping in the case a = 3(mod 4).

For each a € Q;, r > 0 we denote

Bi(a)={z € Qy:|z—ala<r}, Si(a)={reQy:|z—ala=1}.

We notice that B,(a) and S, (a) are clopen, compact subsets of Q,. Recall that Z, :=
B5(0) and Z3 := S1(0) are the set of all 2-adic integers and 2-adic units, respectively. One
can check that for every n > 1 it hold:

52%(1) =1+4+2" 4217, B%n(l) =1+42""17,.

We notice that the dynamical system (Qs, f) can be restricted to the open ball B

1(1),
4

ie., (B%(l), f) defines a well-posed dynamical system. It is easy to see that x € Bi(l) if
and only if v = 1+ 5 2° + 2420+ ..., where z; € {0,1}, ¢ > 3. It follows that B1(1)
can be represented as a countable union of pairwise disjoint spheres centered at 1, i.e.,

B (H=1]S 1 (1). Below we show that each sphere S 1. (1) is invariant under iteration of
n=3

the function f. This observation allows us to decompose the dynamical system (Bi (1), f)

into a disjoint union of simpler dynamical systems (S N f).

— n n n+1
Theorem. Let a = 3(mod 16). Then (B_._(1+2"), f) and (B_._(1+2"+2""1), f)

on+1 on
are minimal systems if and only if one of the following situations occur:

(A) a =3(mod32) and n = 3;
(B) a=19(mod 32) and n > 3.
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Let Q be the field of rational numbers. For a fixed prime number p, every rational
number z # 0 can be represented in the form x = p"™ where, r,n € Z, m is a positive
integer, and n and m are relatively prime with p. The p-adic norm of z is given by

_ iz,
|5"|P_{o, it & =0.

This norm is non-Archimedean, i.e., it satisfies the strong triangle inequality |z + 1y, <
max{|z|,, |yl,} for all z,y € Q. The completion of Q with respect to the p-adic norm
defines the p-adic field Q, (see [1]).

Let I'* = (V, L) be a Cayley tree of order k > 1, where V is the set of vertices, and L
is the set of edges (see [2]).
Let & = {—1,1}. A configuration 0 on A C V is define by the function z € A —
o(x) € ®. The set of all configurations on A is denoted by 24 and Q = V.
For given configurations o,_; € Q. _, and o™ € Q. we define a configuration in
Q. as follows
on1(z), ifx eV, 4,

(n) —
(01 V o!)(z) = { o (x), if z € W,

A formal p-adic Hamiltonian H : 2 — Q, of Ising model is defined as

H(o)=N ) o(x)a(y), (1)

(z,y)EL

where NV is a positive integer.
Let h: x — h, € Q, \ {0} be a p-adic function on V. We consider p-adic probability

distributions Hgn) on €y, , which is defined as

xEWn,

where Z,, 5, is the normalizing constant and p € Q, \ {—1,0,1}.

A p-adic probability measures ,uén) is said to be consistent if for all n > 1 and ¢,,_; €
Q. _,, we have

n n—1
Z M;z )(Un—l Vi) = /"Lgl )(Un—l)'
PEQwW,

In this case, by the p-adic analogue of Kolmogorov theorem [3], there exists a unique
measure i, on the set Q such that uy, ({o]y, = 0,}) = ,u,(ln) (o) forallnand o,—; € Qy,_,.
Such a mesure is called p-adic generalized Gibbs measure.

If h, = h, Vx € V, then the corresponding measure p;, is called translation-invariant

measure.
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Translation-invariant p-adic generalized Gibbs measures for Ising model on the Cayley
tree were studied in [4-7].
The p-adic free energy defined as

ln |Zn,h|pa

where 6 = p?V.

Theorem 1. Let F'(h, ) be free energy of the translation-invariant p-adic generalized
Gibbs measures for Ising model on the Cayley tree of order k. Then the free energy F'(h, 6)
is a constant. Moreover,

Inj0—1|,, 1if |0,=1, h#1;
0, if 0], =1, h=1;

F(h,0) = l—glnyeyp, if |0, < 1; )
gklfllwpa ?f 0], > 1, |hl, = |9|i ;
B o), i Jol, > 1. |hl, = [0l
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Cucrema (pyHKIIMOHAJIBHBIX ypaBHeHunil njisa moaesu I[lorrca-V3unra co
CKPBITO MapKOBCKOW CTPYKTYPOil B MAallIMHHOM OOyY€eHUU
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B nanHOiT paboTe MCC/Ie Iy 0TCs FaMUIBTOHUAH CBSI3bIBAIONIMM JIBE CJI0g MoJe i [LoTT-
ca u Wsunra: ckpoirele crmusl s(x) € {1,2,3} u nabmogaemsre cuunet o(z) € {£1} Ha
nepese Ko [1,2].

Jepeso Ko I'* = (V, L) ¢ daxrtopom Bersienuss k > 1 - cBA3HBIA GecKOHeIHbII
rpad, B KOTOPOM Kazjlas BepluHa umeeT posHo k + 1 coceneit. I'pad I'* anukmmuen, To
eCTh He COJEPXKUT IUKJIOB [1].

DukcupyeM BepIHy Ty € V', KOTOPYIO pacCMaTpUBaeM Kak KOpeHb jiepeBa. BepiiiHa
y € V HasplBaercs HPsAMbBIM HOTOMKOM = € V, ecild T - LPeJIOC/Ie/[Hssl BepIInHa Ha
eIMHCTBEHHOM IIyTH OT KODHSI To K Y, TO ecTh d(zo,y) = d(zg,x) + 1 u d(z,y) = 1.
MHOKeCTBO HPSMBIX OTOMKOB & 0003Ha4daeTcst S(x).

Ompenemm W, = {z € V | d(z, zo) = n},

Vi={zeVl]dxz)<n}, Ly={{zy)ellzycV,} (1)
s x € W, muoxkectso S(x) mmeer Bu

S(x) ={y € Wasa | (2,y) € L}. (2)

B nammoit pabore paccmarpusaiorcs cnmubl [lorrca s(z) € I = {1,2,3}, nasnaden-
Hble BeprmHam jepeBa Ko, Kouduryparus s - dyHKIws © — $(x), MHOXKeECTBO BCeX
kouduryparmii oboznagaerca Q) = IV.

lamupronnan, yauTeiBatonuii B3anMosieiictsus [lorre-V3unra n cBa3b MexK 1y CKPBI-
TBIMH U HAOJIIOAE€MBIMU COCTOSTHUSIMU, 3a/1aeTcsd (POPMYJIOit

H(s,0) = ~J ) (bt — 0(2)o(y)) = Y plo(x) | s(2)), (4)
(z,y) zeV

rie J € R - mapamerp B3amMmoeiicTBust u 0-cuMBoj1 KpoHeKKepa. 37ech MepBbIil 1IeH
OTpazKaeT JIOKATbHBIE B3ANMOEHCTBUS CKPBITBIX COCTOSHUIA, a BTOPOIi - BEPOATHOCTH Ha-
6uro/ieHst 0 (x) IPU CKPBITOM COCTOSTHUU S(1).

OmpesiesinM KOHETHOMEPHOE pacIipejie/ieHue BEPOSTHOCTHOM MephI (t B oObeMe V,, Kak

,Un(sny Un) = ngl €Xp _BHn(Sna Un) + Z hs(x),o’(z),x ) (6)
Z‘GWH

riae f=1/T, T > 0 - remneparypa, Z, - HOPMATU3YIOIIII MHOKHUTEb, &
hy = (h1 -1, P10, ho—12, P21, 3 -12,h312) € RY, zeV. (7)
Tamunbronunan H,, 3ajiaerca Kak

H($n,00) = = D (Oswyst) = 0(@)a(®)) = Y plo(a) | s(2)).

<x,y>€Ln €V,
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Onpenenenne. CemeiicTBo paciipe/iesiennii (6) HA3BIBAETCS COBMECTHMBIM, €CJIH JIJIsT
Bcex n > 1 U S,_1,0,_1 BBIIOJHAECTCS

Z ,U/n<5n—1 Vv Wp,, Op—1 Vv wn) = N/n—l(sn—lv Un—1>7 (8)

Wn ,Wn EIWn

rie V - onepalusd o0beInHennsa KOH(pUryparuii.

[To Teopeme Kosmvoroposa cymectsyer eauHcTBeHHas Mepa u Ha [V x I}, cornacy-
omasacs ¢ fi,, tae I; = {£1}. Takag Mepa HasbBaeTcst cnaummunzoeot mepot ubbca
(CMT') ms ramunbronnana (4) n Bekropuble dyuxmuu (7).

Teopema. Pacnpedeserus seposmmuocmeds (1S, 0y), n € N, 6 (6) coemecmumv, mozda
u moavko mozda, kozda das mobozo x € V \ {z°} evmoansemes caedyrowee ypasnenue:

. . H 02 + az1 -1y + 9_16227_172,, + ¢9C2271,y + 8_1d237_1,y + 0f23,1,y
L=l yes(x) 1 + 92(121,,1& + 9()227,17?4 + 9_162271,y + 9d237,1’y + 6_1f23’1’y7
B B H 040" az 1y +bza 1, +60%c201, + 0 des 1, +0f231,
2-Le yes(x) 1 + 92a21,,1’y + 9[)227,1& + 97162271’1/ + 0d2’37,17y + 671f23’1’y’
- . H 9_1 + 9(121’_172,, + 02bz2,_1’y + C21y + 9(1237_1721 + 9_1f23,17y
21w yeS(x) 1 + QZCLZL_Ly + Hbzz?_l,y + 9_1022’17?; + 9d23’_17y + 9_1f23’17y’
; B H O+ 0razy 1,4+ 0 bz 1y +0cza1,y+des 1,4+ 0% f231,
3L yes(x) 1+ QQCLZL_Ly + QbZQ’_Ly -+ 6)_1022’171,4 + 0d237_17y —+ 0_1f23,1,y7
071+ 0azy 1y + Obzo 1,y + 0 Tczony +0%dzs 1y + frzy
23,12 = H

yeS(z) I+ 02@21,—1,7; + HbZQ,—Ly + 0_10227173/ + 0dZ37—17y + 9_1f2371’y’

o Zeww = €XP(heqr —h112), €=1,2,3;a==%1,
0 = exp(J ),
a = exp[A(p(—=111)—p(1]1))], b=-exp[B(p(=12)-p(1]1))], ¢ = exp[A(p(1|2)—p(1]1))],
d = exp[B(p(=1]3) = p(111))], [ =exp[B(p(1[3) — p(1]1))].
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We introduce the following notation
a:=(ay,....an), b:=(1,....0n), c:=(c1,....,Cm), Z:= (21, .., 2m) ;

k= (ki,....km), [kl =k + .. +kn|kj| =k +...+Fk;, 1 <j<mlke| :=0;

A symbols e; := (0, ..., 1, ...,0) denote the vectors with jth component equal to 1 and the
others equal to 0 (1 < j < m).
Lauricella’s functions are read as follows:

km

[ a,b; z- ': i (a)\k| (01)g, - (b, Z]f Zm
P (Cl>k1 (Cm)km ]{31 k ',

Fm

o [ b ] S (@, Ol oy 2 s

Fém) [ a,b; z- - i (a)|k| (b)|k\ Zf z’,‘f;”'
C; o (cl)k1 (cm)k k! k!
i o k1 Sk
(m) | a,b; ape (1), - (Om)y, 20" 2
F =
Pola Zl Z (€)1 ! !

k|=0

where a, b, ¢, a;, bj, ¢; are independent of z; (j = 1,...,m) and (a), is the Pochhammer
symbol, which is expressed in terms of the gamma function I'(s) as (A\)y = T'(A+k)/T(X).

We shall call a, b, ¢, aj, b, ¢; (j = 1,..,m) the parameters of the Lauricella’s
hypergeometric functions; they are arbitrary complex numbers; z1, ..., 2, are complex
variables; ki, ..., k,, are nonnegative integer numbers: k; > 0, ..., k,, > 0.

Theorem. The following recursive formulas for the Lauricella hypergeometric
functions are valid:

m i ] m i . b i ]

m | a—n,b; | w | a,b; ] bz m | a—kb+e; |
Fy 2| = F{" z _ZAZFQ) | ctej; e
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F,Elm) [ a,b+nej; Z} _ Ff(xm) [ a, b; Z} +%ZF/(1m) [ Z:::ia”b‘i‘kej; z];
7

n—1
F,Elm) [ ajb—nej, z] :F,Elm) [ a, b; z] _ a_z'jZFXn) [ Zié;;b—kej, z};

(@) jpom) | a+kb+key |
5 F c + kej; Bk

Nk pm) | at+ kb |
(@)k( ) {C‘*keﬁ Z}’

ﬂm{a+hb+%;%
m) [ a;b; _ ) | ;b S - c+(2—kle; "]
Fa {c—nej;z}‘ﬂ‘ [ }”;%Z CEDICEITDE

m) | a+ne;,b; | | a,b; b]ﬁn m) | a+kej,b+e; |
FB{, I R R O A P z|:

h " (b, . ;

(m)
(m) | a,b;  m) | a,b; c+2—k; ‘
Fa {C—n;z}_FB L; Z}+Za”b”z”z (c—Rc—k+1)

m) | a+mn,b; } (m) {ab } Zj m)[a+k,b+1; }
F z| = F, +0b F z|;
ol $ ED N L N

[a—i—ej,b—i—ej; z}

j=1 Jk; 1
m) | a+1,b+1;
n—1 I { zZ
b; a, b; + (1= kej;
£ { @0 z] = Fm™ { ’ ’z} + abz; e
¢ | c—nej; ¢ | JkZ:O (¢;j —k)(¢c; —k—1)
(m) | a+n,b; _ m) | a,b; 1 & & m) | a+k,b+ej; |
FS {q z}—Pb {a 4-+E§;@%§;Fb o 7 gl
1= =
”_|k0| |km 1‘
m) | a+n,b; 1
Fé){c Z}:Z > Dt
k1=0 km=0 k|
Tl n=Ikal Ny k] e a+|k| b+k;
LYo 2] 1]
J:

Proof of the theorem is carried out using the method described in [1].
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TIP O’ZGARISH CHIZIG’I SILLIQ BO’'LMAGAN
PARABOLO-GIPERBOLIK TENGLAMA UCHUN TO’RTINCHI
NOLOKAL MASALA
Abdujabborov A.A.

Farg’ona davlat texnika universiteti, Farg’ona, O’zbekiston;
abujabborovabduxalim28@gmail.com

Ushbu ishda tip o’zgarish chizig’i silliq bo’lmagan parabolo-giperbolik tenglama uchun
go’yilgan integral shartli masalaning bir qiymatli yechilishi tadqiq gilingan.

20y tekisligining > 0, y > 0 bo’lganda z = 1, y = 1 to’g’ri chiziglar bilan, > 0,
y < 0bollganda z =0,z —y =1hamda 2 <0,y > 0 bo’lganda esa y =0,z —y = —1
to’g’ri chiziglar bilan chegaralangan D sohada

Upy — % (1 — sign (zy)) uy, — % (1 + sign(zy))u, =0 (1)

tenglamani qaraylik,

Do=Dn{(x,y):2>0,y>0}, Di=Dn{(x,y):y<0,xz+y >0},

Dy=Dn{(z,y):y<0,z24+y<0}, Di=Dn{(x,y):2<0,z+y >0},
Dy=Dn{(z,y) :2<0,z4+y <0};
OA{,0A5,0OB1,0B5 lar mos ravishda x = 0,y = 0 chiziglarning kesmalari, bu yerda
0(070)7 Al(()? 1)7 BI(LO)a A2<Oa _1)a BZ(_LO)v E(1/2 a_1/2 )7 F(_1/2 a1/2 )a

I={(z,y): 2+y=0, (-1/2) <z < (1/2)}.
(1) tenglama Dy va Dy U Dy (D3 U Dy) sohalarda mos ravishda parabolik va giperbolik
tipga tegishli bo’lib, u Dy sohada

uzz_uy:07 (l‘;y> GDO’ (2)
D, U Dy va D3 U Dy sohalarda
Ugy — Uyy = 0, (x,y) € D1 UDyUDsU Dy (3)

ko’rinishlarda yoziladi; OB; va OA; - (1) tenglamaning tip o’zgarish chiziglari bo’lib,
OB; - (1) tenglama uchun xarakteristika bo’ladi. OA; esa xarakteristika bo’lmaydi.
D sohada quyidagi masalani qaraylik.
BS3 masala. Quyidagi shartlarni qanoatlantiruvchi u(z, y) funksiya topilsin:
1) Dy, D1, Dy, D3, D, sohalarda (1) tenglamaning regulyar yechimi bo’lsin;
2) u(z,y) € C (D) NCEL (Do) N CZE2(Dy U Dy U D3 U Dy\I) sinfga tegishli bo’lsin;
3) quyidagi shartlarni gqanoatlantirsin:

[
u(l,y) = aly /uxyd:c+<p(y) 0<y<1, (4)
0

u(0,y) = fily), —1<y<0; ()
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u(0,y) = —u(0, =y) + foly), —1<y<0; (6)
uy(z,0) = g1(z), —1<z<O0; (7)
u(z,0) = u(=2,0) + go(z), —-1<2<0 (8)

shartlarni, OB; va OA; tip o’zgarish chiziglarida esa
uy(,4+0) = uy(xz,—0), 0<z <1,

Uz (+0,y) = uy(z, —0),0 <y < 1

ulash shartlarini bajarsin, bu yerda a(y), o(y), f1(y), f2(y), g1(z), go(z)- berilgan uzluksiz
funksiyalar, o (0) # 2.

Natijada ba’zi hisoblashlarni bajarib, 15(y) noma’lum funksiyaga nisbatan 2-tur
Fredgolim integral tenglamasiga ega bo’lamiz:

1

m@=/¢@mwﬁm+/wmm@@+mmMﬁ+%@

Mw:/m@&@ww+%@, (9)
Ki(y,t) + Ka(y, 1), 0<t
Kg(yvt):{ yKl(y,t),y yiti‘l{

Yy
Bu yerda  Ki(y,t) = [ K,(n,t) (G2(0,y;0,1) — G2(0,y;1,m))dn ~ +
0

1
f Ké(fa t) GQ(Oa Y; 57 O)df KQ(ya t) = G2<07 Y3 07 t) - G2(07 Y; 17 t)
0

Integral tenglamaning yadrosi K3(y,t).
Masala yechimining yagonaligini ekstremum prinsipi yordamida isbotlaymiz. Buning
uchun bir jinsli nolokal masalani qaraymiz, ya'ni

o) = fily) = f2(y) = 91(x) = go(2) = 0. (10)

Teorema. Agar (10) shart bajarilsa, u holda nolokal masalaning u(z,y) yechimi oQzining
musbat maksimumiga (manfiy minimumiga) yopiq Dy sohaning OA; U AgB; chegarasida
erishadi.
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AHAJIOT 3AJTAYN JVPUXJIE AJIAd HATPY>2KEHHOI'O YPABHEHU A
CMENIAHHOI'O TUIIA C JIPOBHBIMU 1TIPOU3BOJHBIMI B
IMPAMOVYI'OJIbBHOUN OBJIACTHA

Ab6coaroBa X. I.

Hamanranckwmit ['ocynapcTBenublit Y HUBEpCUTeT
email: thmtvfarhod@gmail.com

Ormernm, ato juddepeHIuaabuble YPABHEHNsST B 9aCTHBIX MTPOU3BOJIHBIX, COJIEP-
JKalliue MPOU3BO/IHbIE IPOOHOTO MOPs/IKA, MMEIOT BaXKHbIE ITPUJIOKEHUs B PA3IUIHBIX 00-
nactax [1]-[6] u nosyuennbie pesyabTaThl, 6E3yCJIOBHO, MPEJACTABIAIOT GOJIBIIOE 3HATE-
HUE U3-3a UX HOBU3HBI. KC/IU B Pa3/IMIHBIX YacTdaX obsacTu 3aganus auddepeHiuaibHoe
ypaBHEHUE B YACTHBIX IIPOU3BOJIHBIX, COJIEPKAIIEe TPOOHYIO TPOU3BOIHYIO, TPUHAJIEZKUAT
pPa3IMYIHbIM THIIAM, TO Takoe JuddepeHnuaabHoe YpaBHEHUE CJIe/IyeT HA3BIBATH ypaBHe-
HUEM CMEIaHHOTO THUIIa B 9TOH 00JIACTH.

B mannoit pabore m3ydena anaJor 3ajadn Jlupuxiie Jijisi HATPYKEHHOI'O YPaBHEHUS
CMEITAHHOTO THUIIA C JPOOHBIMU ITPOU3BOJHBIMEU B IIPAMOYTOJIBHON 00JIACTH.
Paccmorpum ypaBnenune

Lu — umx_cDgU+M1U(x,0):0 mpu y >0, 1<a<?2,
v Um—cDoyU+M2u(a7+y,O):O mpu y <0, 1<p<2

B npsimoyrosbHoit obmactu Q = {(z,y) : 0 <z <1, —p<y <gq},tmep,q, p;j(j =1,2)—
3aJlaHHbIC JIefICTBUTEIbHBIC YNCIA, IIPUIeM

p>0, ¢>0, pu;>0(j=1,2),

a Dy, —omneparop jpobuoro nopska B cmbicie Kamyro[2], [7, c. 38|, u oo umeer Bu:

1 v O?u(w,t)
D= — L T (PN )
Oyu F(Q . ’7) /0 (y ) atg ) Y >
Beemem  obosmavenns: J 0= {(r,y): 0<zx<l,y=0},2y = Q N

{(z,y): >0,y>0},Q2,=0Q N {(z,y): >0, y<0}, Q=0 UQ UJ.
Kaace Ck. Yepes Cf(M) oboznaunm Kiace GyHKIHil, HEIPEPHIBHLIX BMECTE CO CBO-
VMU YaCTHBIMU IIPOU3BOJIHBIX 110 § 10 k—Tr0 TOpsi/iKa BKIIOYNTEIbHO B obiactu M.
Bagauya AD. Haiitu dyukimo u(x,y) co cBoiicTBamu:

u(z,y) € COQ)NC2(QUQUJ), DjucC(QU),

y'uy(r,y) € C(QUT),  (=y)' Puy(a,y) € C(QUJ);
Lu(z,y) =0, (x,y) € Q3 UQy;
u(©0,y) =0, u(ly)=0, -p<y<gq;
u(z, —p) = Y(x), u(z,q) =), 0<z<I;

. -« S . N\1-8
Jim oy =y (@, y) = lim (—y) " uy(2,y),  (2,0) € J,

e Y(z), ¢(x)—3amannble qocrarouno riaajaxue byakmun, ¢(0) = (1) = ¥ (0) = (1) = 0.
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Teopema 1. Ecau cyuecmeyem pewenue 3adavu AD, mo ono eduncmeento mozada
u Moavko mozda, ko02da npu ecex n € N 8LINOAHEHDL YCAOBUA

™\ 2
A”(p’ Q) = pEOfvl()‘nqa)EBQ(/\npﬂ) + qEﬂ,l()‘npﬁ)Ea,Z()‘nqa> 7& 07 >\n - (T) .

Teopema 2. Ecau dynruuu p(x) u p(x) ydosaemeopsrom ycaosuam

p(x),¢(x) € C°[0,1], p(0) = o(I) = ¢"(0) = ¢"(I) =0, $(0) = ¥() = ¢"(0) =

=¢"(l) =0 u Ay(p,q) # 0 npu 6cex n = 1, ng , mo cywecmsyem eduncmeenroe
pewenue 3adavwu AD u ono onpedeasemcs padom u(x,y) = \/? 2_:1 un(y)sin™ o . Ilpu

amom dyrkyua u(x,y) npunadaescum xaaccy (1).
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O6 onHOM MeTOJie pellleHusi KpaeBoil 3a/a4u JiJIsi BI3KO-TPAHC3BYKOBOT'O
YPaBHEHUS B ITOJIyOTPAHUYEHHON 0bJiacTu

Anakos 0.I1.!, I6poxumos X.K.?

WNucruryr maremaruku umenn B.U.Pomanosckoro AH PV3., Tamkent, Y36ekucras;
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Jnddepennmanbabie ypaBHEHUS B YaCTHBIX ITPOU3BOJIHLIX TPETHErO IMOPSAIKA Pac-
CMATPUBAIOTCSI TIPU PEINIeHNN 3a/lad TeOPUN HEeJMHENHON aKyCTUKW U B TUIPOJIUHAMU-
YeCKOI TeOpUH KOCMUIECKOIH T1a3Mbl, (DUIBTPAIINN KIJKOCTH B MIOPUCTHIX cpeaax [1].

B pabore [2|, yunTbiBasi cBOWCTBA BSI3KOCTH ¥ TEIJIONPOBOJHOCTU T'a3a, U3 CUCTEMbI
Hapne-CTokca ObLIO MOy IeHO YpaBHEHUE TPEThEro MoPsIKa ¢ KPaTHBIMU XapaKTePUCTHU-
KaMHU, cojiepzKalllee BTOPYIO MPOU3BO/HYIO TI0 BpEMEHN

v
Uggr + Uyy — guy = UpUpy, V = cOnst.

D10 ypaBHeHUe NpU ¥ = 1 OIUCHIBAET OCECUMMETPUYHBI TIOTOK, a 1pu v = () OIuCHI-
BaeT IJIOCKO - NapaJlie/bHbli 10ToK [3].
B obsactu DT = {(z,y): 0 < x < 400, 0 < y < ¢} paccMOTpuUM ypaBHeHUe:

L u] = Uggy + tyy + pu = 0, (1)

rje ¢ € R u Jyist Hero uccjiejyeM CJIejiy oty 3a1ady.

Bagaua A. Haiitu perysnsipnoe pemienue ypapuenus (1) B obsactu DT u3 kiacca
Co2 (DT)NC2y (DT UTY), nverorero orpaHmteHHbe IePBOil TPOU3BOAHOI 110 IIePeMer-
HOM § PaBHOMEPHO IO T M BTOPOM IIPOM3BOAHON IO T, IpU T — +00 U U, € Lo (D7),
YJIOBJIETBOPSIIOIIEE KPAEBBIM YCJIOBUSIM:

u(r,0) =u(r,q) =0, 0<z<+o0, (2)
au (O’ y) + buww (07 y) = 1/)1 (y) )
ug (0,y) = 2 (y), 0<y<g, (3)

rae 'y = DT - rpanuna obnactu DT, a,b € R a Takske a® + b # 0, a ; (y), i = 1,2 -
3aJJaHHbIE JOCTATOYHO TVIAJKIE (DYHKIIMN, TIPUIEM

OTmeTnM, 9TO aHAJOTHYHAS 3ajada WccaeqoBaHa B pabortax [4-6] mias ypaBHenus
Uggz — Uyy = 0.

Teopema 1. Eciin 3ajaua A umeer perienne, TO MpU BbIOHEeHNH yeaoBuii ab < 0,
@ < 0 OHO eJIMHCTBEHHO.

HoxkazarenbcTBo. [Ipeanonoxum obparHoe, mycThb 3aj1a4a A nuMeer aBa pasjIndHbIX
periennit: uy (x,y) u ug (z,y) . Torma dysknus u (x,y) = uy (z,y) — ug (x,y) yaoBIETBO-
psier ypasHeHuio (1) ¢ oHOPOIHBIME KpaeBbIME ycsoBusiMu. Jlokaxkem, 110 u (z,y) = 0
B obmactu D7
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B o6iactu DT cripaBeisInBo TOXKI€CTBO

0 1 9]
uL[u]E%(uum—iui)+a—y(uuy)—u§+uu2:0, (5)

Nurerpupys Toxaectso (5) mo obnactu D} = {(z,y) : 0 < x < d, 0 < y < q }, yuuTbisas
OJTHOPOJIHbIE KPaeBble yCJIOBUU U TPeOyst a # 0 mosrydum

q q
1 : 2 b 2 2 2
0 D+ D+

2d—s+o00

ITycts o = 0, Torma mo ycrosus teopemst 1, te. ab < 0, mosyunm u,, (x,y) = 0, orcioza
mveeM u (z,y) = f (). Homorag y = 0 u yuureBasg aro u (z,0) = 0, umeem f (z) = 0.
Crenosarensho, u (z,y) =0, (z,y) € DT. Ecau g < 0, To U3 9eTBEPTOroO CJIAraeMoro,
nosyanM u (z,y) = 0, (z,y) € DT. B cuny nocaeauero, nomyanm uy (x,y) = ug (z,y) .

B cayuae b # 0 anajornano nosydaem pasenctso u (z,y) =08 DT,

Teopema 1 mokazana.

Teopema 2. Ecin dbynkmun ¥; (y) € C* (0 <y <gq), 1= 1,2 u Bbmosnsercs ycjo-
Bus (4), To pelenue 3a1aun A CyIIeCTBYeT.

Teopema 2 GblLa J0Ka3aHa ¢ IpUMEHEHHEM MeTO/1a Pa3/ie/IeHns epeMeHHbIX. Perrenme
paccMaTpuBaeMoil 3a/1a49 MOJIydeHo B (opMme GeCKOHEYHOro psaja, IPU 9TOM YCTAHOB-
JIeHa, paBHOMEPHAs CXOIUMOCTb M BO3MOXKHOCTH IOWICHHOro JuddepeHupoBanns Ipu
BBITIOJTHEHNY OTIPE/IC/ICHHBIX YCIOBHI Ha 3aJaHnble (pyHKImMN. B mporecce o6ocHOBaHMA
PaBHOMEPHOI CXOAMMOCTH JIOKa3aHO OTCYTCTBHE IPoOseMbl "MaJioro sHameHare s .
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We analyze the following problem

pe(x,t) = vz, t)v(z, 1) + vz, t) (x t)
Vat (2, 1) + (2, t)p(x, 1) + p(z, t)v(z, t) + v(z, t) = QZn V(fin® f3,+ fon @ f1L),
Lfy =& fe, k=12,...2N,
(1)

v(#,)|i=0 = vo(), (2)

where v(x,t) and p(z,t) are (m x m) square matrices and the matrix norm is defined as

under the initial condition

|H|| = max; Zjvzl |H;;|. Besides, let the matrix vo(z) is a real and symmetric (m x m)
matrix having the following properties:

o [Z (1)) llvo(z)| da < oo
e Matrix operator L(0) = —iJ-L — Up(z) has exactly 2N simple eigenvalues

A1(0), A2(0), ..., Aan(0).
Here Uy(z) = < 0 iUoo(fﬂ) )

ivg(z)
Let matrix functions v(z,t) and p(z,t) belong to the class
A { ) veC? peCtY xl_i}lj'tnoop(x,t) =0, teR; }
Jo 1A+ [z (o, O + [va (@, O + o, O] + [[va(z, )]])] da < o0

Furthermore, f, = ( ;1’” ) are column eigenvector functions that corresponds to the
2,n

eigenvalue A, and fn()\n, x,t) = o fn(—An, z,t) corresponds to the eigenvalue —\,,, which
are normalized by the following conditions

/ ) fulz, t)de = a2(t), n=1,2,...,2N. (3)
The system is equivalent to the following Lax equation

LB 0 S e T

2\ - | fa e £ 0
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where J
L(t) = —iJ— — t
(t) = ~iJ = = Ula )
i (1 U,
Bt)=——|( = P —.
0 %(2” J)+2A

. Om  v(x,t) | plx,t)  Op
Here U(x,t) = i ( o(et) O, ) and P(z,t) = ( 0n  plz.t) are 2m x 2m

I, 0O, 0 I,
Ome —1Im I, O
are nonzero continuous scalar functions.

The work is devoted to find the solution {v(x,t), p(z,t), fu(z,t),n =1,...,2N} to the
problem (1)-(3) in the class A by IST method.

Theorem.If {v(z,t), p(z,t), fu(x,t),n =1,...,2N} solves the problem (1)-(3) , then
the scattering data for the operator L(t) evolve in time ¢ by the formulas

matrices J = [ ], I,, is the unit matrix, o = ( ) and a?(t),n=1,N

OR(E1) _ i
T* 2£R(£7t>7 £ER7
dg§; dF-(t)_ L 9 ' L
d_tj_[)? C;t - (2£J+a](t)) Fj(t)vj_laN
Reference

1. Zakharov V.E., Shabat A.B. Exact theory of two-dimensional self-focusing and one-
dimensional self-modulation on waves in nonlinear media.Sov. Phys. JETP. 1972. V.34,
P. 62-69.

2. Khasanov A.B., Urazboev G.U. Method for solving the mKdV equation with a self-
consistent source. Uzb. math. journal. 2003, Vol. 1, P. 69-75.

3.Demontis F.Scattering Operators for Matrix Zakharov-Shabat Systems. Integr. Equ.
Oper. Theory. 2008, V.62, P. 517-540.

4. Verosky J.M. Negative powers of Olver recursion operators.J. Math. Phys.1991,V.32,P.
1733-1736.

5.Urazboev G. U., Baltaeva I. 1., Atanazarova Sh.Soliton Solutions of the Negative Order
Modified Korteweg — de Vries Equation.Bulletin of Irkutsk State University.2024,V.47.



Yosh matematiklarning yangi teoremalari — 2025 131

Initial-boundary value problem for a fourth-order differential equation with
variable coefficients
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In this work, an initial-boundary value problem is considered for a fourth-order
partial differential equation with variable coefficients and a source term in a rectangular
domain. Mixed boundary value problems for partial differential equations with variable
coefficients have been studied in the literature [1-2|, while problems for equations with
source terms have been considered in [3-5].

In the domain Q = {(z,¢) : 0 <z <p, 0 <t < B} we consider the following equation:
Lu = tuy + a*Uggee + by + pu (2,d) =0

here, 0 < b <1, 0 < d < 8, u-are given constants

Problem 1. Find a function u(x,t) in the domain 2 that satisfies the following
conditions:
1)
u(z,t) € Cry () NGyt () (1)
2)
Lu(z,t) =0 (2)

3) The function u (x,t) satisfies the initial conditions
u(2.0) = o (a). lim tu, (2.) =6 (x) 0<x <p. (3
and the boundary conditions
w(0,t) =u(p,t) =0, tge (0,8) = uze (p,t) =0, 0<t <p, (4)

Here, ¢ (), ¢ (x) are given continuous functions.

A function u (z,t) that satisfies conditions (1)—(4) is called a regular solution of the
problem (1)—(4).

The existence of a unique solution to this problem has been proven. The existence of
the solution was demonstrated using the method of separation of variables. The solution
of the problem was found in the form of a series expansion in terms of the eigenfunctions
of the corresponding spectral problem. In the closed domain, the series representing the
solution, as well as the series composed of its second and fourth-order derivatives with
respect to t and x, were shown to converge absolutely and uniformly depending on the
initial function. The uniqueness of the solution follows from the completeness of the
eigenfunctions. The stability of the solution was also established.
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Consider a bounded domain 2 C R" in the form of an open rectangular parallelepiped
defined by
Q={r=(21,...,2,) ER"|0< x; <ps, i=1,...,n},

where each p; > 0 denotes the length of the domain along the x;-axis. The boundary of
Q2 is denoted by 0f2.

Consider the family of mappings S; : R” — R" defined by S;z = (z1,...,%i_1,p;i —
T, Tiy1,---,Tn), where each S; reflects the i-th coordinate of the vector x with respect
to the midpoint of the interval (0,p;). It is straightforward to verify that each S; is an
involution, i.e., S? = I, where I denotes the identity transformation on R”".

Let us consider all possible products of mappings S;, i.e., S; = S5;5;, or Sju =
S;S;Sk, . ... The total number of such mappings, taking into account the identity mapping
Sor = =z, is equal to 2". To number such mappings, we will use the binary number
system, namely, if 0 < j < 2" in the binary number system, the representation
3= Un---J1)2 = J1+2J2+ ...+ 2" 14, where j; takes one of the values 0 or 1.
Therefore, introduction the vektor j = (j1,...,jn), we can consider mappings of the type
S; = S9'...Si" corresponding to the index j.

Using these mappings, we define a nonlocal operator L, acting on a function U(z) by

1
L,U(z) = Z a; AU(S;z),
§=0
where ag,...,asn_1 are given real coefficients, and A denotes the standard Laplace

operator. We refer to L, as a nonlocal analogue of the Laplacian due to its dependence
on spatial reflections.
It is known that the operator L,, is defined as follows for n = 2:

LyU (21, 9) = agAU (21, x2)+a1 AU (p1 —x1, x2)+as AU (21, po—x2)+as AU (p1—x1, pa—2x2).
In this paper, we investigate the following pseudo-parabolic equation with involution:
up(x,t) — Lyu(z,t) — Lyw(x,t) = h(z)v(t), z€Q, t>0, (1)

with the homogeneous Dirichlet boundary condition
u(z,t) =0, ze€dQ, t>0, (2)

and the initial condition

u(z,0) =0, x€, (3)

where, h(x) is a given function, and v(t) is a control function. We say that function
v € Ly(Ry) is an admissible control if it satisfies the pointwise constraint |v(t)| < 1 for
almost every ¢t > 0.
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The present study is devoted to the analysis of the following thermal control problem:

Control Problem. For given a measurable function ¢: R, — R, find an admissible
control function v € Lo(Ry) such that the solution u(x,t) of the mized problem (1)-(3)
satisfies the integral condition

/p(:v) u(x,t)dx = ¢(t), VYt >0, (4)

Q

where p(x) is weight function.

Initial studies on time-optimal control for heat conduction in bounded n—dimensional
domains were presented in [1], where estimates for the minimal time required to reach a
prescribed average temperature were established. In [2], boundary control problems for
pseudo-parabolic equations were further explored, where the construction of a suitable
control function was achieved to ensure the heating of an inhomogeneous thin plate up
to a prescribed temperature distribution. In recent years, increasing attention has been
paid to mixed problems for parabolic-type equations involving involution. Various inverse
problems for such equations have been analyzed, for instance, in [3].

For any constant M > 0, we define the class W (M) as the set of functions ¢ € WZ(R)
satisfying the conditions

||¢||W22(]R+) <M, ¢(t)=0 for t<0.

We now state the main result of this paper.
Theorem. There exists constant M > 0 such that for any function ¢ € W (M), the
solution v(t) of the equation (4) exists and satisfies condition |v(t)| < 1.
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PURSUERS IN A DIFFERENTIAL GAME WITH INTEGRAL
RESTRICTIONS

Inomiddinov S., N.!, Ibroximjonov I., I. 2, Ibragimov G., L.

Namangan State University, 160107, Namangan, Uzbekistan;
sn.inomiddinov@gmail.com
National University of Uzbekistan named after Mirzo Ulugbek, 100174, Toshkent,
Uzbekistan;
islombekibrokhimjonov03@gmail.com
V.I.Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences, 100174,
Tashkent, Uzbekistan;
ibragimov.math@gmail.com

This research focuses on analyzing an evasion differential game in which a single evader
attempts to avoid capture by multiple pursuers, subject to integral constraints on the
playerssI € control functions. The control resources of both pursuers and the evader vary
linearly with time. The game is formulated in the Euclidean space R"™. A constructive
scheme for the evader’s strategy is presented that ensures successful escape. Since the
extension to R" is straightforward, it suffices to analyze the case in R?. The dynamics of
the pursuers x; and the evader y are described by the following system:

.I.'Z' = Uy, .I’l(()) = T50, 1= 1, 2, ...,M,
. (1)
{yzuym%:m,

where x;, T, Ui, ¥, Yo, v € R%, ;0 # 1o, and u; and v represent the control variables of
the pursuers and evader, respectively.

Definition 1. The measurable control functions u;(¢t) and v(t), t > 0, are called
admissible if they satisfy the following integral constraints:

¢ t
/ lui(s)|*ds < pit, i=1,...,M; / lv(s)|?ds < o°t.
0 0

Definition 2. A mapping (t, 21, ..., Tar, Y, U, oo, upg) —> V(E, 21, ooy g, Yy Uty ooy Ung )
Vo [0;400) x R¥MF2Z 5 R2is termed a strategy of the evader if the initial
value problem (1) possesses a unique solution (z1(t),...,zp(t),y(t)) with v =
V(t,x1, ..., xpr, Y, U1, ..., ups(t)) for all admissible controls uy(t), ..., up(t) of the pursuers.

Here, the pursuers may apply arbitrary admissible controls, while the evader adheres
to a prescribed strategy.

Definition 3. Evasion in game (1) is said to be achievable if there exists a strategy
V for the evader such that, regardless of the pursuerssl € controls, z;(t) # y(t) holds for
allt>0,i=1,2,.., M.

Let

mo

jk: U[Tj7T;]7 jm0+1 %@7 k:1,2,...7m0_

j=k

where my is a positive integer.
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We define the function
r:[0,7) —{0,1,2,...,mp}

by the following equation

O) = {0, t 0, T\ J,

]{/‘7 te[Tk;Tlg)\j’i‘-f—l? k:1,27...,m0,

formo>1, k=1,2,...,(mg—1).

This function has the following properties:

Drt)=Fk mn<t<m, ifn1,,.

2) ’I"(t)zk, T <t < Tpt1, ika+1<7'];.

We construct a strategy for the evader. Let w;(t), ¢ = 1,...,M, be arbitrary
admissible controls of pursuers:

2
T="Ty+ 2,
(6%

where TO = émaxlgigM |yg — 33'?72|
v(t) =Vo(t) = (0,a+U(t), t€[0,TI\T, (2)

Vi(t) = (Va(t),a+U(t), tel]0,T)NT, (3)
v(t) =(0,U()), t>T, (4

c
—~
~+
~—
Il

where

r=r(t), Vi) = (Via(®),a +UQ), m<t<t, kel={1,2...m},

v 1/2
m(t)—{“‘“’“(”" Tz v - (2“32@) .

—(a+fun (@), yu(m) < 2k, (T

Theorem. If

Pt oy <0
then evasion is possible in game (1).
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This work is devoted to the study of Emden—Fowler equations and their applications in
various areas of mathematical physics. Such equations frequently appear in the modeling
of heat conduction, astrophysical processes, and hydrodynamic problems. In particular,
nonlinear equations of the form

Y@+ @)+ ) =0, w0, (1)

where k, A € R, n > 1, are called Emden—Fowler equations.

Definition. A solution of the Emden—Fowler equation is understood as a twice
continuously differentiable function y(z) that satisfies (1) on (0,+o00) along with the
prescribed initial conditions.

Emden—Fowler equations find applications in describing stellar equilibrium states, in
the study of polynomial nonlinear oscillations, as well as in stability problems.

Theorem. Let n > 1, A > 0, k > —1. Then equation (1) with initial conditions
y(0) =a > 0, ¥'(0) = 0 admits a positive decreasing solution on [0, +00).

Sketch of the proof. By employing the method of integral inequalities and comparison
function techniques, it is shown that the solution y(z) does not vanish for finite z and
decreases monotonically. Moreover, as © — +00, the following estimate holds: [y(z) =

O (x_ = ) .
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YUQORI TOQ TARTIBLI TENGLAMA UCHUN CHEGARAVIY
MASALA
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Q={(r,y):0<x <1, 0<y < 1} sohada quyidagi chegaraviy masalani o’rganamiz:

n82”+1u aQu

Llu] = (-1) Jp2ntl 092

= f(z,y). (1)

A masala. (1) tenglamaning, u(x,y) € C27H-2(Q) N C21(Q) sinfga tegishli, shunday
yechimi topilsinki, u quyidagi shartlarni qanoatlantirsin:

uy(z,0) =0, wuy(z,1)=0,
o'

%(O,y):(), z'zO,l,...,n,
du ,
%(1,y):0, ]:0,1,...,71—1,

bu yerda f(x,y) - yetarlicha silliq funksiya.
Teorema 1. Agar A masala yechimga ega bo’lsa, u holda yechim yagona bo’ladi.
A masalaning yechimini quyidagi qator ko’rinishida izlaymiz:

u(z,y) = Z Xi(z) cos(mky). (2)

Teorema 2. k — +oo bo'lganda Xy () funksiyalar uchun quyidagi baholar o’rinli:

X A4’ )
X (@) < === [, §=0,1,...,2n,

2n+1

bu yerda | fi(7)| = maxo<e<i [ fe(§)]-
Teorema 3. Agar quyidagi shartlar bajarilsa:

d2
1. f(z,y), d_x]; e C[0,1];

2. fy(z,0) = fy(z,1) =0,
u holda (2) gqator A masalaning yechimi bo’ladi.
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RIMAN-LIUVILL MA’NOSIDAGI HOSILA QATNASHGAN BUZILISHGA
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Bizga Q =, x Q,,Q, ={0 <z <1},Q, = {0 <y < 1} sohada

8 aﬁu (ZE, y)
oy

tenglama berilsin. Bu yerda 0 < a < 1,—a < § € R,

N B 1 d xu(T,y)dT
Pt = s | oo

- Riman-Liuvill ma’'nosidagi kasr tartibli hosila. Quyidagi masalani qaraylik
H masala. €2 sohada berilgan (1) tenglamani va quyidagi shartlarni bajaruvchi u(z, y)
funksiya topilsin:

_ — Ou (x, _ 0%u (x,
Dgzu('ray)ec(Q)? Dgxlu(x7y)EC(Q)7 6(—y5y)€C(Qy)7 %60(9)7
Ay x By (U’ (:E,y)) =0, Ay X By (U (Ivy)) =0, (2)
Ay =a;, i=1,3; j=1,6, Ay = by, 1=1,3; j=1,6;
oI o o7 o
By (U (x,y)) =a; = a_yju(xa 0)7 J=0,5 B (u (I,y)) = bj = 6_yju(x7 ]-)7 J=0,5

Dg u(0,y) = ¢ (y),

bu yerda rankA; = rankAs = 3, ¢ (y) - yetarlicha silliq funksiya. H masalaning yechimini
quyidagi qator ko’rinishida izlaymiz

y) =Y Xu(2)Ya(y), (3)

bu yerda

Y (y) = \Ya () (4)
A1 % By (Y () =0, Ay x By (Y, (y)) = 0.

Y, (y) funksiyalar masalaning xos funksiyalari, X,, (z) funksiyalar quyidagi masalaning
yechimi:

D8, X, (2 >=—Aa:X <>
DgX, (0 fgp y)dy,n=1,2,.
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Lemma 1. Agar

aip G112 013 a1p a11 A4 a1 Q12 Q14 aip G12 015
Qgp (22 A23| = |A2p G21 (24, G21 (22 (24| = |A20 Q22 G25],
azp G32 (33 Ga3zp G31 a34 Ga31 (32 (34 azp a3z 0a3s

a1 G12 a13 a1p G11 Q15

G21 Q22 Q23| = |Q20 G21 (25

31 az2 ass Q3o aA31 a3s

shartlar bajarilsa, quyidagi differensial operator

d6

0'z-0’ziga qo’shma bo’ladi. Bu yerda L operatorning aniqlanish sohasi quyidagicha:
D(L)=(Y:Y9(y)eC(0,1), Y (y) e C[0,1]) N (4).

Faraz qilaylik A > 0 bo’lsin. U holda quyidagilar o’rinli
Teorema 1. Agar ¢ (y) € A(L); L(p) € Ly[0,1] shartlar bajarilsa, u holda ¢ (y)
funksiyani (4) masalaning Y,,(y) xos funksiyalari orqali tekis va absolyut yaqinlashuvchi
Furye qatoriga yoyish mumkin.
Endi (3) qatorni H masalaning yechimi bo’lishi uchun quyidagi teorema o’rinli.
Teorema 2. Agar quyidagi shartlar:
1) ¢ (y) € D(L);
2) ¢ (y) € D(L), " (y) € L2(0,1)
bajarilsa, u holda H masalaning yechimi mavjud.
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Kasr tartibli differensial tenglamalar nazariyasi matematikaning eng faol
rivojlanayotgan yo’Ynalishlaridan biriga aylandi. Ushbu nazariya klassik butun tartibli
hosila tushunchasini umumlashtirib, modellashtirilayotgan jarayonlarning xotira va
nolokal xususiyatlarini hisobga olish imkonini beradi. Ushbu ishda vaqt bo’yicha
Kaputo operatori qatnashgan balka tebranish tenglamasi uchun Koshi masalasi tadqiq
etilgan.

Q={(x,t) : x € R,t > 0} sohada ushbu

o OV (z,t)
DGV (1) + s ) =0 (1)
kasr tartibli differensial tenglamaning
V (2,0) = ¢ (x) ,lim “DG/*V (a,1) = 0 (2)
—

boshlang’ich shartlarni qanoatlantiruvchi V (x,3) € M yechimini topilsin, bu yerda ¢ Dg,
Kaputo kasr tartibli hosilasi bo’lib quyidagicha aniglanadi:

t

1 l—«
)/(t—T) f(z,7)dr,

“Dgf (x,t) = T2—a)
0
1 < a < 2, ¢ (z) berilgan uzluksiz funksiya, M - 2 sohada ¢ bo’yicha 2 marta, « bo’yicha 4
marta differensiallanuvchi, Q = {(z,t) : # € R, t > 0} soha chegrasida yaqinida ¢ bo’yicha
1 marta,  bo’yicha 2 marta differensiallanuvchi funksiyalar fazosi.
Teorema. V (z,t) € M funksiya (1)-(2) masalaning yechimi bo’lishi uchun

U(x,t) =V (2,t) +ily)? Viy (2,1) (3)
funksiya
CDgt/Q Ulx,t) — iUy, (x,t) =0, (x,t) € Q (4)
tenglamaning
U(r,0)=¢(z),zeR (5)

boshlang’ich shartini ganoatlantiruvchi yechimi bo’lishi zarur va yetarli, bu yerda 1
mavhum birlik.

Bu teormadan quyidagi natija kelib chigadi.

I-natija. Aytaylik U € M (4)-(5) masalaning yechimi bo’lsin, bu yerda ¢ (x) haqiqiy
funksiya. U holda V (z,t) = ReU (x,t) funksiya (1) - (2) masalaning yechimi boladi.
Bu yerda ReU (z,t) U (z,t) funksiyaning haqiqiy qismini anglatadi.
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(1) - (2) masalani yechish uchun 1- natijadan foydalanamiz. U holda (18)-
boshlang’Hich shartni qanoatlantiruvchi ushbu

CDYPU (2,t) — iU (2,t) =0

bir o’'Hlchovli vaqt bo’Hyicha kasr tartibli Shredinger tenglamasining yechimini topish
masalasiga kelamiz. Bu masalaning yechimi [1] ishda quyidagi ko Yrinishda aniglangan:

oo

U (1) = /¢<§>Ga<x—g,t>d&

— 00

bu yerda

I e 11 lz — €]
Gax—,t:——i/dW5@h —ik*t2) dk = = akh( a).
( 3 V2r 20! ( ) 2Vith 1\ Vith
1-natijadan (1)- (2) masalaning yechimi quyidagi ko’rinishga keladi:

[e.9]

V(1) = / o (€) Cha (2 — £,1) dE,

bu yerda

Adabiyotlar
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Schrodinger Equation Revisited, Advances in Mathematical Physics, Volume 2013, Issue

1, 1-11



144 Karimov Sh.T., Mo‘ydinov I.M.

Iteratsiyalangan Dalamber operatori qatnashgan spektral parametrli
tenglama uchun Gursa masalasi

Karimov Sh.T.!, Mo‘ydinov 1. M.?

Farg‘ona davlat universiteti, Farg‘ona, O‘zbekiston;
shaxkarimov@gmail.com
Farg‘ona davlat texnika universiteti, Farg‘ona, O‘zbekiston;
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Ushbu maqolada iteratsiyalangan Dalamber operatori qatnashgan spektral parametrli
tenglama uchun Gursa masalasini ko‘rib chiqamiz. Bunday masalani Riman usuli bilan
yechish ilgari o‘rganilmagan.

Tekislikda (x,y); y =0, +y = 0, x —y = 1 chiziglar bilan chegaralangan sohani
Q) bilan belgilab va bu sohada quyidagi tenglamani qaraymiz:

82 82 m
L= (5550 ) o) - Maley) = fley). meN.
bu yerda u (7, y) noma’lum funksiya va A € R\ {0}, f (7, y) esa uzluksiz funksiya.

Gursa masalasi. (1) tenglamani qanoatlantiruvchi u (z, y) € C*™ (Q) N C*™~1 (Q)
sinfga tegishli va quyidagi chegaraviy shartlarni qanoatlantiruvchi u(z, y) funksiya
topilsin

ou 0%u oy
u’OK_QO(J(I)v a—nlOK—@l(I)v a—n%OK—%(x), ey WOK—%Om—l(x)a
ou 0%u oy
ul gy = Yo (), 8_”2sz_wl<x>7 a_"%KN_%(x)’m’ oy | Ym-1 (7). (2)
OK:{(x,y): x+y=0, OSQZS%},KN:{(.T,y): r—y=1, %g:cgl},

(Qp—soha € sohani ichki gismida bo‘lib, CEKF to‘gri to‘rtburchakdan
iborat, bu yerda ixtiyoriy C(xg,yo) € £ nuqta, CE va CF kesmalar
esa  harakteristik  chiziqlarga  paralell ~ holda  joylashgan), bu  yerda

2 (l‘) ) ¢0 (I) y P1 (l’) ) ¢1 (Zﬂ) y P2 (.Z') ) ¢2 (l’) y ey Pm—1 (.’E) ) ¢m71 (.Z’) berilgan
funksiyalar bo‘lib, yetarlicha silliq bo‘lgan funksiyalar, hamda

o) -0): Q)2 ) =) () -
e () -oes 2

shartlarni qanoatlantiradi. n; va no lar xarakteristika chiziglariga o‘tkazilgan normallar
bo‘lib,

0%u 2

= ——cos?ay + 2

ox 072 0xdy

ou ou ou 0*u
— = —cosay + — cos [y,

ony o Ox dy 8_71%

cos o cos B+




Yosh matematiklarning yangi teoremalari — 2025 145

02u oy oy o™y

m—1 m—2
—Cos“ Dy, .., ——— = ————CO08 ar + 2 cos apcospy + ...+
0 2 ﬁl o o  Oxm! ! 0xdy 1¢08 fy
amflu .
Gy cos™ 1B
ou ou N ou 5 0%u Pu 4 2 Byt
— = —cosqg + — cosfs, — = ——cos“x ——— COS (g COS
Mgl Ox Ay P and|ye 022 0 T8xd 2
a am—lu am—lu am—l
+—2C08262, oy T = —Acosm_lag +2 cos™ 20y cos Bo + ... +
dy on" " |yx  Oz™ 0xy
amflu )
cos™ 3
aym 1
buyerdaozl:nl/\x— ﬁl—nl/\y—f (]12:712/\1’:%,52:712/\?/:%.

v (2,5:0,90) = [(@ = 20)° = (v — )" e {4%((:5 —z0)’ — (y — yo)Q)m] . (4

Riman funksiyasidan foydalanib (1) Gursa masalasining yechimini oshkor ko‘rinishida
quyidagicha yozish mumkin.

n L zotyo [ \/5 m—k 5
u (20, Yo) = Yo (%) - / ; (7) o€ [(5 — X — yo)m_kx
, —

el F SRR | REe G I TS

Fles v A
- / > (‘7) (=0 — y0)" " (n — w0 + yo)" e w Tl [4—m (=20 — yo) X
o k=1
To—Yo
m (m m—1 mm A
(1= w0 + 30"t (2 mz/y o0 = (= ] | e = ) -

—(y —v0)*)] f (2, y) dady.
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NONLOCAL BOUNDARY VALUE PROBLEM FOR A SYSTEM OF
PARABOLIC TYPE EQUATIONS WITH TWO DEGENERATE LINES

Khudayberganov Y.K.!, Jumakulov K.Sh.?

National University of Uzbekistan, Tashkent, Uzbekistan;
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In this study, we examine a nonlocal boundary value problem for a system of partial
differential equations in which the direction of time changes with respect to space.
Similar types of equations have been investigated by N. Kislov, S.G. Pyatkov, K.S.
Fayazov[l], .E. Egorov, S. Z. Djamalov|2], I.O. Khajiev, and others. The well-posedness
of nonlocal boundary value problems for various classes of differential and operator-
differential equations has been analyzed from different perspectives in the works of A.A.
Dezin, V.K. Romanko, Y.I. Yurchuk, and many other researchers.

The existence and uniqueness of solutions to nonlocal boundary value problems for
nonclassical equations have been studied in the works of A. Ashyralyev and O. Yildirim,
F. Zouyed, F. Rebbani, N. Boussetila, A.I. Kozhanov [3], K.B. Sabitov, S.Z. Djamalov,
A 1. Shadrina, and several other researchers.

LetQ:QOXQ,Qozﬂleg,Ql:{—1<:L‘< 1},92:{—1<y<1}7Q:<O,T>

Consider the system of equations

{ Uy + iGN () gy + sign(y)uiyy + arug + biug =0, (1)
Uge + sign () uggy + sign(y)ugy, + asug + boug = 0,

in the domain Q N {x,y # 0}, where a;,b; are some constants and by # 0, (a3 — a2)2 +
4b1b2 > 0.

Problem. Find a solution of the system of equations (1) satisfying the following
conditions:

nonlocal
uj($ay7t) |t:0 + O!Uj(l’,y,t) |t:T = ij(l',y), (ff,y) S QOa ] = 17 2a (2)
boundary
uj(2,y,t)| 5o, = 0, t €[0;T], (3)
and gluing
D' t o' t _
Tulrp D)) Tulen Dl e,
oxt R oxt R 0
ai’u]'(l’, y7t) _ aiuj($7yvt)

(o) e xQ, i=0,1,
y=+0

oy’

y=-0 Ay’
conditions, where « is some constant, ¢,(z,y) given sufficiently smooth functions.

In this study, we investigate the correctness of the considered problem depending on the
parameter « , derive a representation of the solution, and establish an a priori estimate
for it. In the case of well-posedness, the conditional correctness of the problem is also
demonstrated.
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Let us introduce the notation

Uy ((L’, Y, t) = Meﬁltvl ((L’, Y, t) +

a1+ Rl et
= ey (T, y, 1),
b2 (’fl _ K/Q) ) 2 ( Yy )

by (/ﬁ — K2 (5)
1
U2 (I, Y, t) = meﬁltvl (I, Y, t) + 6"QtUZ (CL’, Y, t) ;

where k1, ko— roots of a quadratic equation

(K1 — K2)

K% 4 (a1 + ag)k + ayay — biby = 0.

Theorem 1. Let o« = 0. Then for any generalized solution to the problem (1)-(4) for
t € (0,7T) the following inequalities hold:

ai + Ko o a; + Ky kot
uy (T, y,t L |———e"w(t, k) + |———| " w(t, ko),
s (sl < |5 s | €l ) | s et )
1

luz (2,9, 1)l < ew(t, k) + e™'w(t, ka),
|

/i1—/‘€2| |/‘€1—/<J2|

where
1—t
w(t, ki) = 2(|ba| lpallg + a1 + Kl [[allg) T x

X ((1ba] llua (@, y, Tllg + lax + #il [lua (@, y, T)y) e™*) 7

Theorem 2. Let o« # 0. Then for any solution to the problem (1)-(4) fort € (0,T)
the following inequalities hold:

2 2
ai + Ko 2 a1 + Ky 2
up (z,y, 07 <2 ———2— ) 2t ||y (2, y, ¢t —|—2(—> e 2t vy (z,y, )|,
s o 01 < 2 ) e o )+ 2( ) e o o0l

2 K K
Hu2 ($, y?ﬂ”é < —262 i HU1 (l’, yvt)H?) + 262 2 ||UQ ($, y?ﬂ”é :

K1 — K (K1 — Ko
where
oty DIE < C (1+a72) e |gi(x )2 i = 1,2,

C'— some constant depending on o, T,

@1(z,y)llg = lar + K1l (|22, 9) ||y + 02| |01 (2, )],
@2z, y)lly = lar + K2l ll@2(z, y)lly + b2 lo1(z, 9)]lo-
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PROPERTIES OF THE SOLUTION OF THE NONHOMOGENEOUS
RAYLEIGH-STOKES TYPE FRACTIONAL DIFFERENTIAL EQUATION

Khushvaktov N.Kh.

Tashkent International University of Financial Management and Technology (TIFT),
Tashkent, Uzbekistan;
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In recent years, fractional differential equations have become an important subject of
study. Compared to ordinary equations, they are more suitable for describing complex
processes. For example, they can take into account the memory effect of a system and
explain anomalous diffusion. One such model is the Rayleigh-Stokes type fractional
differential equation.

The classical Rayleigh-Stokes equation describes how the velocity of a viscous fluid
changes with time. In its fractional form, the past states of the fluid are also considered.
As a result, the solution is expressed not by simple functions but by special ones, such as
the Mittag-Leffler and Fox-Wright functions.

The Caputo fractional derivative of order p € (0,1) is defined as follows (see, for
example [1])

IXM”:ruip%/é%%ﬁﬁ L0,

In this work, we study properties of the solution the Cauchy problem for the
nonhomogeneous Rayleigh-Stokes type fractional differential equation. Let us consider the
following problem

y'(t) + AML+yDY)y(t) = f(t), >0, 0<t<T; ]
y(0) = vo. (1)

where A, v are constants. The Caputo derivative is particularly suitable for physical
applications because it allows the formulation of initial conditions in terms of classical
integer-order derivatives, which have direct physical interpretations.

The solution to this problem is given in [2], where the solution is found using the Fox-
Wright function. Let us remember the solution of equation (1) obtained in our previous
work.

The Cauchy problem for the nonhomogeneous Rayleigh-Stokes type fractional
differential equation (1) has the solution

y(t) = yoA,(\, 1) + /Bp()\,t — 1) f(7)dr,

where .
AAAQzl—A/BA&ﬂm
0

/ Y N2rP=Lsin pr J
7 (—=r 4+ Myrecospm + )2 + (Ayresinpm)?

0
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and
Ar? sin pm

B.(\t) = —rﬂz dr.
(A1) /6 7 (=1 + Myrecospm + N2 + (Ayresinpr)? "
0

We present the properties of the solutions. The properties of B,(\,t) are considered
in [3], [4].

Theorem. Let A,(\,t) be a solution of the Cauchy problem for the Rayleigh-Stokes
equation (1). Then

1. A,(\,0)=1, 0<A,(\t) <1, t>0,
2. DA, (A1) <0, t>0,
3. A,(Mi, t) > C(p,v, M), k>1,

o0

: p—1 _ —rT
where C(p, v, A1) = vs;ln pﬂ/ 5 A dr.
T r
0 — +rr+1
A
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KPAEBA4A SAJAYA C HECMUMMETPUYHBIMY I'PAHNYHBIMU
YCJIOBUAMN JI1Ad YPABHEHU Y YETBEPTOI'O IIOPA/IKA,
COAEP2KAIIEIO TPETBHIO ITPU3BOJHYIO 110 BPEMEHU

Menuky3uesa 1. M.
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Kpaesble 3ajauu st ypaBHEHUil 9€TBEPTOro HMOPsIKa, COAEPKAIIMX TPETHIO IPOU3BOI-
HYIO 10 BpDEMEHH, MaJio u3ydeHsr [1-5].
B obmactu D = {(z,y) : 0 <z <p, 0 <y < q}, paccMOTpUM ypaBHEHIE

Uggre — Uyyy +au=g (SC, y) . (1)

Bagaua A. Haiitu pemenne ypasuenus (1) B obnactu D us knacca Cos (D)NC32 (D),
VJIOBJIETBOPSAIONIEE CJICIYIOIUM KPACBBIM YCIOBUAM:

u (Oa y) = Ug (p> y) = Uz (07 y) = Ugzx (pv y) =0, (2)
ty (2,0) = 1 (2); uyy (2,0) = b ()5 uyy (2, q) = ¥3(z), (3)

rae ¥; (y), i = 1,3, g (x,y) — 3amanHbe 10CTATOYHO TyIajKue (DYHKIIUH, & TAKZKe BbIITOJI-
HSIIOTCA CJIeIYOIINe YCIOBUA COIJIACOBAHUS:
"

Ui (0) =; (p) =4 (0) =" (p) =v’ (0) =0, i=T.3, g(0,y)=0.  (4)

Teopema. Eciu 3a/1a1a A umeer pelienne, TO MPU BBITOJIHEHUN yCIoBuA a > 0, OHO
CINHCTBCHHO.

HokazareabcTBo. [Ipeanono:xnum, obparnoe. Ilycts 3amada A nmeror aBa pernieHns
uy (z,y) nug (z,y). Torma dyuaknus u (z,y) = uy (x,y)—us (z,y) yIOBIETBOPSIET OTHOPOI-
HOMY ypaBHeHuo (1) ¢ OIHOPOTHBIMU KpaeBbIMHU ycsioBusiMu. JJokazkem, ato u (z,y) = 0
B D.

B obnactu D cupaBeqnBo TOXKIECTBO

0

o ( dy

0 1
Ullgy — Upllgy) + Uy + —— ( Uy, + 5y ) +au® = 0. (5)
Uurerpupyst Toxiectso (5) mo obsactu D, umeem

[ (0,9) Uszz (0,y) — uz (0,9) e (0,y)]dy+

_I_

O%%D%Q

q p
fuixdxderf (x,q) uyy (z,q) +u(z,0) uy, (z,0)) de+
0 0

p

+32 f( (,q) —u (a:O))da:+affu (z,y) drdy = 0.

y‘II/ITbIBaH O/THOPOJHbIE KPa€Bbl€ yCJIOBI/IH I1OJIy9UM

P q 1 p r q
//uixdxdy + 2 /uf/ (x,q)dx + a//zf (x,y)dxdy =0
00 0 00
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Ecm a > 0, u3 Tperbero ciaaraemoro, noayuanm u (x,y) = 0, (x,y) € D. lpu a = 0,
U3 [EPBOTO CJIATAeMOro, T.€. Uy, (x,y) = 0. Orcrona u (z,y) = x f1 (y ) + f2 (). qu/ITbIBaﬂ
kpaesble yciaosue (2), nomyuum fi (y) = fo (y) = 0, Trorma u (x,y) =0 B D.

Teopema mokazana.

Bameuanne. OrMernm, 9TO IPU HAPYIIEHUH YCJI0BUiT TeopeMmbl, T.e. a < (0 OmHO-
poJiHast 3aja9a Jjisi OJJHOPOJHOIO ypaBHeHus (1) MOXKeT mmMeeT HeTPUBAJIBLHOE DEIleHHe.
Hanpumep ypaBuenue

o (2, ) — tyyy (8,) + ( - (gt~ 1>)4) u(ry) =0,

C OJTHOPOJHBIMU yCJIoBUSIMU (2)-(3) MMeeT HEeTPUBHAJIBLHOE DEIeHIe,

u(x,y) = \/g (e%ycos <§{’/&q— %) + 2¢~3 Vay cog <§%(g/—q) 4 %) 4
+ 6 2 (3g-y) sin (\/_\/_y>> sin (—W(sz_ 1>[L’) .

3/1echb a4 KOpHSI ypaBHEHUS,

1 3
A = /33 Vaa <§e§§/&q + sin (\/7_\3/5(1 — %)) = 0.

CyiecTBoBaHMe PeIeHns TOCTaBACHHON 3a/1a4u JI0Ka3ano MeToj oM Pypbe 1 mocTpo-
enneMm dynkiun ['puna.
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CONTROL PROBLEM FOR A HEAT EQUATION WITH INTERFACE
CONDITIONS

Dekhkonov F. N.!, Nematjonova M. !
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f.n.dehqonov@mail.ru

In this paper, we consider the following heat equation in the domain Q = (0,1) x (0, T):

2t - 2 (025 — nau), o en

with the homogeneous Dirichlet boundary conditions
uw(0,t) =u(l,t) =0, t>0,
and the interface conditions at x = x¢ € (0,1):
u(zy,t) = ulxd,t), aux(zy,t) = b2u.(ad,t),
together with the initial condition
u(z,0) =0, ze€l0,]].
Here h(x) is a given function, u(t) is a control function, and the coefficient k(x) is defined
as
k) = {Zj: 20<<xx<<m;.,

 If the control function v(t) € Ly(R,) satisfies the condition |v(¢)| < 1 on the half-line
R, , we say that it is admissible.
Assume that the weight function p € Ly([0,1]) satisfies the conditions:

l
p(z) >0, / plx)de =1, pg >0,
0

where pj, are Fourier coefficients of function p(x).
The present study is devoted to the analysis of the following thermal control problem:
Control Problem. Assume that the function ¢(t) is given. Then, find the control
function u(t) from the condition

l

/,o(x) u(z,t)de = ¢(t), Vt>0. (1)

0

Initial studies on time-optimal control for heat conduction in bounded n—dimensional
domains were presented in [1]|, where estimates for the minimal time required to reach
a prescribed average temperature were established. Boundary control problem related to
fast heating of the rod when the conductivity of the rod is different was studied in [2] and
the existence of an admissible control function was proved. The time-varying bang-bang
property of time optimal controls for heat equation and its applications is studied in [3].
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For any constant M > 0, we define the class W (M) as the set of functions ¢ € WZ(R)
satisfying the conditions

I9llwem,y <M, ¢(t)=0 for t<0.

We now state the main result of this paper.
Theorem. There exists constant M > 0 such that for any function ¢ € W (M), the
solution v(t) of the equation (1) exists and satisfies condition |v(t)| < 1.
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Hyxkyc, Y36ekucran
arzayimnurjanova@gmail.com
KapaxkaJmmakckuit rocytapcTBennbiii yausepceureT uM. bepaaxa, Hykyce, V3bekucran
samangeldiev31@gmail.com

Paccmorpum cucremy maTerpo-mud depennuaababIX ypaBuenuii tuna Boibreppa Buta

t

dx
= An g |t [ Bl a(s)ds | (1)
riae x = (x1,Zs,...,T,) — n-MepHbIii BeKTOp, A — (N X n)-MepHas MOCTOsSIHHAsSI MATPUIIA,

f<t7 Z, y) = (fla f27 ) fn)? 90<t’ S, I) = (g&l, P2, - .- 7§0n) — N-MCpHbIC BeKTOp’(byHKHHH7
R(t,s) — (n X n)-mMepHast MaTpuaHas QyHKITHS.

[TpeAoI0KuM, 9TO BLIIOJHAIOTCA CISLYIONIAEe YCIOBHUA:

1) neiicTBuTEIbHBIE YacTH Beex coberBennbix unces Aj(A), j = 1,n marpunpt A or-
qauanet or mysst: ReA;(A) #0, j =1,2,...,n;

2) Bexropuble dbyukiwn f(t, z,y), p(t, s,x) n marpuanas byuknus R(t, s) onpemere-
HBI, HETPEPBIBHBI U OIPAHUYEHBI JIJIS BCEX

teR=(—00,0),s€ R,x €D CE, ye€ D CE,, (2)

kpome Toro, dyuknus f(t,z,y) yIaoBIeTBOPSeT yCJ0BUIO JIUIIIHIA [0 TIEPEMEHHON X U Y
¢ nocroguuoii Jlummuna Ky u Ky, a dyukuus ¢(t, s, ) yI0BIETBOPsIET STOMY YCJIOBHIO 110
IepeMeHHol = ¢ noctosgHuoil Jlunmmuna K3, T.e. BBIIOJIHSAIOTCS CJIE/IyIONIne HEPABEHCTBA
JUIst Beex t, S, x, Y, T, § u3 objacru (2):

1f (2, y) = f(& 7,9 < Ky e — 2l + K lly — ol

H@O(t’sv [E) - gp(t,s,f)” < K3 ||ZL’ - f” ;

¢
3) sapo R(t) ynosnersopsier ycnosuio [ ||R(t — 7)| dr < Ry < o0;

4) sup [[I£(t, 0,0)[| =M < oo, sup [|ip(t, 5, 0)]f = N < oo.
Crnenys padore [1]| cucremy ypasuenuit (1) npu moMornu 3aMeHbl IIEPEMEHHBIX BUIA

dx
i Az (t) + u(t) (3)

MO2KHO IIPpUBECTU K MHTEI'PaJIbHOMY YPaBHCHHIO

o) t o)

u(t)=f t,/G(t—T)u(T)dT,/R(t—T)/G(t—T)u(s)dsdT ) (4)

—00 —00 —00
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rie G(1 —s) — dyukrus ['puna 3a71a491 06 OrpaHUYEHHBIX PEIEHIsIX CUCTEMbl YPABHEHHI
(3).

JokasbiBaeTcst ciieyroniast TeopeMa.

Teopema. Ilycrs jisi cucrembl uHTerpo-iauddepennuaibabix ypasaernii (1) Bbi-
nosiasiercst yeyaosus 1) — 4). Torma mpu JOCTATOYHBIX MaJIbIX HOCTOSTHHBIX Jlumiuna
K;, i = 1,3 cymecTByeT eIMHCTBEHHOE HeNpepBLIBHOE M OTpaHHYeHHOe Ha BCeil ocH
R = (—00, 00) pellleHne CUCTEMbI HHTErPAILHBIX ypaBHeHUii (4) 1, Cj1eJJ0BATeIbHO, TaKOe
JKe pelleHne cucreMbl ypaHenuii (1).

Jlurepartypa

1. Cawmoitnenko A.M., Tlemox I'B. O cymecrBoBanuyn u eJMHCTBEHHOCTH OTIPaHU-
YEHHBIX PEIIeHril CUCTeM HEeJUHENHBIX JuddepeHImaIbHO-Pa3HOCTHBIX YPaBHEHWH Hel-
TpasibHOTO THIA // YKp. MaT. )KypH. 1991, 3. - C. 390-394.
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O IIPUBJIN>KEHHOM PEIIIEHNN MHOT'OTOYEYHO KPAEBOI
SAJTAYN JId NTHTEI'PO-/INOPEPEHITNAJIBHBIX YPABHEHNU

Hypxaunos O./1.

Kapakasmmakckuit rocyrapcrBennblit yauusepcureT uM. bepiaxa, Hykyc, ¥Y36ekucran
nurjanov@list.ru

PaccmarpuBaercs cucrema nnrerpo-auddepeHimaibibix ypaBaenuit Tuna Boibreppa

BHUIA
t

Z_‘: = P(t)z + f(t,z) + /cp(t, s, x(s)) ds (1)

Ipun JMHENHBIX MHOTOTOYEYHBIX KpPaeBbIX YCJIOBUAX

p
ZAzx<tz>:d7 O:t0<t1<...<tp_1<tp:T, (2)
=0

riae x, f, ¢, d — TOYKH n-MepHOro eBKJM0Ba npocrpanctsa F,; P(t) — (n X n)-mepHas
marpuanas byskims, A; — (n X n)-MepHble HOCTOsTHHBIE MaTpuIlbl, T° > 0 — HeKOTOpast
MTOCTOSTHHAS.

[Ipeamonozkum, aro BekTopHble DYyHKIMU f 1 @, a Takke Marpudnas Gynkiuus P(t)
OIIpeJieJIEHbl M HEMPEPHIBHBI B 00/1aCTH

tel0,T], 0<s<t<T, ze€D, DCE,.

ITocrosaunbie MaTpPHUIIbI Az TaKHe, 9YTO BBIIIOJIHACTCA yCJIOBUE

p
> A
i=0

st uccnenosanust perennii Kpaepoii 3agaun (1), (2) IpuMeHUM YHCTIEHHO-aHATUTH-
YeCKUH MeTOJI TIOC/IeI0BATEIbHBIX TpuOImkennii [1, 2|, coracuo KoTopomy perenue uc-
XOJTHOM 3a/1a4U MIETCsT KaK [PEJIe CIIeyoIIeil Moc/ie0BaTeIbHOCTH (DYHKIUY Xy, (¢, T ):

det # 0.

t T

Tm(t, xo) = xo(t, x0)+/QtT(P) f(7 X1 (T, xo))+/gp(7,s,xm1(s,xo))ds dr+

p
+%H (d -y AiQf;'(P)) -
=0

2 (3 [ [+ [t anas]ar )@

rie
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x
rae Qf(P) — MaTpunanT JUHEHHON OJHOPOJIHOM CHCTEMBI i P(t)x.
[MostydeHsl yCI0BHA CXOAUMOCTH IIPH 1M — 0O IOCJIEI0BATE/IbHBIX HPUOIHKEHNIl BU-
Ja (3) K IIpeJIe/TbHON (DYHKITUN I*(t, Ig) U U3yYEHbl CBA3b 9TOW IMpeaebHON (DYHKIUN C
TOYHBIM PEIeHneM UCXOHON Kpaesoii 3amaun (1), (2).

JInrepartypa

1. Camoitnerko A.M., Poruro H.U. YuncnenHo-aHaguTudecKue METOJIBI B TEOPHUH
KpaeBbIX 3aja41 0ObIKHOBEHHBIX JuddepeHimaabubix ypasuennit. — Kues: Hayk. mymxka,
1992. — 280 c.

2. Kopousib I.I. HucenmbHo-aHAITUYIHAI METO/T JIOC/II/IKEHHS KpafloBUX 3aJ1ad JIjIsd Ha-
niBtiHiftHUX cucrem judepentianibaux piBastab. // Hemniniiini koymsanns, 2010, T. 13,

Nel. C. 39-49.
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ON THE CONTROL PROBLEM ASSOCIATED WITH HIGER
EVEN-ORDER PARABOLIC EQUATION

Dekhkonov F. N.!, Ochilova S. !

! Namangan State University, Namangan, Uzbekistan;
f.n.dehqonov@mail.ru

In this paper, we consider the following parabolic equation of even order

Ou(x,t) 0P Mu(x, )
ot +(=1) Ox?m

subject to the boundary conditions

=0, x€(0,]), t>0, meN,

O*Fu(x,t)
u(O,t):/L(t), W‘T—O*O; kzl; ‘7m_]-7 t>07
and 2o, )
0 u(x,t
szl O, k—O, .,m—l, t>0,

with the initial condition
u(z,0) =0, ze€]l0,l],

where pu(t) is a given control function.

If the control function v(t) € W, (R,) satisfies the conditions v(0) = 0 and |v(¢)] < 1
on the half-line £ > 0, we say that it is admissible.

The present study is devoted to the analysis of the following control problem:

Control Problem. Assume that the function ¢(¢) is given. Then, find the control
function u(t) from the condition

/u(x,t) do = (1), V>0, (1)

Initial studies on time-optimal control for heat conduction in bounded n—dimensional
domains were presented in [1]|, where estimates for the minimal time required to reach
a prescribed average temperature were established. The minimal time control problem
for a fourth-order parabolic equation in a square domain was further investigated in [2],
providing estimates for the optimal time. In [3], the analyzed epitaxial growth models of
nanoscale thin films described by fourth-order parabolic equations, establishing existence,
uniqueness, and regularity of solutions within appropriate functional spaces.

For any constant M > 0, we define the class W (M) as the set of functions ¢ € WZ(R)
satisfying the conditions

H¢HW§(R+) <M, ¢(t)=0 for t<O0.

We now state the main result of this paper.
Theorem. There exists constant M > 0 such that for any function ¢ € W(M), the
solution v(t) of the equation (1) exists and satisfies condition |v(t)| < 1.
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ON THE GENERALIZED CONTINUITY OF A FUNCTION AT THE
POINTS OF CONVERGENCE OF ITS SPECTRAL DECOMPOSITION
ASSOCIATED WITH SOME SINGULAR ELLIPTIC OPERATORS

Pirmatov Sh.T.

Tashkent State Technical University, Tashkent, Uzbekistan;
shamshod@rambler.ru

Denote by the symbol R} the half-space of points (z/,7zy), where 2/ =
(1,22, ....,2xy-1) € RN and y = xx > 0. Let a bounded domain Q* with a smooth
boundary I" be located in the half-space R}, and be adjacent to the hyperplane zy = 0.
The part of the boundary I' which is located in Rj;, denote by I'*, and the part of the
boundary I lying on the hyperplane 2y = 0 denote by I'°.

In the Hilbert space Lg;(Q7), consisting of functions whose square modulus is
summable over the domain w™ with weight v, we consider the operator L defined by
the differential expression

N-1 P

L=—-) —————— +q(2',y) = -Ap+q, k>0, (1)

on the domain of definition D(L) = C§°, (2" UT). With respect to the potential ¢(z’,y),

we will assume that it has the form ¢(z',y) = q(r) = a(r)/r, where the function a(r) €

C>(0,00) and satisfies for r > 0 the estimate 0 < a(r) < C,r"!, where 7 > 0 for N > 2
and 7 > 1/2 in the case N =2, r* = 23 + ... + 2%, _; + ¢*.

The operator L, considered in the space Lo ,(21), is symmetric and positive. According
to the classical Friedrichs theorem, it admits at least one positive self-adjoint extension
in Ly, (27F). Let L denote an arbitrary positive self-adjoint extension of the operator L
with a discrete spectrum. )

Let 0 < Ay < Ay < denote the sequence of eigenvalues of the operator L and
let {u,}2, be a complete orthonormal system of the corresponding eigenfunctions in
Ly (©27).The spectral decomposition of an arbitrary function f € Ly x(Q2) has the form

Exf(z) =) foun(x) (2)
An <A
and their Riesz means of order s are defined by the equality

B = X (1-3) funto) = / (1-3) aEso, )

An<A

In the present work, we study the behavior of a function f in a neighborhood of a
point at which its spectral expansion or its Riesz means converge. Typically, to ensure
the convergence of the spectral expansions (2) or the Riesz means (3) at a given point, it
is sufficient to require that the function be smooth in a neighborhood of that point (see
[3])-

The average value of order a« > 0 of a function f(z) over a hemisphere of radius r
centered at the point x is defined as follows:

w10 = s [ () e @

|y‘<ra yN>O
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where
a—1
w(k,a) = / (1= y?)* o dy.

The main results of this article are as follows.
Theorem 1. If the spectral expansion of a function f € Lo, (21) converges at a point
x € I°, then for a > % the following equality holds:

lim 57 /() = /(z).

Theorem 1 considers the partial Riesz sum, similar theorems were proved in [6,7].
Theorem 2. Suppose that the numbers a > 0 and s > 0 satisfy the inequality

N+k-3

. (5)

S—a <

Let the expansion of a function f € Lox(QV) at some point x € T° be summable by
Riesz means of order s:

lim EXf(z) = f(x). (6)
Then the equality
lim §¢ f(x) = () 7)

holds.

Similar theorems are proved for the Laplace and B— elliptic operators in the works
[4]. Also in the work [5] for a B— elliptic operator with a Bessel operator in one of the
variables it is proved that if the spectral decomposition of an arbitrary function at some
point of a given hypersurface is summed by Riesz means, then its average value over a
hemisphere with the center at the specified point has generalized smoothness.
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KASR TARTIBLI INTEGRO-DIFFERENSIAL OPERATORLARNING
MELLIN FAZOSIDAGI IFODALANISHI

Ro’ziyeva Z.0.!

Farg’ona davlat texnika universiteti,Farg’ona,O’zbekiston;
e-maill@zroziyevad62@gmail.com

Kasr tartibli integro-differensial operatorlar tushunchasi giperbolik va aralash tipdagi
xususiy hosilali differensial tenglamalar uchun chegaraviy masalalarni o’rganish bilan
uzviy bog’langan. Bunga o’xshash ishlarni [1], [2] lardagi ustozlarimiz bajarishgan.
Ular kabi ¢(x) funksiyadan g(x) funksiya bo’yicha |«a| kasr tartibli integro-differensial
operatorlarni quyidagicha kiritamiz:

ﬁ [lg(z) — g()]* " o(t)d (t)dt, agar o > 0bo'lsa,

Dg gy P(2) = o(z), agar o = 0bo'lsa, (1)
Ldpo-l  or), agar0 < a < 1bdlsa,

7 (@) do ' aig(x) ¥
buyerda ¢(z) € Li(a,b),  g(x) monoton va uzluksiz hosilaga ega funksiya bo’lib, ¢'(x) #
0; T'(-) - Eylerning gamma funksiyasi|[l|. Bizga ma’lumki ¢(x) (z > 0) funksiyaning
Mellin integral almashtirishi

w%ﬁ=ﬂf%ﬂ®:@=/@*%@Mw 2)

formula bilan, teskari Mellin integral almashtirishi esa

y+io00
1o 1 R
pla) = M7Hp"(s) a} = 5= [ @ (s)a’ds (3)
)
y—100
formula bilan aniglanadi[2]. Agar funksiya bilan uning Mellin integral almashtirishi
orasidagi bog’lanishni "< "kabi belgilasak quyidagi umumiy formula o’rinli bo’ladi:

z%p(z) < ¢ (s +a) (4)
Teorema. Agar 1) a < 0 va 2 lp(zx) € L(0,00) yoki 2) 0 < a < 1, p(x) €
CH0,1), z*™*p(z) € L(0,00), z = 0 va = oo da 2° ' D§ . p(x) = 0 bo'lsa, u holda
1 _
Dizeta) T 100 e ma) s<14a, 5

tenglik o’rinli bo’ladi.
Isbot. 1) a < 0 bo’lsin u holda ta’rifga ko’ra

x

/ooyc / (. — )" o(t)dtdx

0

DOxa:(p <_>/ o 1Dg:ca:()0(
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ifodani hosil gilamiz[3]. Bu ifodaga Dirixle formulasini qo’llab, ichki integralda = —t = zx
almashtirish bajarib

o0

1 F(l—i—a—s I, l+a—s
D s—a— y="T (g

Oxazgp( ) F(—Oé) 1—8 /y |: 1—3 :|90 (S OZ)
0

munosabatni hosil gilamiz. Demak, (5) formula o’rinli ekan. 2) 0 < o < 1 bo’lsin. Teorema
shartiga ko'ra ¢(z) € C*(0,1) bo’lgani uchun D§,..o(z) kasr tartibli hosila mavjud va
uni Df,..(x) = 2L DG o(x) ko'rinishida yozib olish mumkin. Bu ifodaga Mellin integral
almashtirishini qo llaymlz va hosil bo’lgan ifodani bo’laklab integrallaymiz:

[e.9]

Dp(@) < [ 2 (DG Ae(@)de = (1-9)2° " D Lp(o)]+(1-5) [ 02D Lp(a)ds =
0 0

Bu ifodadan, teorema shartiga ko’ra,
D p(o) ¢ (1= ) [ 071 D b
0

Ifoda kelib chiqadi. Bundan (4) formulaga ko'ra, (5) formulaning to’g'riligi kelib chiqadi.
Adabiyotlar
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O TO4YHBIX pelleHusTX aBTOHOMHBIX JTuddepeHINaTbHBIX YPaBHEHMI

CuaukoBa M.A.

Hanmonasbubiit YauBepcuteT ¥Y30ekuctana, Tamkent, Y30eKucTam;
mccomn7@gmail.com

B pabore mokazano, 4To HeJIMHEHHbIE ABTOHOMHBIE OOLIKHOBEHHBIC mguddepennuaib-
HbIE YPaBHEHUsI BTOPOT'O MOPsIJIKA MOXKHO CBeCTU K ADEIeBbIM yPaBHEHUSIM IIEPBOTO POJIa.

PaccmoTpum criejtyoree obiee apronoMuoe jiuddepeHimaibioe ypaBHEHIHE BTOPOTO
MTOPSIIKA

i=1

rie g;(y),i = 0,...,n - HenpepbiBHbIe dyHKIME OT y. B yacraoctn, mpu n = 1 umeem
ypasuenue JIbenapa. [Ipumensis npeobpasosanue (M ):

(M) : ylx =\
p(y)
IPUXOMM K ypaBHenuto tura (Ab-1):
n=1: p,=—gp +5p, (2)
n=2: p,=gp’+ g’ + gop. (3)

Hasee paccmorpuM ypaBHeHHe AOesis TepBOTO PoJa:

r_ 3 2 —
Y, = fs(@)y” + fo(2)y” + fi(z)y, y=y(x). (4)
Torma, yanthiBas peraeMoe B 3aMKHYTO# (opme ypaBHeHnme AOesst, BKJIIOYAIOIIEe
[IPpOU3BOJIbHBIE (DYHKIIUU, U UCIIOJIb3Ys IIpeodbpasoBaHue, mpejaokennoe Kamvke, mpuxo-
JUM K CIIPABEJUIMBOCTHU CJIEAYIOIIEN TeOpEMBI.
Teopema 1. Ecau évinoanero caedyrouiee coommowerue:

E /_ c f3/1
(E)m_—(l‘f'c)ﬂ%_f’ c# +1,

mozda ypasnernue Abeas (4) (fo #0) umeem obuiee neasHoe pewenue suda:

fa(x) } [ cfa(2) }1 <C(1 — 0 / f3 )
1+ 1+ —Kexp| — [ ==dx ) =0,
(1 + )y(x) fs(x) (1+ c)y(x) fs(x) (1+0e3? ) fs
2de ¢ - npoussoavhwil napamemp, a K 3adaem napamemp cemeticmea pewenudl.

Paccmorpum obbikHOBeHHOE /T depeniraibHoe ypaBHEeHNE TIePBOro MOPsIKa 00IIero
BHUJIA:

v, =F(z,y), y=uy(x). (5)
Beenst npousBosibhyio dyuknuio G(z), MepenniemM cucTeMy YpaBHEHHH CIeyonmM 00-
pa3oM:
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Yo = —Fi(z,y) + G(2) f(y), (6)
= 5 Fale,y) + 3G (), (7
F(x,y):Fl(x,y)+F2(x,y), (8)

rje f - usBecTHasg HenpepbiBHAs (QYHKIMA OT Y.

IIpennoxenne 1 FEcau cywecmeyem dynxyua G(x) maxas, wmo ypasuenus (6) u
(7) umerom obuiee pewenue, mo MO PeweHue MakxHce Yoosaemaopaem ypasHeruto (5).

Jlokazamesvcmeo. Ipemnoxenne 1 j10Ka3bIBAETCs IPOCTO, TaK Kak, 00bequnsis (6) u
(7), u yaursiBas (8), mbl moaydaem (5).

[Togcrasmss remeps © BMecTo y 1 y(2) Kak p(y), Mel nepemucbBaeM (6) u (7) B coot-
sercTBun ¢ (3) (mmm (2), ecm n = 1 u go = 0), Kak:

P, = 1G(y) — golp® — 910” — gop,

G(y)
== p’,
rje
Fi(y,p) = gop’ + gip* + gop, - Fa(y,p) =0, f(p) =p’.
Torma, ucnonn3zys [Ipenoxenne 1, MbI JIOKa3bIBAEM CJIETYIONLYIO TEOPEMY.
Teopema 2. Heaunetinoe asmonommoe ypasrerue (1) umeem caedyrouwee mounoe o0-
HONGPAMEMPUYECKOE CEMETUCTNE0 PeuleHut:

=42+ A.

e
VB =S Gy
JIuteparypa

[1] Honsrun A./1., 3aiines B.®., CipaBoYHUK sl TOYHBIX PEIeHU OOBIKHOBEHHBIX
nuddepentmanbabix ypapaennit. CIIA: 2-uzgarenscrso, 2003.

[2] Mapkakuc M.II., CBejieHue u TOUHBIE PEIIeHUsT ABTOHOMHBIX JIUdDbEPEHINATbHBIX

ypasuennit. Mexynapoanbiit xKypuas juddepenimaibabix ypasuenunit. 2010. T. 1, No
1. C.1-5.
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Pemnenus B 3amkHyTOIi popMe ypaBHeHUsi Abesisi IepBOro poja

CuagukoBa M.A.

Hanwmonambubtit YauBepcurer ¥Y30ekucrana, Tamkent, Y36eKucram;
mccomn7@gmail.com

B pabore 1mosryueHbl Kak HesIBHOE PeIlleHNe, TaK U CBA3AHHOE JIOCTATOYHOE YCJIOBHUE
JUTst  oTpejiesieHHbIX  auddepeHnuaabHbIX  ypaBHeHuit kjacca AOesst 1mepBoOro poja,
[IOCPEJICTBOM IOIXOAIIIX TPpeodbpa30BAHUIA.

Paccmorpum ypasaenne Abesist iepBoro poja:

Y, = f@2)y° + fo(2)y* + filx)y + folz), y=y(x), (1)
Ecsin uzBecTHO uacTHOE perierue Yo, TO 3aMeHa y = Yo + 1/u(y) npuBoguT K :
wul, = — (3f3y5 + 2foyo + f1) u* — (3fsy0 + f2) u — fs. (2)

Jasee, ¢ IOMOIIBIO TIOICTAHOBKU
ypaBHeHUe (2) CBOAUTCS K:

ww!, = Fi(z)w = Fy(z),

rie Fy, F| - KOHKpeTHbIe BbIpakeHus jyid GyHKIuUi fi, fo, f3,40 u E. B sToit pabore

paccMmarpuBaercs ciydail, Korja "cBoboaublii"anen fy B ypasuenun (1) pasen myso. B

9TOM CJIydae, ¢ IIOMOIIBIO MPeodpa3OBaHUSI

(z) = t(x) q[2(x)], (1a)
exp

)
0= [ Pyt o) =eo ([ f ). (1b)

npetoxkensoro Kamke [2, Ch. A, ypasuenue 4.10.4d|, ypasuenune (1) (npu fo = 0) upn-
BOJIUTCA K BULY

35
¢=j7f+ﬂ{ z=a(z). (3)
Honosnurensao pacemorpuM "nipoussosibaoe"ypasuenue |1, 1.4.1.47 (upu ¢ = —a/b)]:
/ !/ /
W= [0 = (f+ 9w+ g (w—g_cf>h+ S ) (4)
| ) ) l—c f=g f—g

riae ¢ - mapamerp, a f = f(z), g = g(x), h = h(x) - uponsBosbHbIe GYHKIUU OT .
9T0 HoCIeAHee ypaBHEHNE UMeeT o0lee PelleHne B 3aMKHYToi (popMme, & UMEHHO:

o= o gl = Kewp |15 [(7 = ghaa] )

rje K - nocrosiHHAasT MHTETPUPOBAHUS. 3aTEM, OIPEeIeIss
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gla) = cf(x), c# =+l

ypasHenue (4) NpuBOJUTCA K BUILY

Wl = hw® — (1 + ¢) fhw? —|—(cf2h—|—§/> (6)

e MOryT ObITh TIpHUMeHeHbI peobpazoBanust Kamke (1a) u (1b). Bosee Touno, moso-
KM

w(z) = s(z) plr(z)],
r(z) = —(1—|—c)/fhsda:, s(z) = fexp (c/f%dx),

Torya ypasuenue (6) CBOJUTCS K BUILY
r— .
T 1 + f

YrBepxkaeuune. Ypasaenus (3) u (7) WIAEHTUIHBI TOTJIA U TOJBKO TOTJA, KOIJIA BbI-
TTOJTHATOTCS CJIEJTYTIONINE COOTHOITEHUST:

—p’+p°, x=ua(r) (7)

3\ f3f1

(1), =t 5 ®
. 1R
=y (©)

Ha camom siesie, Kak ciiejyer u3 JIOKa3aTeIbCTBa CJIeYIONeil TeopeMbl, UMEHHO ypaB-
Henue (8) mpejcraiiseT coboil IOCTATOYHOE YCJIOBUE JIJIsI TIOJIy Y€HUsT AaHAJIUTHIECKOro (B
3aMKHYTOM Buje) perenust ypasaenust A6esst (1) mpu fo =0, :

Teopema Eciu Boinosnsiorcs pasencta (8) u (9), To ypasaenue Abess (1) mpu
fo=0wu fy # 0 umeer o0ITiee HESTBHOE PEIIEHUE B BUJIE

(1) w(e) g+ 117 (146 v(@) g+ = K- |(14) () oI exp [H/f—dx} 0

f3()
folr)

rae v(x) =

JIuteparypa

[1] Kamke 3., CnpaBoYHuK 110 OOBIKHOBEHHBIM JH(bhEPEHITNATbHBIM YPABHEHUSM.
[Mryrrapa: Teyonep B.I%, 1983.

[2] Mapkakuc M.II., Permenus 3amkuyToil opmbl ypasaenusi AGesisi epBoro poja.
[Tucbma npuknannoit maremaruku. 2009. T.1, No 1. C.1-5.
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TO’RTINCHI TARTIBLI DIFFERENSIAL TENGLAMA UCHUN TO’G’RI
TO’RTBURCHAK SOHADA CHEGARAVIY MASALA

Sharifjonova N.S.

Farg’ona Davlat Universiteti, Farg’ona, O’zbekiston;
sharifjonovanozimaxon@gmail.com

Ma’lumki, aralash turdagi tenglamalarni o’rganish va ularni tahlil qilish usullarini
yaratishda juda ko’p olimlar, shu jumladan T.D.Jo’rayev, M.S.Salohiddinov va ularning
shogirdlari katta hissa qo’shishgan. Mazkur tezis ham yuqori tartibli differensial
tenglamalarni o’rganishga bag’ishlangan.

Ushbu o
52 AU TeleyU = f(ay) (1)
tenglamani D = {(z,y) : 0 < x < 1,0 < y < 1} sohada qaraymiz. Bu yerda
o? 0?
= @ + 8_y2

Laplas operatori.

Masala. D sohada (1) tenglamaning quyidagi shartlarni qanoatlantiruvchi U(z,y)
yechimi topilsin:

1) U(z,y) € CHD)NC*(D) ;

2) U(z,y) quyidagi chegaraviy shrtlarni qanoatlantirsin:

U0,9) =¢o(y),0<y<1  Ulz,0)=v(z),0<z <1 @

ULy =¢i(y),0<y <1 Uz, 1) =t¢(z),0<2 <1
Ulx,—x+1)=1(z),0<z <1 (3)
Uz(0,y) = ¢3(y),0 <y <1 (4)

Bu yerda ¢;(y), ¥i(x), i = 0,3 berilgan funksiyalar bo’lib, ular yechimni ko'rsatilgan
sinfdan bo’lishini ta’minlovchi quyidagi kelishuv shartlari o’rinli:

©0(0) = 10(0)

wo(1) = 11(0) 1(0) = 1(0)

901(0> = %(1) wo(l) = %(1)

(0) = 3(0) 1y (0) = 3(1)
(

Teorema 1. Agar c(z,y) > 0,(x,y) € D bo’lsa, u holda masalaning bittadan ortiq
yechimi mavjud emas.

Adabiyotlar

1. Juraev T.D. Boundary Value Problems for Equations of Mized and Mized-Composite
Types. Tashkent: Fan, 1979. - 240 p.
2. Salokhitdinov M.S. Equations of Mized-Composite Type. Tashkent: Fan, 1974. - 156 p.
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To’rtinchi tartibli tenglama uchun bir nolokal shartli masalaning yechilishi
haqida

Tajimuratova A.K.!

Berdaq nomidagi Qoraqalpoq davlat universiteti, Nukus shahri;
asalkadirbergenovna@gmail.com

Geofizikanning, okeanologiyaning birnecha masalalari, texnikada kriogen suyuqliqlarni
xususan, stratifitsirlangan suyuqliglarni foydalanish masalalari, birjinsli sterjenning yoki
balkaning tebranishi masalalarini yechish, to’rtinchi tI'ertibli tenglamalar uchun qo’yilgan
aralash yoki chegaraviy masalalarni yechishga keltiriladi.

Faraz qilaylik, Q = {(z,t) : 0 <z < p, 0 <t < q} sohada

Lu(x,t) = ugyy + U — Uggar — bu =0,

tenglama berilgan bo’lsin, bunda b = const.

Masala. ) sohada quyidagi shartlarni qanoatlantiradigan u(x,t) funksiyani topish
kerak: B

u(z,t) € O (Q) N C(Q);

Lu(xz,t) =0, (x,t) €

(
(

u(z,0) =p(x), w(r,0)=uw(z,q)+¢(), uzq) =n), 0<z<p (3
u(0,1) = u(p,t) =0, uw(0,1) = uga(p,t) =0, 0<t<yg, (

bunda ¢(z),1(x),n(z) - berilgan uzluksiz funksiyalar va @ (0) = @ (p) = 0, i =
0,2, ¥(0)=4v(p) =0, n(0)=n(p)=0.

t bo’yicha uchinchi tartibli hosila qatnashgan to’rtinchi tartibli tenglamalar uchun
aralash-chegaraviy masalalar [1-3] da qaralgan. Bu masalalarning yechimining mavjudligi,
yagonaligi va turg’unligi ko'rsatilgan.

(1)-(4) masalaning regulyar yechimi deb, (1)-(4) shartlarni qanoatlantiradigan
u(z,t) € C’;ljf’ Q)N C’i:tl (Q) funksiyani tushunamiz.

(1)-(4) masalaning yechimining mavjudligi o’zgaruvchilarni ajratish usuli bilan
ko'rsatildi. Yechim qator kosI Yrinishida topildi. Bu funksional gatorning va uning mos
hosilalaridan iborat yechimlarning masala yechilayotgan yopiq sohada tekis yaqinlashishi
ko’rsatildi. Masalaning yechimining yagonaligi xos funksiyalarning to’ligligidan kelib
chiqadi. Bu masalaning yechimi uchun L, va C'(2) fazolarda baholar olindi. Bu baholardan
foydalanib masalaning yechimining turg’unligi ko’rsatildi.

Adabiyotlar

1. Apakov Yu.P., Meliquzieva D.M. On a boundary problem for the fourth order equation
with the third derivative with respect to time // Bulletin of the Karaganda University.
Mathematics Series, No.4(112), 2023, pp.30-40.

2. Bekiev A.B. On the solvability of one inverse problem for a fourth-order equation //
Bulletin of the Karaganda University. Mathematics Series, No.3(119), 2025, pp.75-84.

3. Bekiyev A.B. On the solvability of one inverse problem for a fourth-order equation in a
rectangular domain // Bulletin of KRAUNC. Phys.-math. sciences. 2025. Vol. 51. 2. Pp.
28-44. (in Russian)



Yosh matematiklarning yangi teoremalari — 2025 171

APPLICATION OF THE CAUCHY PROBLEM FOR FIRST ORDER
LINEAR LOADED DIFFERENTIAL EQUATIONS

Tillabaeva G.I.!, Tillabaev B.Sh.?

Fergana State Technical University, Fergana, Uzbekistan;
sobirjonovaguljahon1998@gmail.com
Fergana State Technical University, Fergana, Uzbekistan;
boburtillabayev@gmail.com

The differential equation is usually called an uploaded differential equation, if a
function of unknown function and its derivatives with values at one or more points
are involved [1]. We learn problem of Cauchy for the first-order linear-uploaded simple
differential equation in this article.

Just imagine, P(z), Q.. (z), m = 1,n are determined and continuous functions in [a, b]
(-0 < a<b<+4+x), x1,Z,...,T, 1 are given real numbers, let it be a = ¢y < 77 <
. < Tp_1 < x, =0b. In this case, if y = y(z) is unknown function, that equality

Y+ Pa)y = y(wn)Qnlx), =€ (ab) (1)

is called the first-order linear-uploaded simple differential equation.

The problem of Cauchy for equation (1) is explained as follows: find the solution which
is satisfied y(a) = k condition and determined, continuous in [a, b] section, here k is a given
real number.

This problem is resolved as follows. It is known, if we assume that the right side of (1)
is a known function, there is only one solution which satisfies y(a) = k condition and can
be found in the following formula [2]:

n

y(x) = e~ Ja PR [/x JLPG)s Z Y(@) Qu ()t + k| . (2)

m=1
Rewrite (2) slightly:

n

y(x) —_= y(a’;m)/ Qm<t)€fzt P(Z)dzdt + ke_ faz P(Z)dz
m=1 a
This formula follows from the following equations at points z = x;, j = 1, n:
a i b P(2)dz — (% p(2)dz . —
o) = wlwn) [ Quels " e ke O T )
m=1 @

(3)-y(z;), j = 1,n is a system of n linear algebraic equations with n unknowns. So
that, there are 3 possible situations:

1. The main determinant of (3) A # 0. In this case, there is only one solution, if we
put y(x;), 7 = 1,n in (2), we have only solution. 2. A = 0 and determinants A; = 0,
j = 1,n are formed when the columns of A are replaced turn by turn ke~ Ja? P (=)4= in this
case, system (3) has infinite solutions. We can obtain an optional real number. We put



172 Tillabaeva G.I., Tillabaev B.Sh.

them in (2), we have infinite solutions of problem. 3. A = 0 and Ay # 0 for any j = s. In
that, there is no solution in (3) system. So, the problem of Cauchy has no solution.
Now letsI €s look at this simple problem. Find the solution that

Y + P(x)y = y*(21)Q(x), (4)
equation which is satisfied y(a) = k condition and determined, continuous in [a, b]
section, here z; € (a,b), P(x) and Q(z) are given continuous functions, k is a given real

number.
Obviously, the solution which satisfies the y(a) = k condition of (4)

y(ﬂ?) = y2(m1)/ Q(t)efg: P(Z)dzdt + ke~ ST P(z)dz (5>

is determined by the formula. If we say x = x;, we have the quadratic equation with
respect to y(xy):

?(a / Q(t) f P(2)dz gy —y(x1) + ke” Jat P — (6)

If we enter that

T .
A =1 dge J P / Q(t)ehr PO gy

substitution, in that based on the theory of quadratic equation, that (6) equation has
2 different solutions, one solution or no solution, it depends on A > 0, A =0 and A < 0.
If A>0or A =0, we put the y(z;) which is found from (6) in (5), we have a solution to
the problem under study.
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SATAYA KON OJIdA HEOZ[HUOPO,Z[HOI‘O BBIPO2KJTIAKOIIIETIOCHA
YPABHEHU A KOJIEBAHUU TIJIACTUHBI B /IBYXMEPHOM
ITPOCTPAHCTBE
Tyaamesa 1. 1.

Hamanranckuii rocynapcrBeHHbiii yuusepcurer, Hamanran, Y36eKucTam;
yorqinoytulasheva@gmail.com

UsBecrHo 1], 9T0 pereHne JTMHERHOTO HEOTHOPOIHOTO yPABHEHHsT

2
IMO—%wF§%+A%+VU—ﬂ%wm—Z 1)
ylLOBﬂeTBOpHIOHlee O‘ILHOPOILHBIM HaYaJIbHBIM YCHOBHHM
u(z,0) =0, u,(zr,y) =0, z € R?, (2)

MOZKeT OBITh ITPEJICTABIeHO B Buje (BTOpoil mpuHiun /lroamesst)

Y

o) = [ Uty yir

0

riae B, € R, mpuuem 0 < 28 < 1, A? = AA—6urapmMorndecKnii omepaTop, a A— MHOTO-
MepHbIii oneparop Jlamaca, a f(x,t), ¢ (x) , ¥ (z)— 3anannse dyuxiun. 3necs U(x, t, 7)—
pellenne BCIOMOraTeIbHON 3a0a91 I OJHOPOIHOIO yPABHEHMS

LU)=0, z€ R*, y >,
VJ0BJIETBOPSIONICE TOTYOIHOPOJAHBIM HAYAILHBIM YCIOBUSAM
Ulx,7,7)=0,2 € R*, Uy(x,7,7) = f(2,7), © € R*.

[Tocennsist 3a/jaua HA3BIBAETCA COIYTCTBYIOMIEH K nexonHoii 3agade {(1), (2)}.

Osnako, ecim ypasHeHnue (1) 1o 1epeMeHHON Y BBIPOXKJIAETCSI MJIM MMEET CHHIY-
JAPHDIH KO3(DMUIMEHT MPpH MJIAIIIEM YJI€He, TO HEBO3MOXKHO IMPUMEHHTD BTPON MPHUH-
nun oamerrsa. B Takux ciaydasx IpejjiaraeM UCIOIb30BAThL OlepaTop Mpeodpa3zoBaHus
Opaeiin-Kobepa.

[Tpeanonozxum, uro pemenne 3a1aun {(1), (2)} cymecrsyer. 1o perenue uiem B
BUJIEC

u(z,y) = I\ (=1/2,8)v (2, y), (3)

e n =—1/2, a = 3, v (x,y) - HEU3BeCTHAsI, YETHIPEKIbI HENPEPLIBHO JuddepeHnupye-
masg dyukiws, Jy(n, a)v (z,y)- 06o6menublii oneparop dpueiin-Kobepa, koropas umeer
BT

2atn) L -
Tn(n, a)f(z) = QFT / (@2 =) T (W) P ) (@)
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e a,n € R, a >0, n>—(1/2), f(x) € L1(0,b), b> 0, I'(a)- ramma-dynxrust, J,(2)—
dbyukug Beccens nepsoro poma nopsiika v. OCHOBHBIE cBolcTBa onepaTopa (4) MOXKHO
HafiTu B pabore |2, cTp. 246].

Omneparop, obparHblii K oneparopy (4), npu 0 < o < 1 umeer Bu

T

2x2n ( 1 d )p/ I_p—a—l ()\\/ o 32) S2+a)+1

‘])\_1(777 O‘)f($) = m %% (.232 _ Sz)a*erl

f(s)ds, — (5)

e p = [a]+1. UssectHo [2], aro oneparop (5), korma a > 0,1 > —(1/2), f(x) € C*(0,b),
b > 0,, byskium x2’7+1[Bf75]k f(z) uaTErpUpYEMBI B HyJIE U

d
lim xz’”l%[Bjﬂkf(az) =0, k=0,0—1.

z—0

JIEMCTBYET KaK OIepaTop Mpeodpa3oBaHus 10 (hopMyJie

x ¢ x1€
[Bn—l-a + )\2] ‘]/\(777 O[)f(l‘) = J)x(nv a)[Bn] f(l’), (6)
2 1d
riae Bff) =3 + n+ 7, ~ oreparop Beccens. B ciryuae MHOruX 1mmepeMeHHBIX, BEPXHIUIA
Xz i X

HHJICKC B OIIEPATOPaX O3HAYACT IEPEMEHHYI0, 110 KOTOPOit JeiicTByeT 10T oneparop. [Tox-
craBiss (3) B ypaBHenue (1) u HadaabHbIE ycsioBus (2), a 3aTeM HCIOJb3Ysl PABEHCTBO
(6), mosryIHM 3a/1ady HAXOXK/CHUS PerteHns v (x,7) ypaBHEeHHs

v

8—772+A21):F(a:,77), r€R* n>0, (7)

YJIOBJIETBOPSIIOIEee HAYAJIbHBIM YCJIOBUSIM (2), TJ1e

F(x,n) = ﬁ% / (n* — 52)_ﬁ75()\\/172 — 32)525]”0(35, s)ds. (8)

Hanee, mpumensis Bropoii npuaiei Jloamvesns K 3agaqge {(7), (2)} u moas3ysich perre-
HUEM COIYTCTBYIOIIEH 3aj1a4u, pereHnblii B padore [3], a 3arem nojcraiss HaiijeHHOE
perierne v (x,1) B paBeHCTBO (3), MOC/Ie HEKOTOPBIX BBIYHCICHN, HAXOIUM DEIeHusT 3a-

e {(1), (2)}.
JINTEPATYPA

1. Polianin A.D., "Handbook of Linear Partial Differential Equations for Engineers and
Scientists”, Chapman and Hall/CRC Press:, Boca Raton, FL, USA, (2002).

2. Camro C. I'., Kuibac A. A., Mapuues O. . UnaTerpanbl 1 mMpou3BOIHbBIE JIPOOHOTO
nopsijika u ux npuioxkennd.-Munck: Hayka n Texnmka, 1987. -688 c.

3. Sergey Sitnik, Shakhobiddin Karimov, Yorkinoy Tulasheva. The Cauchy problem for
the degenerate beam vibration equation// Journal of Mathematical Sciences, 2023, Vol.
277, No. 3, p. 458-466.



Yosh matematiklarning yangi teoremalari — 2025 175

ACUMIITOTUKA PEIIEHUS HAYAJIBHON 3AJJAYU C
IIO'PAHNYHBIM 11 BHYTPEHHUM CJIOAMN

Typcynos /I.A., Cynaiimanos 3.M.
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Uccnemyem cuHTYISAPHO BO3MYIIIEHHOE OOBIKHOBEHHOE JuddepeHnmaabHoe ypaBHEHNe
IIEPBOTO TOPSJIKA ¢ HAYAJbHBIM YCIOBUEM

ey'(z) + (v — a)’p(a)y(z) = f(z), 0<x<T, y(0)=y’ = const. (1)

rme 0 < € < 1 — maupiit mapametp, 0 < o < T, a, T, y° — U3BeCTHLIC HOCTOSHHLIE;
p(z), f(z) — samanusle dyukmuun, Vo € [0,7] : 0 < p(x), p,f € C®[0,T]; y(z) —
HensBecTHasd (DYHKIUS.

[Toro6HbBIE 387891 BOSHUKAIOT B PEATbHBIX TPUKJIATHBIX 3a/1a9aX 09€Hb 9acTO, 0COOCH-
HO KOTJIa HYKHO OIUCATH MEPEXOHBIE MPOIECCHI, PE3KNe N3MEHEHUs] WU MOTPAHUIHBIE
s¢ddekTer. Hanpumep, B Teopun KosiebaHuili m pe3oHAHCOB (ONUCHIBAET MEJJICHHOE IIPO-
XOKJIeHUe Yepe3 Pe30HaHC B HeJIMHEHHBIX KoJsiebaTeIbHbIX cucremax. [lapamerp € pery-
qupyet "ckopocTb uaMenenus " aminTy el [lpn £ = o mponcxoinT pe3oHaHCHOE B3auMO-
neficreue, ryie (z—a)? obparaercs B HOJIb — TUIIXYHASA "TOUKa MoBoOpoTa'; 3jleKTpUIecKue
ey (aHAJOTUYHBbIE YDABHEHHsI OMUCHIBAIOT TlepexojHble mporiecchl B RC' — u RL —temsix
[PU MAJIO eMKOCTH MJIM WH/LyKTHBHOCTH (£ — MaJiasi ocTosiHHast BpeMenn ). boicrpast da-
3a y'(r) cOOTBETCTBYET TOKAM WJIM HAIPSZKEHUIM, U3MEHSIOIIUMCS HA MAJIBIX BPEMEHAX;
ONTHKA, aKYCTUKA, KBAHTOBas MexaHuKa (BosHukaioT B Meroje BKB, npu anamusze Bos-
HOBBIX ypaBHEHHil ¢ MeJJIEHHO MeHstomuMucs Koddduimentamu. (r — «)? urpaer posib
MOTEHITUAJILHOTO Oapbepa, uepe3 KOTOpblit BosiHa "TyHnuenupyer' i oTparxKaeTcs; B Xu-
MUYECKOI KMHETUKE YPABHEHHA C MAJIbIM apaMeTPOM OIMCHIBAIOT PEAKIH ¢ OLICTPON 1
Me/IJIEHHOM cTajusIMu, Tjie y(2) — KOHIEHTPAIUsI BEIEeCTBa, a € — OTHOIIEHNEe BPEMEHHbBIX
macitabos [1]-[4].

JlokazaHbl CJIe/IyIONINe TeOPEMbI

Teopema 1. Bremnee pemenne HauasibHoit 3agaun (1) wa orpeske x € (o + /e, T
[PEJICTABUMO B BUJIE

n

(x — a)3n
U = @ Up(z) = (r — « 3"—%71(%) v, 0 =
rie UO(I)—p(x), n(z) = ( ) o) r € C*[0,T], k=0,1,...

v(z,e) =

Teopema 2. AcuMITOTHYIECKOE PA3/IOXKEHHe pelleHns: HadaJbHol 3a1a4dn (1) na o1-
peske z € [0, T'| npeacraBumo B BUE

3n+2

n 1 n
y(z,e) = rup(x) + 2 > dFw(t) + ) Fmi(r) + O(e™), e 0,
k=0 k=0 k=0

rie u, € C°[0,T], wy € C°(R); 7, € C°[0,00), lim wg(t) =0, lim mx(7) =0,

t—=to0 T—+00
r=afe, t=(v—a)/p, p=
B,Her U ($) — YICHLI PEryjdpHOoro BHCIIHEI'0 pelIeHusd, Wy (t) — YJICHbl BHYTpEHHEe-
IO CJI0A B OKPECTHOCTU CI/IHI‘y.HHpHOﬁ TOYKH T = «, U 71']4;(7') — YJICHBbI KJIaCCHUYECKOI'O
MIOrPAHUYHOTO CJIO B OKPECTHOCTU Hada/IbHON Touku & = 0.
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GEOMETRIK GRAF QIRRALARIDA QUVISH-QOCHISH O’YINLARI

Xolboyev A. G’.

O’zbekiston milliy pedagogika univesiteti, Toshkent, O’zbekiston;
azamatholboyev@gmail.com

Bizga I' chekli geometrik graf berilgan bo’lsin. Grafning barcha girralarining uzunligi
1 birlikga teng bo’lsin. I' grafda ikkita o’yinni qaraylik. Bu m ta P = {P, P, ..., P,,}
nuqtalarni harakatini boshqaruvchi quvuvchi va ) nuqtani harakatini boshqaruvchi
gochuvchi ishtirokidagi quvish-qochish o’yini.

Birinchi o’yinda quvuvchi va qochuvchi nuqgtalar I" grafning uchlarinini ketma-ket
tanlab harakat qilishadi. Bunda o’yinchilar o’zi turgan uchdan qo’shni uchga o’tishi yoki
joyida qolishi mumkin. Agar qaysidir qadamda biror quvuvchi nuqta qochuvchi nuqta
bilan ustma-ust tushsa u holda o’yinda quvuvchi yutadi, agar quvuvchi nuqtalar hech
qaysi qadamda qochuvchi nuqta bilan ustma-ust tushmasa u holda o’yinda qochuvchi
yutadi. Bunday o’yin bilan ko’plab matematiklar shug’illanishgan va salmoqli natijalar
olishgan [3-5, 7].

I' grafdagi quvish-qochish o’yinida qochuvchini tutadigan quvuvchilarning eng kichik
sonini N*(T") bilan belgilaylik. Agar N*(I') < m bo’lsa o’yin Py, P, ..., P,, quvuvchi
foydasiga, N*(I') > m bo’lsa o’yin @) qochuvchi foydasiga hal bo’ladi.

Ikkinchi o’yinda quvuvchi va qochuvchi nugtalar I' grafning qirralarida harakatlanadi.
Pi(t), Pa(t), ..., Pn(t),Q(t) nuqtalarning trayektoriyalari, pi,pa, ..., pm,0 esa ularning
maksimal tezliklari bo’lsin. Barcha nuqtalarning maksimal tezliklari py = pos = ... = p, =
o = 1 bo’lsin. Bunday o’yin haqidagi asosiy ta’rif va tushuncha [1-2, 6, 8-10] ishlarda
keltirilgan va ko’plab natijalar olingan.

Agar o’yin ixtiyoriy vaziyatdan boshlanda ham chekli vaqtda biror quvuvchi nuqta
gochuvchi nuqgta bilan ustma-ust tushsa u holda o’yinda quvuvchi yutadi, agar o’yin
biror vaziyatdan boshlanib qochuvchi nuqta cheksiz vaqt davomida hech qaysi quvuvchi
nuqgtalar bilan ustma-ust tushmasa u holda o’yinda qochuvchi yutadi.

I' grafdagi quvish-qochish o’yinida qochuvchini tutadigan quvuvchilarning eng kichik
sonini N (I") bilan belgilaylik.

Endi I' grafdagi ikkita o’yinning natijalarini solishtiraylik.

1-teorema. Ixtiyoriy I' geometrik grafda N*(T') = m bo’lsa, u holda N(T') > m + 1
o’rinli bo’lads.

2-teorema. Iztiyoriy I' geometrik grafda N*(I') = m bo’lsa, u holda N(I') < m o’rinli
bo’lads.
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A EVASION DIFFERENTIAL GAME

Xorilov M.A., Omonov A.H.

Namangan Davlat Universiteti, Namangan, O’zbekistan;
mxorilov86@gmail.com

Let a controlled object P called the Pursuer, chase another object E called the Evader
in the space R™. Denote by x a state of the Pursuer and denote by y a state of the Evader
in R™. In the present we study the Pursuit problem when the objects move in accordance
with equations

P: i+ x=u, z(0)=umx, (1)

E: yg+Xxy=v, y(0)=uwo, (2)

where A # 0, x,y,u,v € R", n > 2; xy,yo are the initial positions of the objects P and
E respectively; it is assumed that xy # yo; the parameter u is the velocity vector of the
Pursuer and here the temporal variation of u is considered to be a Lebesgue measurable
function u(-) : [0, +00) — R"™. We denote by Uz, the set of all measurable functions u(-)
satisfying the geometric constraint (briefly, the G, ,—constraint)

lu(t)] < pe™ for almost every ¢ > 0, (3)

where p,k are positive numbers.

Similarly, the parameter v is the velocity vector of the Evader and here the temporal
variation of v is considered to be a Lebesgue measurable function v(-) : [0, +o00) — R™.
We denote by V the set of all measurable functions v(-) such that

lv(t)| < oe™ for almost every ¢ > 0, (4)

where o is a positive number.
Since the problem (1)-(4) for the case k = 0 was studied, here we will study the case
where k is the positive number.
From the physical viewpoint, the constraints (3) and (4) indicate that the maximal
values of velocities of both objects will damp in duration time of the considered game.
Definition 1. The measurable function u(-) € U, is called the admissible control
function of the Pursuer, respectively in the game (1)-(4), or in brief, the G, ,—Game.
Definition 2. For the pair of (zo, u(-)), u(-) € U, the solution of equation (1), that
is

t
z(t) = zoe™ +/ e M9y (s)ds (5)
0

is called a trajectory of the Pursuer in the interval [0, 400).
Definition 3. For the pair of (yo, v(-)), v(-) € V, the solution of equation (2), that
is

t
y(t) = yoe M +/ e M9y (s)ds (6)
0
is called a trajectory of the Evader in the interval [0, +o0).
In the G, ,—Game, Pursuer aims to catch Evader, i.e. to realize equality =(t) = y(t)

for some t > 0, and the aim of Evader is to keep relation z(t) # y(t) for all ¢, ¢ > 0.
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Let z =2 —vy, z9= 29— yo. Then from (1) and (2) we have the unique equation
Z=u—v, 2z(0)=z.

To solve the Problem of Evasion, assume that at each current time ¢, the Pursuer is
allowed to know the initial states xq, yo, the constants A, p, o, k, the current time ¢.
Definition 4. We call the control function

v*(t) = —oe e, >0, (7)

where £y = 2 the strategy of the Evader in the (1)-(4) Game.

Definition 5. We say that the control (7) guarantees winning for F if, for any u(-) €
U_,,, the relation x(t) # y(t) holds for every ¢ > 0.

Theorem. If 0 > p, then v*(t) strategy for Evader is winning in the interval [0, 4+00).
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4-SHO‘BA:MatematikmodellashtirishvaDinamiksistemalar.

AJITOPUTMBI 11 IIPOTPAMMGBI JJId COBCTBEHHBIX 3HAUYEHUN
A6aykonupos J.,! Imomos A.%,
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CobcTBeHHbIe 3HAYECHHST UT'PAIOT UCK/IIOYATE/IbHBIE 3HAYEHUS B 3aja9aX yCTONIHBO-
cru auHamMuveckux cucreM |1]. Pacemorpum 3asady o cobcTBeHHBIX 3HaYeHui MaTpur [1]:
Asxx =Axx,x# 0, A\ = AA), tae A - marpuna nopsijika n* n. B 95ToM ypaBHeHUN Hens-
BECTHBIE: N-CKAJISIPHBIX BEJIUIUH A M N COOCTBEHHBIX BEKTOPOB. DTa 3aJ1ada OJIHOPOIHAS
cucTeMa JIMHEWHBIX YpaBHEHWIT 110 X, MO9TOMY HEHYJIEBOE pEIlleHHe CYIIEeCTBYeT TOrJIa U
TOJIBKO TOIJIa, KOIJIa MaTPHUIA CUCTEMbI UMEET JeTEePMUHAHT, PABHOIO HYJIIO.

det(A — AE) = (—=1)"(\" = p A" ' — .pp1 X —pn) =0,
k
i Sk—
p=81,k=2.n:p,=(sk— Z }%), sp=tr(A*) =df, + ..al .
i=1

D10 ypaBHEHNE HA3LIBACTCS XaPAKTEPUCTUICCKUM ypaBHeHHeM (KpaTtko XVY).
Teopema 1. (lammibrona-Kemm). Marpuria yioBieTBopsieT cBOeMY XapaKTepUCTH-
JecKOMY ypaBHeHno. KpaTkoe J10Ka3aTeIbCTBO:

ldet(A — NE)ys = |det(A — AB)| = |det(0)] = 0.

Bagaua maxoxjaeHus A = A(A) mocrarouHo TpygaHOeMKas. [l moucka cobGCTBEH-
HBIX 3HAYCHUI CUMMETPUYECKUX MATPUI] Pa3padOTaHbl UTEPAIMOHHBIE METOJIbI BpAaIle-
nnit dAxkobu, ['meenca. [yig mpon3BoIbHBIX MaTpUIl uMeroTcs MeTo bl JleBepphe, Daje-
eBa, Kpouiosa, Mukenanze, Kybmanosckoit-@pencuca QR, lanunesckoro, Xeccenbepra.
B maremarudeckux cucremax turia Mathcad u Python 3aadum perratores ¢ moMorniso
YKPYIHYHHOIO ajiropuTMma pemnienns 3ajaqdn. Mathcad, Python BeicTymaior B kKaudecTse
UCHOJIHATE I YKPYITHYHHOTO aJIrOpUTMa [3], a mosib3oBaTe/lb UrpaeT poJib CO3JIATEsT all-
ropur™ma. oy yrpymnaanasiM agropurmoM (the largest algorithm) mbr monnmaem mociie-
JIOBATEJIbHOCTh MaTeMaTUIeCKUX (DOPMYJI, U KOMAH/[ MATEMATHIECKON CUCTEMBI, JIAIOILYIO
pertienre 3aiaun. B 3apybekHoil inTeparype UMeeTcst 1MoI00HbBIN TEPMUH: «programming-
in-the-large». 9T KOMaH I MATEMATUIECKON CHCTEMBI U SIBJISIOTCS KPYITHONH KOMAHJIOA,
HAIpUMep, DYHKIUS BEIYUCIEHIS CTEeITeHell MATPHUIIBI U UX CJIEJ0B, PEIeHNe CHCTeMbI JIH-
HEWHBIX YPaBHEHUM, BHIUYUC/IEHUA COOCTBEHHBIX 3HAYECHUIT, OIIpeie/InTe s, 0OpaTHOl MaT-
pUIIbI, UHTerpaJa, pertenne JnddepeHnajlbHOro ypaBHeHus, u T.J. HamMu mocTpoeHb
YKPYIHYHHBIE aJrOPUTMbI 10 MeTOJI0B, YIIOMSHYTHIX BbIlle. B KadecTBe npumepa mpu-
BeJIYM YKPEmHYHHBbIE aJaropuTMbl MeToioB JleBeppbe u QR u pesysbrarsl BhIUnCIEHU
COOCTBEHHBIX 3HAYEHUI.

1) TIIporpamma kjaccmaeckoro mMeroja. Meros cocTouT u3 JByX IMIaros:
1-mar. ITocTpoenne xapakTepUCTUIECKOTO YPABHEHUS:

D\ =|AE = A =(\"=> pX
=1
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2-mar. Onpejiesierre cOOCTBEHHBIX 3HAYEHNN U BEKTOPOB:
D\)=|NE—-A|=0, i=1.n

import numpy as np
from numpy.linalg import LinAlgError
A:np' array([[1,2,3,4],[2,3,4,1],[3,4,1,2],[4,1,2,3]])
n=A.sharp|0];p=np.poly(A);
r=np.roots(p) # XapaKTepUCTUIECKUIT TOJMHOM U COOCTBEHHBIE 3HATCHMUSI
print(p) # BbIBOJ KO3 DUIHEHTOB XapaKTEPUCTHIECKOTO MOJTMHOMA,
print(A); A =[-2.828 -2 2.828 10| # BBIBOJL COOCTBEHHBIX 3HAYCHUI
2) TIporpamma merona Jlereppbe-Qajiieena
# Method of Leverrye-Faddeev
import numpy as np
A= np.array([[l, 2, 3, 4]: [2, 3, 4, 1]7 [37 4,1, 2]7 [4’ 1, 2, 3”)
n=4; E=np. eye(n); B=copy(A); p=np. zeros(n+1); p|0]=1;p|l]=-np. trace(B)
for k in range(2, n+1):

B=AQ(B+plk-1*E);

plk|=-np.trace(B) /k
# Computing p
print("p = "p); r=np.roots(p); print (’eigenvalue=’, r)
eigenvalues= [-2.828 -2 2.828 10|

3) IIporpamma meroma QR
# Method of QR
import numpy as np
A=np.array([[1,2,3.4], [2.3.4,1], [3,4,1,2], [4,1,2,3]])
S=[10,20] # iteraty
# QR decompozisiya
for k in range(40):

Q,R=np.linalg.qr(A)

A=np.dot(R,Q) # update of A

ifi+1in S:

print (f’iteration:’, i+1, -R)

10: [10. 2.8270 -2.8270 2.0019| # cobcTBeHHbBIE 3HAUEHNUST TP Yncse ureparnun 10
20: [10. 2.8284 -2.8284 2.0000| # cobcrBeHHbIe 3HAYEHUsT TPU Yuc/Ie ureparun 20
Buano cxoguMocTs nrepanyii, Ipyu yBeIMIeHIN KOJIMIECTBA, UTEPAIINii.
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MATERIALNING MUSTAHKAMLANISHINTI HISOBGA OLGAN VA
OLMAGAN HOLDA SPLO’SH VA ICHI BO’SH VALLARNING
ELASTOPLASTIK HOLATINI MATEMATIK MODELASHTIRISH
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Val detallarining deformatsion javobini aniqlashda elastoplastik modellar mexanik
yuklama va issiqlik ta’sirini birgalikda hisobga oladi. Bunday modellashtirish mexanik
mustahkamlikni baholash va qoldiq kuchlanishlarning paydo bo’lish mexanizmini tahlil
qilish imkonini beradi. Tadqiqotlar shuni ko’rsatadiki, mustahkamlanish jarayonini
hisobga olish mexanik holatni yanada realroq ifodalaydi va issiqlik ta’siri natijasida hosil
bo’ladigan kuchlanishlar tagsimotiga sezilarli ta’sir ko’rsatadi [1] ,[2].

Matematik model quyidagi muvozanat va plastiklik tenglamalari asosida tuziladi:

do, o0, — 0y

o = 0, op — 0y = \/gaT(ep,T),
bu yerda o, BI'Y radial, o, 8T ¥ tangensial kuchlanishlar, o BI'Y oqish chegarasi bo’lib, u
plastik deformatsiya ¢, va harorat 7" ga bog’liq. Materialning mustahkamlanish xususiyati
chiziqli shaklda ifodalanadi:

or = 079 + k Eps

bu yerda k - mustahkamlanish koeffitsienti, o9 - boshlang’ich oqish chegarasi. Ushbu
bog’lanish deformatsiya chuqurligini kamaytirib, plastik zona radiusini o’zgartiradi va
termomexanik jarayonni stabillashtiradi [2],[3].

Teorema 1. Faraz qilaylik, materialning oqish chegarasi plastik deformatsiyaga
nisbatan chiziqli mustahkamlanish qonuni bilan aniglanadi:

or = 070 + kgp.

U holda, val tashqi sirtida maksimal tangensial kuchlanish o, hosil bo’lgan holatda,
plastik zona radiusi quyidagi bog’lanish bilan topiladi:

1/2
S
p —lo )
Omax — kep

bu yerda r, - valning tashqi radiusi. Teorema natijasiga ko’ra, & > 0 bo’lganda, ya'ni
material mustahkamlanish effekti mavjud holatda, plastik zona torayadi va deformatsiya
fagat sirtga yaqin gatlamda saqglanadi. Bu mexanik mustahkamlikni oshiradi va issiqlik
yuklamalariga barqarorlikni kuchaytiradi [1].

Analitik tahlillar shuni ko’rsatadiki, mustahkamlanishni hisobga olgan modellar
vallarning issiqlik-mexanik yuklamalar ostidagi haqiqiy deformatsion holatini aniq
ifodalaydi. Issiqlik o’tish tezligi yuqori bo’lganda radial kuchlanish gradienti keskinlashadi,
ammo mustahkamlanish effekti bu notekislikni kamaytiradi. Mustahkamlanishsiz (ideal
plastiklik) model esa yuqori haroratli yuklamalarda real natijadan og’adi.
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SILINDRIK VALLARDA HARORAT TA’SIRIDA
KUCHLANISHLARNING TARQALISHINI MATEMATIK MODELI
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Issiqlik ta’siri ostida ishlaydigan metall vallarda haroratning notekis tagsimlanishi
natijasida ichki deformatsiyalar va termik kuchlanishlar paydo bo’ladi. Bunday
holatlarda kuchlanishlarning fazoviy tagsimlanishini oldindan aniglash konstruktsiyaning
mustahkamligi va bardoshliligini baholashda muhim ahamiyatga ega.[l] Po’latdan
yasalgan silindrik val uchun haroratning vaqt bo’yicha oI Uzgarishi issiqlik
o’tkazuvchanlik tenglamasi orqali ifodalanadi [2]:

or_ (0T 10T
8t_a or2  ror)’

bu yerda T'(r,t) - harorat funksiyasi, a = A\/(pc) - issiglik o’tkazuvchanlik koeffitsienti,
A - issiglik o’tkazuvchanligi, p-zichlik, c - issiqlik sig’imi. Valning termik deformatsiyasi
elastiklik nazariyasining asosiy bog’lanishlari orqali aniglanadi:

ar:E<?—aT), 09:E<%—QT>,

r

bu yerda F - Yung moduli, « - chiziqli kengayish koeffitsienti, u(r,t) - radial siljish
funksiyasi.
Teorema 1. Faraz qilaylik T'(r, t) - radius r va vaqt ¢ ga bog’liq silliq funksiya bo’lib,
u silindrik vallarda issiqlik tarqalishini ifodalovchi issiqlik o’tkazuvchanlik tenglamasini
ganoatlantirsin:
oT o*T 10T
ot _a(8r2 +r87“)’

bu yerda a = \/(pc) - issiqlik o’tkazuvchanlik koeffitsienti. U holda, val ichidagi radial va
aylana (tangensial) kuchlanishlar orasidagi farq

o) — 0y = Fa [T(r, P %/O (1) dg}

ko’rinishda aniqlanadi.
Natijalar. Analitik yechimlar asosida quyidagi xulosalar olindi:

e Haroratning markazdan tashqi sirtga pasayishi radial kuchlanishlarning kamayishiga
olib keladi;

e Aylana kuchlanishlar oy tashqi sirtlarda maksimal qgiymatga ega bo’lib, bu
nuqgtalarda termik yoriglar paydo bo’lish ehtimoli yuqori;

e Olingan analitik natijalar sonli modellashtirish (FEM) orqali tekshirilib, farq 3 foiz
dan oshmadi, bu esa modelning ishonchliligini tasdiqlaydi.
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Taklif etilgan model issiglikka bardoshli metall vallarning termik yuklamalar ostida
deformatsion holatini baholash, material tanlash va optimal geometrik shakllarni
aniqlashda amaliy ahamiyatga ega.
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OIIIMBKN MHOT'OMEPHOM ®OPMV.JI MHTEPITIOJIATINI
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3ajiata UHTEPIOJISIUN CIUTAETCS OJTHON U3 JIPEBHEHINNUX W OCHOBHBIX 33129 BBIMUC/IU-
TEJILHOW MaTeMaTUKU. 3a/iada MHOTOMEPHON HMHTEPIIOJISIUU B XaO0TUIECKO CeTKe CTa-
BUTCH cJieytonum oopasom. Ilycrs

2] = V@) = /@) + o+ (a7

HOpPMa B €BKJIMJOBOM HpocTpaHcTBe R™ touek x = (x!, ... 2™), rue 3ajana KoHedHas
obactb ) 1 ceTKa XaoTudecKux To4ek (y3i0B) A, = {z;,i = 0,...,n}, a TakKe 3HATCHUA
y; = f(z;),i =0, ...,n, HEKOTOPOI HenpepbIBHOI Tiaakoil dbyukimn y = f(x). Tpebyercs
OIIPEJIE/IUTH UHTEPHOIAIMOHHYIO (DOPMYILY

n

L(z) = L(f.x) =Y _cipi(x), Lo(z;) = f(x;),i=0,...n.

1=0

o 1960 roma paccmarpuBauch GYHKIIMU OT OJHON nmepeMenHoil. Kiraccudeckue gpopmy-
Jibl nHTepnoisaiun Hbiorona, Jlarpanka nmeror Bu:

N, (x) = f(zo) + Z flxo, -y Tr]wp—1(x), wn(x) = (z — x0)...(x — x4,),

Ln(z) = Z Fai)ei (), @i(r) = II (i = z;) " (x = 1), (),

rie
flxo, ooy ze] = (f [Toy ooy T2y ] — [ [0, oy ro1]) /(Tk — Tp—1)

Ro(x) = f(x) = Ln(x) = wpn (@) f[20, ..oy T, 2] = wi(z) FO(E) /(n+ 1), € € Q.

B nacrosieit crarbe mHTepIosanonnble gpopmysbl Hoiorona un Jlarpanxka m ocrarod-
HBII 41eH 0000IIal0TCs JI/Ist MHOTOMEPHBIX obstacTeil ¢ xaoTudecKu y3gamu. OOo0IIHHasT
unrepnossAnuontas dpopmyna Heorona [1]:

N,(x) = ag + Zakwg‘_l (), wi () =(z) = |v — zo|“ .|z — zx|*, k > 1,
k=1

flwo, oz = (f [w0, o, Tpe2, 2] — f [w0, oy Tpa]) /|20 — 21|, & > 1-pasnerannbre
Pa3HOCTH.
2) O6o6raanas dhopmysta uaTeposanun Jlarpamka [1]:

—

La(@) = 3 f@)ei(a), eila) = I eyle — ;" cij = |oi —
=0
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Jlemma 1. CrupasemuBbl paBeHcrsa: a; = f|xo, ..., z;],7 = 0..n.
Teopema 1. Bepno MmHOrOMepHOE MHOTOTOUYEYHOE pasjioxKeHnue (pyHKIUN:

Crencreue 1. Ocrarounsiii wien u(z) : u(z;) = 0,7 = 0..n, umeer BuUI
u(z) = wi(z)ulzg, ..., Tp, x].

Teopema 2. @opmyisbt Ny, (), Ly, () ABASAIOTCS HHTEPIOIATMOHHBIMU.
Teopema 3. Iyctn, f(z) € C*[Q],k > 1, > 1. Torga cymectByior Touku & = x; +¢;(z —
T;) ¥ eJMHUIHBbIC HAIIPABJICHUS €) TaKUe, 4TO CIIPABEJIMBbI PABEHCTBA:

flzo, oy zk] = RSLRETID, .D,, f(&) = hS7L heT F B () ey . ep, by = |z — 3y ],

DTO PABEHCTBO €CTh CBsi3b MeXK/Iy npon3BoanbiMu [ato u @perre [1].

Ob1mast popmysa OCTATOYHBIX YJICHOB MHOIOMEDPHON HHTEPIOJISIIN

Teopema 4 Besy mia dynknwmit. 1)Eciun n f(zg) = 0, To f(x) memurca wa x — xy (B
qactaoctH, f(x) = P,(x) = ap + a1z + ... + a,z™):

f(x) = go(z)(x — x0), go(x) = f'(0(2)), So(x) = w0 + Oo(x — 20),0 < Oy < 1.

2)Eciu f(z) € CHQ, f(xy) = 0,70 cpaBeyIMBO PaBEHCTBO

f(@) = go(@)(w — @) = (f' 0 &(@))(x — w0), f'(x) = gradf (z) = [fo,(x),i = 1.n]".

Teopema 5.(06 obmem Buge ocratka (opmysn uarepnosiun). Ecmm f(xg) = f(x1) =
o= f(z,) =0, f(x) € C"T[Q], To cymecrByer nuddepennunar n + 1-ro nopsijika Takas,
410 F(2) = (90(2), (& — 70).n (& — ).

Caencreue 2. Ecim r(xg) = r(z1) = ... = r(x,) = 0,r(z) € C"™[Q], To cymecrByer Touka
£(x) € Q axag, aro mmeem r(x) = r" TV (E(x)) (@ — zp)...(x — 1,).
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REGRESSIYA TENGLAMALARINI TAQRIBIY YECHISH
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Statistik tahlil va matematik modellashtirishda regressiya tenglamalari ma’lumotlar
orasidagi bog’liglikni ifodalovchi asosiy vositadir. Biroq, amaliyotda kuzatiladigan ko’plab
jarayonlar chiziqli bo’lmagan xususiyatga ega bo’lganligi sababli, ularni aniq analitik
shaklda yechish imkoniyati cheklangan. Shu bois, regressiya tenglamalarini taqribiy
yechish usullarini ishlab chigish muhim hisoblanadi.

Regressiya modelining umumiy ko’rinishi. Faraz qilaylik, eksperimental ma’lumotlar
to’plami quyidagicha berilgan:

(Yi, Ti1, Tigy -, Tim),  1=1,2,...,m
va regressiya modeli quyidagicha ifodalanadi:
Yi = f(@ir, Tig, -+, Tim) + €3

bu yerda ¢; - tasodifiy xatolikni bildiradi.
Model quyidagicha berilgan bo’lsin:

yi = f(@i1, Tios - -, Tim B, Bos - -+, Bm) + €4

bu yerda f; - noma’lum parametrlar, ¢; - tasodifiy xatolik.
Model parametrlari 3 = (51, ..., fn) quyidagi magsad funksiyasini minimallashtirish

orgali aniqlanadi:
n

$B) =Y (i — f(z:, )

i=1

Agar f(x;,3) chizigli bo’lmasa, unda S(3) funksiyani to’g’ridan-to’g’ri differensiallash
orgali nolga tenglashtirish murakkab bosI Uladi. Shu sababli,iteratsion taqribiy metodlar
(masalan, Gauss-Newton, Levenberg-Marquardt) qo’llaniladi.

Teorema. Agar f(z,[) funksiyasi 8 parametrlar bo’yicha ikkinchi tartibli uzluksiz
differensiallanuvchi bo’lsa va boshlang’ich yaqinlashuv 89 yetarlicha yaqin tanlansa, unda
Gauss-Newton iteratsion jarayoni

B+ — gk 4 (JTN) LI (y — f(ﬁ(k)))
mahalliy konvergentsiyaga ega bo’ladi.

1. Boshlang’ich taxmin £ tanlanadi;

2. Jakobian J(B®) hisoblanadi;

3. Yangi giymat S**Y yuqoridagi formula orqali topiladi;

4. ||p*+D — B®)|| < £ bo’lguncha jarayon takrorlanadi.
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Analiy misol. Masalan, eksperimental ma’lumotlar uchun model:
y = (€M + ¢
bo’lganda, f(x,3) noliniar shaklga ega. Iteratsion yondashuv orqali parametrlar:
Bi~213, By~ 047

giymatlarda yaqinlashadi. Hisoblash natijasi Python (NumPy) kutubxonasi yordamida
tekshirililib, xatolik darajasi 0.0035 ni tashkil etdi.

Regressiya tenglamalarini taxminiy yechish usullari, aynigsa chiziqli bo’lmagan
modellar uchun, aniq yechim topishning yagona amaliy yo’lidir. Gauss-Newton va
Levenberg—Marquardt kabi iteratsion metodlar konvergensiya tezligi va hisoblash
barqarorligi jihatidan samarali hisoblanadi. Ushbu yondashuv eksperimental iqtisodiy,
fizik va texnik jarayonlarni modellashtirishda qo’llanilishi mumkin.
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DEPENDENCE STRUCTURE ESTIMATION VIA THE BIVARIATE
MARSHALL-OLKIN LIFETIME MODEL
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Namangan State Technical University, Namangan, Uzbekistan
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Modeling dependence structures in lifetime data has become an essential task in
reliability engineering, risk management, and survival analysis. Classical exponential
models often assume independence between components, which may not reflect real-world
systems where failures are correlated. The Bivariate Marshall-Olkin (BMO) distribution,
introduced by Marshall and Olkin (1967), provides a mathematically elegant framework
to model such dependencies [1].

The BMO model is a key example of a multivariate exponential distribution that can
represent both joint and individual failures through a dependence-inducing parameter. Its
applications extend to credit risk analysis, reliability networks, and actuarial science (see,
3.4]).

This paper focuses on estimating the parameters of the BMO lifetime model via
Maximum Likelihood Estimation (MLE) and analyzing the resulting dependence structure
through its parameters and joint survival functions [5].

Let (Xj, X3) denote the lifetimes of two dependent components. The joint survival
function of the BMO model is given by

F(xy,29) = P(X1 > x1, X5 > x9) = exp|— (A1 + Aaxa + Ao max(zq, x2))], (1)

where A\, Ao, A\1o > 0 are parameters representing individual and common shock rates.
The joint probability density function (pdf) of (X, X5) is

1 2) — .
’ /\2/\1267<A2+/\12)x27}\1$1, if &1 > 9.

Given a random sample {(xy;, z2;) 1, the likelihood function is

n

L(A1, Aoy M2) = [ ] flni wa). (3)
i=1
Taking the logarithm
InL = iln f (14, 22;)- (4)
i=1
The MLEs (:\\1,:\\2,:\\12) satisfy
8811? —0, j=1,212. (5)

Closed-form solutions are not generally available, but iterative numerical methods (e.g.,
NewtoanYRaphson) provide accurate estimates.

Theorem 1. Let {(z1;, z2;)}/; be an i.i.d. sample from the Bivariate Marshall-Olkin
distribution with parameters A\i, Ao, Ao > 0. If all observations are distinct and each
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component has positive support, then the log-likelihood function In L(A1, A2, A12) is strictly
concave in (A1, A2, A12). Consequently, the Maximum Likelihood Estimator (MLE) A =

o~

(Xl, Ao, A\12) exists and is unique.
Proof. Since f(z1,x2) is differentiable and In L is a sum of strictly concave exponential
terms, the Hessian matrix of In L is negative definite for A; > 0. Therefore, In L attains a

unique global maximum in Ri, ensuring the existence and uniqueness of .
Theorem 2. Under standard regularity conditions for exponential families, the vector
of MLEs X = (A1, A2, A12) is consistent and asymptotically normal

VA= X) 5 N(0,I71(N)), (6)

where I(X) denotes the Fisher Information Matrix.

Proof. The likelihood belongs to the exponential family; hence, regularity conditions
(continuity, differentiability, and identifiability) hold. By standard asymptotic theory, the
score function has zero mean and the information equality applies, implying asymptotic
normality by the CramI'krsl' YRao theorem.

The parameter Aj» measures the intensity of common shocks affecting both
components. If A5 = 0, then X; and X5 are independent. As A5 increases, the dependence
between X; and X, strengthens. The corresponding KendallsI €s 7 for the BMO model
is given by [2]

A1z

! A+ Ao+ A (7)

A Monte Carlo simulation for n = 5000 and true parameters (Ay, Ao, A12) = (0.5,0.7,0.4)
confirms that bias and MSE decrease at rate 1/n, validating asymptotic efficiency.

The Bivariate Marshall-Olkin model captures dependence via a single interpretable
parameter Ajp that controls the joint failure behavior. Compared to copula-based
models, the BMO framework offers analytic tractability and physical interpretability. Its
exponential tail makes it particularly suitable for reliability and actuarial applications.
Extensions of the model to higher dimensions and hybrid copulasl YMarshallsI 'Y Olkin
structures can yield even richer dependence representations [3,5].

This study developed a Maximum Likelihood framework for estimating the dependence
structure in the Bivariate Marshall-Olkin lifetime model. The theoretical results establish
existence, uniqueness, and asymptotic normality of the estimators. Simulation evidence
supports the statistical efficiency of the MLE method. Future work will extend the
approach to higher-dimensional and copula-integrated lifetime models.
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Abstract. A quadratic dynamical system exhibiting two distinct closed trajectories is
investigated. The DN-tracking method is used to establish their existence and numerical
stability, confirming orbit multiplicity and providing a concrete system for further
nonlinear analysis.

Keywords: quadratic dynamical system, closed trajectory, error bound, DN-tracking
method.

Consider the quadratic dynamical system

21 = 1+21—Z§,

22 = —2 +Z%7 (1)
s 2

Z3 = —z1 — 23 + 23,

where z = (21, 29, 23).

Computer analyses show that there exist two distinct closed trajectories with the same
period, for which z(0) ~ z(T"), where T' ~ 4.3 with their initial point.

A point on the closed trajectory Ci: (o, yo, 20) = (—0.40238,0.95169, 0.79991).

And on the Cy: (xq, o, 20) = (1.24020, 2.34985, —0.88096).

The existence of these closed orbits, and consequently the following result, can be
established through the use of the DN-tracking method, which serves as a numerical
approach for tracing trajectories and verifying their recurrence [1-3|.

Theorem. System (1) has two closed trajectories, one in the domain

I ={(z1,22,23) | =048 <z <222 0.19 < 25 <242 0.71 < 23 < 1.91}
and the other

H2 == {(Zl, 22,23) | —0.48 S 21 S 222, 0.19 S z9 S 242, —0.95 S Z3 S 025}

For these trajectories the following bounds hold:

max |f(z)] < 6.3, max|f(z)] < 6.2,

z€ll; z€llp
max 9/(z) H < 7.4, max 9/(2) H <74,
z€lly z z€Ilz z
L EEERT B RER

Furthermore, DN-tracking provides the error bounds
|21(t) — oy | < €1 =5.1x 107" for the first orbit,

|22(t) — Cuy| < €2 =5.2x 107" for the second one.
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These inequalities imply the accurate tracking of both trajectories, z;(t) and z(t),
using distinct, computable, and storable vector sequences (,, and (,,, with corresponding
accuracy levels of 1 and &5.

A detailed analysis of a quadratic dynamical system reveals the existence and
persistence of two stable closed trajectories. The validity of these findings is supported
by numerical verification, and the structure of the proof is adapted from the existence
analysis presented in [4]. This work highlights the complex dynamics possible in relatively
simple nonlinear systems and provides a justified basis for future investigations of similar
phenomena.
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Let E ={1,2,...,m}. By the (m — 1)-simplex we mean the set

Sml:{XERm:xZ-zO, inzl}

i=1

Each element x € S™~! is a probability measure on E, and so it may be looked upon as
the state of a biological (physical and so on) system of m elements.
A cubic stochastic operator is a mapping W: S™~ ! — Sm=1 of the form

W), = Z Pijaitior =1, 1 =1,...,m, (1)

1,7,k=1

where p;ji; are coefficients of heredity such that
m
Dijk,l 207 sz‘jk,l = ]-a i7j7k7l: 17"‘)m7 (2)
=1

and the coefficients p;;; do not change for any permutation of 7, j and & if the types are
not related with sex.

For a given x(©0 € S the trajectory x™ ,n = 0,1,2,..., of an initial point x(©
under the action of the CSO is defined by x"*) = W (x™), where n = 0,1,2,....

One of the main problems in mathematical biology consists of the study of the
asymptotical behaviour of the trajectories. Note that the main problem is open even
in two-dimensional case.

A Volterra CSO is defined with the additional assumption

pijky = 0 if 1 ¢ {i,7,k}.

Let W be an operator defined on simplex S™~1. A point x € S™ ! is called a periodic point
of W if there exists an n so that W"(x) = x. The smallest positive integer n satisfying
the above is called the prime period or least period of the point x. A period-one point is
called a fized point of W. Denote by Fix (W) the set of all fixed points of the operator
W, i.e.

Fix (W) = {x € 5%: W(x) =x}.

Let DW (x*) = (0W;/0x;)(x*) be a Jacobian of W at the point x*.

Definition 1.[3] A fixed point x* is called hyperbolic if its Jacobian DW (x*) has no
eigenvalues on the unit circle in C.

Definition 2.[3] A hyperbolic fixed point x* is called:

i) attracting if all the eigenvalues of the Jacobian DW (x*) are in the unit disk;
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ii) repelling if all the eigenvalues of the Jacobian DW (x*) are outside the closed unit
disk;

iii) a saddle otherwise.

We consider the following the Canonical Form of a Volterra-Type Cubic Stochastic
Operator W : S? — §2

vy=x (1+ 22 — (vy + 22+ 23)),
Wl 2y =xy (1 + 22+ 221 — (224 23)), (3)
'y =x3 (1 + 22 +2 (2 + 29) — v3 — 37129) .

Theorem. The dynamical system generated by operator (3) has the following
assertions hold

1. Fix (W) ={e; = (1,0,0), e = (0,1,0), e3 = (0,0,1)};
2. ey is a repelling; e, is a saddle; ez is an attracting fixed points;

3. lim W™ ()\) =e3 for any A\ = (z,y,2) € S?\Fiz (W).

n—o0
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Mathematical modeling serves as a fundamental tool in the design, analysis, and
optimization of technical systems. Dynamic systems, which change their states over
time, represent complex objects widely applied in fields such as automation, electrical
engineering, mechanics, and information technology. The primary objectives of such
systems are to ensure control, stability, sensitivity, and efficiency.

In the process of mathematical modeling of a technical system, the physical laws
governing the system are first identified and then expressed in mathematical form. For
instance, consider a simple electrical circuit. According to OhmVs law and KirchhoffVs
circuit laws, the system can be described by the following differential equation:

di(t 1
Ld—(t) + Ri(t) + E/z'(t)dt = u(t),

where L is the inductance, R is the resistance, C' is the capacitance, i(t) is the current
flowing through the circuit, and u(t) is the applied voltage. This model enables the analysis
of the systemVs time response, oscillatory behavior, and stability.

A similar modeling approach can be applied to mechanical systems. For example, if
a body with mass m is attached to an elastic spring with stiffness k& and subjected to
a damping force with coefficient b, its motion, based on NewtonVs second law, can be
modeled as follows:

2
md x(t) N bdx(t)

dt? dt

where z(t) represents displacement and F'(¢) is the external force acting on the system.
This model allows determining the system¥Vs natural frequency, damping coefficient, and
forced vibration behavior.

In practice, such models are analyzed using simulation software such as
MATLAB/Simulink, Scilab, or Python. Based on simulation results, system operating
conditions can be optimized, control algorithms can be developed, and safety levels can
be enhanced [1].

The mathematical modeling of dynamic systems provides the following key advantages
in engineering applications:

+ kx(t) = F(t),

e Predicting system behavior and detecting potential faults at early stages;
e Enhancing energy efficiency through optimal parameter selection;

e Establishing a rigorous mathematical foundation for the development of control
algorithms;

e Reducing experimental requirements, thereby saving time and costs.
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Theorem. Consider a linear time-invariant dynamic system described by the
differential equation

Iyt Ayl ay(t)

n g O R +---+a17+aoy(t)=f(t),

where y(t) is the system output, f(¢) is the external input, and a; are constant parameters.
If the roots \; of the characteristic polynomial

ap A" 4 A A" A Fag =0

satisfy the condition
Re(A\) <0, i=12,...,n,

then the system is asymptotically stable, i.e.,

Jim y(t) = (1),
where y,(t) is the particular (forced) solution of the system.

In conclusion, mathematical modeling enables a deep understanding of the operating
principles of technical systems, facilitates their optimization, and improves their efficiency.
Consequently, it holds significant scientific and practical importance in the advancement
of modern technologies [2].
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w9 (0,1) FAZOSIDA QURILGAN SARD MA’NOSIDAGI OPTIMAL
KVADRATUR FORMULA NORMASI BAHOSI

Nizomiddinova N.R.!, Mahkamova D.T.?

Farg’ona davlat universiteti, Farg’ona, O’zbekiston;
nozimakhannematova@gmail.com
Farg’ona davlat texnika universiteti, Farg’ona, O’zbekiston;

Quyidagi ko’rinishdagi kvadratur formulani qaraymiz

1 N
/w(x)dfﬂ = " (Co[Ble(hB) + C1 [Bl¢' (hB) + Cs[B]" (hB) + CalBle™ (hB)) , (1)
0 p=0
bu yerda
Col0] = &, Cy[0] = 4, Cs[0] = — 45,
ColBl=h,B=T,N—1, C[f]=0,6=1,N—1, Cs(f]=0,=1,N—1,
Co[N] =4, CiIN) = 15, ClN] = 45,

%, N - natural
r) = epq(x) —

Cy[A]-(1) kvadratur formulaning no’malum koeffisientlari, h =

son. (1) kvadratur formulaning xatolik funksionali quyidagicha #(
N

52 (ColBlo(z — hB)—

=0

—C1[B]¢ (z — hB) — C5[B]0W) (z — hB3) + Cu[Bl6W (z — hp)) ifodalanadi. Bu yerda ejg 1j(z)
- [0,1] oraliqning xarakteristik funksiyasi, 0(z)-Dirakning delta-funksiyasi, ¢(x) -

W2(5’4)((),1) Gilbert fazosiga tegishli funksiya. W2(5’4)(0,1) = {v : [0,1] = Rlp® —

. 1/2
ab. uz.,® € Ly(0,1)} va bu fazoda norma |¢|| ¢ = (f (¢®)(z) + g0(4)(x))2dx>
2 0

ko’rinishida aniqlangan.
W2(5’4)(0,1) fazosida qurilgan Sard ma’nosidagi (1) optimal kvadratur formula
koeffisientlari quyidagicha aniglangan [1]

el —1 h*  ht h

] = ——(14+——~—)—=
[0} eh—l—l( 12 720) 2’
o eh —1 h? ht

= 2+ ) —1,2,.,N—1
04[6] 6h+1( +6 360) ) B ) Sy ey )
. eh—1 R Rt h
vl = G ) — 5

Bu koeffisientlar ||¢ |]12/V(5,4)* xatolik funksionalining normasiga minimum beradi.
2

Teorema 1. W2(5’4)(0, 1) fazosida qurilgan Sard ma’nosidagi (1) optimal kvadratur
formula xatolik funksionali normasi quyidagicha
|| eHz B 1 1o _ 101
wy™P" 47900160 62270208000

h'? + O(h").

Adabiyotlar
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ASORATSIZ FINIT OQIMLARNING UMUMIY FORMASI

Polvanov Rashid Raximjanovich, Alixanov Olimjon Odiljon o’g’li

Namangan davlat universiteti, Namangan shahar, O’zbekiston
r-d_n-sh@mail.ru

Ogqim tushunchasi.

Oqim (flow) - bu fazo yoki fazoviy ko‘rsatkichlarda vaqtga bog'liq holda uzluksiz
harakatlanish jarayonini ifodalaydi.

Matematikada oqim differensial tenglamalar yordamida aniglanadi.
Finit oqimlar.

Finit oqim — bu chekli vaqt ichida yoki chekli o‘lchamdagi sohada aniqlanadigan oqim.

Bunday oqimlar nazariy jihatdan sodda, amaliy qo‘llanishlarda qulay modellarni
beradi.

Asoratsiz oqim.

Asoratsiz oqim (divergentsiz oqim) deb, fazodagi oqimning har bir nuqtasida massa
yoki energiya yo‘qolishi yoki hosil bo‘lishi kuzatilmagan oqgimga aytiladi.

Matematik ifodasi:

V.7 =0,

bu yerda ¥ — oqim tezlik vektori.
Umumiy forma.
Asoratsiz finit oqimning umumiy formasi potensial funksiyalar orqali ifodalanadi:

T=Vy yoki 7=V xA,

bu yerda ¢ — skalyar potensial, A — vektor potensial.

Ushbu forma oqimning ichki strukturasi va cheklangan sharoitlarda saqglanishini
ko‘rsatadi.

Ahamiyati.

Asoratsiz  finit oqimlarning umumiy formasi gidrodinamika, aerodinamika,
elektrostatika va magnit maydon nazariyalarida asosiy tushuncha hisoblanadi.

Bu forma yordamida oqgimlarni modellashtirish, hisoblash va fizik jarayonlarni
tushuntirish osonlashadi.

Teorema 1. (Asoratsiz finit oqimning potensial formasi)

Agar 2 C R” chekli sohada v(x) oqim vektori uzluksiz differensiallanuvchi bo‘lsa va

V-i(z) =0, VreQ,

u holda mavjud bo‘lgan vektor potensial g(:c) orqali ogimni quyidagicha yozish
mumKin:

#(z) = V x A(x).

Isboti: Divergentsiz shart V - & = 0 Helmholts teoremasiga ko‘ra vektorni rotordan hosil
gilish mumkinligini bildiradi. Cheklangan sohada (2 finit) bu potensial yagona emas,
ammo mavjudligi kafolatlanadi.

Teorema 2. (Asoratsiz finit oqimning ortogonalligi)
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Agar Q C R" chekli sohada asoratsiz oqim v(x) mavjud bo‘lsa, u holda quyidagi
ortogonallik sharti bajariladi:

/ U(z) - Vf(x)de =0
Q

har qanday silliq f € C*(2) funksiyalar uchun.
Isboti: Divergentsiz shartdan foydalanamiz:

/QU-Vfda::/QV~(fU)da:—/Qf(V~z7)da:.

Ikkinchi had nol, chunki V-v' = 0. Gauss-Ostrogradskiy formulasiga ko‘ra, birinchi integral
chegaraviy oqgimga teng bo‘ladi. Agar v finit va € yopiq soha bo‘lsa, oqim chegaradan
chigmaydi (¢'- 7 = 0), natijada butun integral nolga teng.

Xulosa

- 1-teorema oqimni vektor potensial orqali ifodalash mumkinligini ko‘rsatadi.

- 2-teorema asoratsiz finit ogqimlarning gradient maydonlarga ortogonal ekanini
isbotlaydi.

Bu natijalar asoratsiz finit oqgimlarni matematik modellashtirishda, xususan,
differensial tenglamalar va funksional analizda muhim rol o‘ynaydi.
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ESTIMATE LIFE-SPAN TIME OF THE HEAT CONDUCTION
PROBLEM WITH A SOURCE AND A NONLINEAR BOUNDARY
CONDITION IN MULTIDIMENSIONAL SPACE.

Rakhmonov Z.R.!, Yarmetova D.I.2, Khalilova M.?

National University of Uzbekistan, Tashkent, Uzbekistan;
z.rahmonov@nuu.uz
National University of Uzbekistan, Tashkent, Uzbekistan;
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We study a nonlinear diffusion problem with a source specified by nonlinear boundary
conditions in @ = {(z,t)[zr € RY, t>0}

up =V (|Vum|p_2Vum) +uP, zeRY, t>0, (1)

with nonlinear boundary flow and initial condition

o

8;1:1

—|[VumP? = u’, 1 =0, t>0, (2)

u(x,0) = up(x), z€ RY, (3)

where RY = {(z1,2')]2’ € RN, 2y > 0},m > 1,p > 14+1/m,q > 0 - are given numerical
parameters and is a non-negative bounded and continuous function in @ \ (0,0) . Here
we mean by a solution, a function u(x, t) is nonnegative and continuous in , satisfying
(1)-(3) in the distribution sense. In particular, the problem (1)-(3) can be tought of as
a model to describe heat propagation with a gradient-dependent thermal conductivity
in a medium with chemical reaction and a nonlinear radiation law at the boundary (see
[1]). Qualitative properties of solutions of a doubly nonlinear reaction-diffusion, selfsimilar
profiles of solutions, global existence, and blow-up solutions studied in [1, 2, 3].
Let us denote

T* = sup {T > 0; sup ||u(z, )| < oo},

t€[0,T)

then T* is called “the life spansI Ne of the solution u(x,t). If T* = oo, then the solution
u(z,t) is global in time mean. On the other side, 7% < oo the solution u(z,t) is called
“blow-upsl Ne in finite time T*.
We denote the maximal existence time (life span) of a weak solution by 7.

e Upper Bound: If S > ¢, then solutions blow up in finite time and
. C

ol

e Lower Bound: Solutions exist at least up to time

% C

 luolln
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e Self-Similar Blow-up: For § > 1, self-similar solutions exist that blow up at T,
and describe the asymptotic profile near blow-up.
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STABILITY ANALYSIS OF NONLINEAR DIFFERENCE EQUATIONS
Sapoyeva M.U.

University of exact and social sciences, Tashkent, Uzbekistan;
z.jumaniyozov1993@gmail.com

Discrete dynamical systems, or difference equations, permeate almost every branch
of pure and applied mathematics. Every dynamical system of the form x,,1 = f(x,) can
be represented as a difference equation, and conversely, each difference equation can be
interpreted as a dynamical system. In recent years, the study of such equations has gained
significant attention due to their wide range of applications in analyzing real-world models
arising in biology, economics, probability theory, and genetics.

The theory of difference equations plays a fundamental role in applied analysis. They
naturally emerge in numerous disciplines, including biology, ecology, physiology, physics,
engineering, and economics. Consequently, the investigation of the qualitative behavior
of solutions to nonlinear difference equations-particularly the stability of their fixed and
periodic points-has become both important and intellectually stimulating|1-5].

Let us now consider the following difference equation:

nK_ n
$n+1=f($n):%

, (1)
where o, K,5 > 0 and x, denotes the population size (or biomass) at the n-th
generation, and x,,; represents the population size at the next generation. The model
incorporates both logistic growth and saturation effects. Specifically, a is the intrinsic
growth parameter, representing the reproduction or growth intensity of the population,
K is the carrying capacity of the environment, reflecting the maximum population that
the available resources can sustain; [ is the saturation parameter, which accounts for
density-dependent limitations such as competition for resources or functional response
effects similar to Holling type-II dynamics in predator-prey interactions.
We denote
K =10,K].

Proposition 1. If the parameters satisfy

4o
(= B)*
then the function f given in (1) maps the set K into itself.

Theorem 1. Suppose that (2) holds. For the function defined in (1), the local dynamics
around its fixed points are as follows:

a>0, >0, 0<K< (2)

(i) If K < 1, then the function (1) has a unique fixed point 2} = 0. The stability of «}
is given by
attracting, if K <=,

x] is < non-hyperbolic, if K =

repelling, if K >
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(i) If K > £ and either &« > S or a < 3 < 3a, then the function (1) has two fixed points

“_ 0 ., akK -1
] =0, z5= .
! 2 a4+ p
The fixed point z} is always attracting.
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NAMANGAN VILOYATI IQTISODIYATINI TAXLIL ETISHDA
MATEMATIK USULLARNI QO’LLANISHI

Yu. Tashmirzayev, N. Shamsiddinov

Namangan davlat universiteti, Namangan, O’zbekiston

Ishlab chiqarish samaradorligini tahlil qilish va prognozlash iqtisodiyotni
boshqarishning asosiy  yo'nalishlaridan  biri  hisoblanadi. = Ragamlashtirishning
rivojlanishiga ta’sir ko’rsatuvchi asosiy omillardan biri sifatida turli sohalarda matematik
modellardan foydalanib tadqgiqotlar olib borish turadi. Misol sifatida [1-4] keltirish
mumkin.

Kobb-Douglas ishlab chiqarish funksiyasi ushbu tahlil uchun qulay va samarali
vosita bo’lib, u ishlab chiqarish hajmi, ish kuchi va kapital o’rtasidagi bog’liglikni
aniqlash imkonini beradi. Namangan viloyati iqtisodiyoti ham Kobb-Douglas modeli
yordamida samarali tahlil qgilinishi mumkin. Ushbu ma’ruzada Namangan viloyatining
asosiy iqtisodiy ko’rsatkichlari, amaliy tahlillar va statistik ma’lumotlar asosida Kobb-
Douglas funksiyasining qo’llanilishi yoritiladi.

Kobb-Douglas ishlab chiqarish funksiyasi iqtisodiyotda ishlab chiqarish jarayonini
o'rganish uchun ishlatiladigan matematik model hisoblanadi. Ushbu funksiya
igtisodiyotning asosiy ishlab chiqarish omillari - ish kuchi va kapital o’rtasidagi bog’liglikni
ko’rsatadi va ularning ishlab chiqarish hajmiga ta’sirini tahlil qilish imkonini beradi.

Kobb-Douglas ishlab chiqarish funksiyasi quyidagicha ifodalanadi:

Y =AKL’,  a+p=1,

bu yerda Y - ishlab chiqarish hajmi yoki yalpi hududiy mahsulot (YAHM), L - ish kuchi
(band aholining soni), K - kapital (investitsiyalar yoki asosiy vositalar giymati), A -
texnologik koeffitsiyent (innovatsion rivojlanish darajasi), « - ish kuchi ulushi, 5 - kapital
ulushi.

Namangan viloyati uchun 2010-2023-yillardagi ko’rsatkichlardan foydalanib Kobb-
Douglas funksiyasi quyidagicha tuzildi:

Y = 7.39 K52 ,048

Teorema. Agar asosiy fondlarni o’tgan yilga nisbatan 25 foiz oshirish va mehnat
resurslarini 7 foiz kamaytirish rejalashtirilgan bo’lsa, ishlab chigarish hajmini prognozlash
mumkin.

Buning uchun yangi giymatlar olinadi:

K =11.5 x 1.25 = 14.375, L =760 x 0.93 = 706.8,

va hisoblaymiz:

Yyangi = 7.39 x 14.375%%% x 706.8°4%.
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DNK MOLEKULALARINING TOPOLOGIK XOSSALARTI:
CI'LUGI'REANU-WHITE-FULLER TEOREMASI YORDAMIDA
HISOBLASH

Tillabayev I.N., Xolmurodov F.M.
Namangan davlat universiteti, Namangan shahar, O’zbekiston

Annotatsiya: Maqolada topologiya fanining biologiyadagi qo‘llanilishi, xususan
DNK molekulalarining murakkab fazoviy tuzilishini tahlil qilishda Crlugrreanu—
White—Fuller teoremasining ahamiyati yoritiladi. Teorema DNK supero‘ramlari,
rekombinatsiya jarayonlari va ogsillar bilan o‘zaro ta’sir mexanizmlarini model qilishda
nazariy asos sifatida xizmat qgiladi.

Kalit so‘zlar: Topologiya, DNK, ogsil, tugun nazariyasi, linking number, twist,
writhe, supero‘ram, rekombinatsiya, molekulyar biologiya, gen, spiral, fazoviy tuzilish,
invarianti, matematik model, genom, biotexnologiya, struktura, algebraik topologiya,
uzluksizlik.

Annoramusi:B crarbe ocBemiaercs npuMeHeHUe TOIMOJOIMU B OMOJIOIMH, B YaCTHO-
CTHU, aHAJN3 CJIOYKHOI IpocTpaHcTBeHHO# cTpyKTypbl Mosiekysn JJHK ¢ ucnosibzoBanuem
teopembl Crlugrreanu—White—Fuller. Teopema city:kut TeopeTnveckoit OCHOBO# J1/ist
MozempoBanud cynepsuTkos JJHK, nporeccoB pekombunanum n B3anMoieiicTuii ¢ 6eJi-
KaMI.

Kirouessbie ciioBa:

Tomnostorus, JIHK, 6etok, Teopust y3s08, linking number, twist, writhe, cynepcrmpaiin,
pPEeKOMOMHAIINS, MOJIEKY/IdpHas OMOJIOTHs, T'€H, CIIUPaJb, IPOCTPAHCTBEHHAS CTPYKTYPA,
MHBApPUAHT, MaTeMAaTUYIeCKas MOJIEIb, '€HOM, OMOTEXHOJIOTUs, CTPYKTypa, ajredbpamnde-
CKasl TOIOJIOTUSI, HEIIPEPBIBHOCTD.

Annotation:

The article discusses the application of topology in biology, particularly the analysis of
the complex spatial structure of DNA molecules using the Crlugrreanu—White—Fuller
theorem. The theorem provides a theoretical basis for modeling DNA supercoiling,
recombination processes, and protein interactions.

Keywords:Topology, DNA, protein, knot theory, linking number, twist, writhe,
supercoil, recombination, molecular biology, gene, spiral, spatial structure, invariant,
mathematical model, genome, biotechnology, structure, algebraic topology, continuity.

Topologiya nafagat sof matematikaning qiziqarli bo‘limi, balki biologiya, kimyo va
tibbiyotda ham muhim amaliy qo‘llanishlarga ega. Xususan, DNK molekulalari va
ogsillarning tuzilishini tahlil qgilishda topologik usullar juda muhim rol o‘ynaydi. DNK
spiral shaklida o‘ralgan bo‘lib, uning umumiy holatini matematik tarzda ifodalash uchun
tugun nazariyasi va bog‘lanish soni (linking number) tushunchalari qo‘llaniladi. Bu borada
eng muhim natijalardan biri Crlugrreanu-White-Fuller teoremasidir.

1 Crlugrreanu—White—Fuller teoremasi.

Teorema shunday deydi: DNKning ikki ipli spiral tuzilishi uchta topologik kattalik bilan
tavsiflanadi: Ly=T,+W,

Bu yerda:- L, (Linking number) — ikki ipning nechta marta o‘ralganligini bildiruvchi
butun son;- T,, (Twist) — spiralning o'z o‘qi atrofida nechta burilish qgilganligini ko‘rsatadi;-
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W,.(Writhe) — spiralning umumiy fazoviy egilish yoki tugunlashish darajasi.

Isbot g‘oyasi

1. DNK ikki ipli spiral bo‘lib, yopiq egri chiziglar sifatida qaraladi.2. Tugun
nazariyasiga ko‘ra, bunday chiziglarning o‘zaro bog‘lanishi linking number orqali
aniglanadi.3. Ushbu bog‘lanish ikki qismga ajratiladi: lokal burilish (Tw) va global egilish
(Wr).4. Crlugrreanu (1959), White (1969) va Fuller (1971) ushbu ajratishni matematik
asoslagan|1].

2 Biologik qo‘llanishi

Ushbu teorema biologiyada juda keng qo‘llanadi:- DNK supero‘ram (supercoiling)
hodisasini tushuntirish;- Genetik rekombinatsiya jarayonlarini modellashtirish;- Ogsillar
va DNK o‘rtasidagi bog‘lanishlarni o‘rganish;- Biotexnologik tajribalarda DNK tuzilishini
nazorat qilish.

2.1 Misol 1: DNK supero‘ram (supercoiling)

Faraz qilaylik, DNK molekulasi yopiq halqa shaklida bo‘lib, uning linking numberi Lk =
20 ga teng. DNK o‘z-o‘zidan burilish (Twist) qilsa, Tw = 18 bo‘ladi. Shunda writhe (Wr)
giymatini aniglaymiz:

Lp=T, + Wr=>20=18 + Wr => Wr = 2

Tahlil: Bu degani DNK molekulasi fazoda 2 marta “supero‘ram” yoki global egilish
bilan o‘ralgan. Bu topologik xossani biologlar gen ekspressiyasi va DNK siqilishining
boshqarilishi uchun o‘rganadilar|3].

3 Xulosa

Crlugrreanu—White-Fuller teoremasi DNK molekulalarining murakkab topologik
xossalarini matematik jihatdan aniqglash imkonini beradi. Teorema yordamida
linking number, twist va writhe kabi parametrlar aniglanib, molekulaning fazoviy
konfiguratsiyasini tushunishga yordam beradi. Shuningdek, u DNK supero‘ramlari,
rekombinatsiya jarayonlari va ogsillar bilan o‘zaro ta’sirning topologik natijalarini
modellashtirishda muhim vositadir. Natijada, teorema biologiya, molekulyar genetika va
biotexnologiyada nazariy va amaliy jihatdan qo‘llaniladigan aniq matematik instrument
sifatida xizmat qiladi.
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Constraining a Hyperbolic Cosmological Model with Observational Data

Xolmuradov F.M.!
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hfarhod2024@gmail.com

We investigate a spatiallysl Yflat FLRW universe whose scale factor is parameterized
hyperbolically,

a(t) = sinh'/™(t), n > 0.

Using observational Hubble data from cosmic chronometers (CC), Type la supernovae
(Pantheon+), and baryon acoustic oscillations (BAO), we constrain the present Hubble
constant Hy and the model parameter n via MCMC 28I Yminimization. We then analyze
the deceleration parameter g(z), equationsl Yofsl Ystate parameters w(z) and we(z),
energy conditions, and diagnostic tools (jerk j(z), statefinder {r, s}, and Op,(z)). Our
bestsl Yfit values are

CC: Hy=676=+1.7km/s/Mpc, n=125+0.12,
Pantheon+: Hy=69.5+£1.0, n =1.4414+0.035,
BAO: Hy =~ 707°,  n = 1.417 4 0.026.
Transition redshifts z; at ¢(z) = 0 are {0.74,0.33,0.36} and current ¢, =~

{—0.38,—0.27,—-0.29} for CC, Pantheon+, BAO respectively. Both w(z) and wg.(2) lie
in (—1,—1/3), indicating quintessencesI Ylike behavior approaching —1 at z — 0. NEC
and DEC are satisfied while SEC is violated, consistent with latesI Ytime acceleration.
The jerk parameter remains positive and tends to unity in the far future; statefinder
trajectories lie in the quintessence sector (r < 1,s > 0), approaching the ACDM fixed
point; O,,(z) has a negative slope, also indicating quintessence. Our results show the
hyperbolic model is observationally viable and offers a compelling quintessencesI Ylike
alternative to ACDM.

Observations of Type Ia supernovae, CMB, BAO and largesI Yscale structure confirm
the accelerating expansion of the Universe, commonly attributed to dark energy (DE).
The standard ACDM modelsI Ywhile successfulsl ¥faces conceptual issues (coincidence
and cosmological constant problems). ModelsI Yindependent parameterizations of the
scale factor or Hubble function provide a phenomenological approach to probe DE. In
this work we adopt

a(t) = sinh"/™ (1),

and confront it with current data.
Hyperbolic FLRW Model We assume a spatially flat FLRW metric,

ds* = —dt* + a*(t) (da® + dy? + dz?),

filled with pressureless matter (p,,,pm = 0) and DE (pge, pae). In units 87G = ¢ = 1,
Einsteinsl €s equations give

3H2:pm+pdea (1)
2H + 3H? = — pye . (2)
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Matter conservation yields p,, = pmo(1 + 2)3. Parameterizing

at) = sinh/"(t) = H(t):COt};(t),

and using 1+ z = 1/a one finds

t(z) =sinh ' [(1+2)™"], H(2) = Ho/(1+2)» +1, Hy=+2/n.

The deceleration parameter is

H n
a(z) m =" I+z2)2n+1

with transition redshift ¢(z) = 0 = 2z = [(n — 1)*1}1/(%) — 1. The DE equation of
state reads

2H + 3H?> 2

wae(2) = SHZ— 5 w(z) = =1+ —

1
N
3n [ (14+2)2"+1
Observational Constraints We employ three datasets:

e Cosmic Chronometers (CC): 31 measurements of H(z), minimizing %, =
Zi [Hobs(zi) - ch(zi)]2/02(zi).

e Pantheon+ (SNe Ia): ~ 1700 supernovae with covariance matrix C', x4y = (fobs—
Nth)T C1_1(/~Lobs - ,U/th>‘

e BAO: Measurements from 6dFGS, SDSS, BOSS; x4, = XT C71X.

We run an MCMC sampler to obtain bests Yfit (Hy, n) for each dataset.
Results and Diagnostics Our bestsI'Yfit (Hy,n) appear in the Abstract. Key
implications:

e Deceleration: Transition z; ~ {0.74,0.33,0.36}, present ¢y ~ {—0.38, —0.27, —0.29}.

o EoS parameters: w(z),we(z) € (—1,—1/3), approaching —1 as z — 0
(quintessencesI Ylike).

Energy conditions: NEC and DEC satisfied; SEC violated at late times.

Jerk parameter: j(z) >0, j — 1 as z — —1; today jo # 1.

Statefinder: (r,s) = (7, 3@7"_;11/2)) lies in quintessence sector (r < 1,s > 0), moving
toward (1,0) of ACDM.

Om(z) diagnostic: O, (z) = [(H/Hp)* — 1]/[(1 + 2)* — 1] has negative slope
quintessence sign.
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Multivariate subexponentiality under Brownian motion

Iskandarov S.B.!, Karimova L.2
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Let consider an insurer who operates simultaneously d-lines of business and the surplus
process can be described by the equation

N (k)
R(k) =za+ky—Y X"+ B(k), t=0,

n=1

for any k > 0, where x represents the initial capital, « := (ay, ag,...,qq) represents

the allocation of the initial capital to the d-lines of business, namely we demand
d

a1, o, ..., aq >0 and Zan =1,7v:= (7,72,-.,7q) represents the constant premium
n=1

rates in the d-lines of business, with v1,72,...,74 > 0, and {Y™ n € N} are the claim
vectors, which represent independent and identically distributed copies of the random
vector Y = (Y1,...,Yy), following distribution F. So, the Y = (Yl(n), . ,Yd(")) are
random. Here X, are the claim vectors, which represent independent and identically
distributed copies of the random vector X following distribution F. So the X are
random vectors on the non-negative half-axis and they can have some (but not all) zero
components.

Let suppose that E[Y] < (oco,...,00), in the sense that E[Y;,] < oo for any
m=1,...,d and further the claim vectors {Y™ n € N} arrivals represent a time
sequence {T,, n € N}, with Ty = 0 and the inter-arrival times {6,, n € N} represent
a sequence of independent, identically distributed, positive random variables, such that
0, =1, and 0, =T,, — T, for any integer n > 2.

So we obtain that

N(k)=sup{l>1:T, <k},

for any k£ > 0, which is a renewal counting process.
Finally, we suppose that the insurer invests, and her /his investments are described by
a multivariate Brownian motion

(B(k) = (By(k), ..., Ba(k)), k > 0}

with
{By(k),k > 0},...,{Bq(k),k > 0},

to be arbitrarily correlated univariate Brownian motions.

Supposition 1. The {Y ™ n € N} and {B(k), & > 0} are mutually independent and
each component of B(k) has non-negative mean E[B,,(k)] > 0 for any k£ > 0.

Supposition 2. Let L be some ruin set, which is open, decreasing, such that 0 € 0L,
L° is convex and for any = > 0, it holds L = L.

Lemma 1. Let () € R be some fixed set. If F(;) € Sg then it holds that Fiy € So.
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Theorem 1. Let () = o« — L, with L some ruin set that satisfies Supposition 2. In the
risk model from (1), under Supposition 1 and for F;) € Sg, it holds

Yo r(x) ~ H(x), x— 00.
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The article shows a method for finding the time of uninterrupted operation of certain
system elements through the integral distribution function, and clearly demonstrates the
probability of failures, where the pattern degenerates into the Poisson law. The article
also discusses methods for reserving resources over a limited time interval based on the
addition theorem of probabilities and the Bernoulli formula, using mathematical logic,
differential equation theory, and linear and dynamic programming.

The software used to automate process control in the machine-building industry is
becoming more complex every year. This is primarily due to the fact that more and more
complex functions are being assigned to these devices. At the same time, as the control
devices become more complex, they are also subject to requirements that are in direct
conflict with their system logic, such as high reliability, which means that they must be
able to perform their functions without any failures. This is especially true for technical
conditions where human intervention is completely eliminated.

Numerous methods are currently being used to improve reliability, including increasing
the reliability of individual components, developing special techniques for maintaining the
system in working condition, such as redundancy of components and units, duplication of
entire units, and preventive maintenance. All general considerations of a theoretical and
technical nature concerning the improvement of the reliability of the device and elements
are naturally included in the classical theory of reliability. The main mathematical tool
of research in this area is probability theory and mathematical statistics.

Observation of the lifetime of elements. Let’s use the following definition:
reliability is the probability that the performance of a device will remain within certain
limits over a specified period of time. The first problem that has to be faced in the theory
of reliability is the following: the equipment goes out of working condition, as a rule,
due to the fact that some element goes out of working condition, or, as they say, due to
the failure of the element. The most relevant question is how much time passes from the
moment of inclusion of a new element in operation until its failure. Unfortunately, this
question cannot be answered unambiguously. Numerous special tests and observations of
the lifetime of elements during their operation have shown that even in a batch of elements
manufactured simultaneously, there is a huge variation in the duration of their working
period. A single semiconductor diode or microcontroller can operate for several tens of
thousands of hours. The usual picture that one has to deal with is as follows: let F'(x) us
denote by the distribution function (integral) the duration of the uninterrupted operation
of a certain element, that is, the probability that it will work no more than time X. Then
the characteristic form F(x) will be as shown in fig. 1.

It turns out that the first hours of operation of an element are especially dangerous. As
they say, during this period, low-quality products "burn out."Then comes a long period
when the probability of an element failing remains almost constant and very low. Finally,
there is an aging period when the probability of an element failing increases dramatically
over time.
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Suppose that each failed element is immediately replaced with a new one. This raises
the question of what is the probability that exactly t elements will fail over a period of
time m. It turns out that if the failures of the elements are independent of each other and
each element has only a negligible probability of failure compared to the probability of
failure of at least one element, then the probability that the number of failures is exactly
m elements over a period of t is approximately equal to,

()" e M

Pt) = m!

: (1)
where A represents a positive parameter that does not depend on t. The physical
meaning of this parameter is that it is the average number of system failures, namely
the mathematical expectation per unit of time. The pattern expressed by formula (1) is
known as the Poisson distribution in probability theory. A statistical analysis of extensive
microelectronics data, which includes observations on thousands of identical devices, shows
that the pattern (1) is almost perfectly satisfied for this type of equipment. The reciprocal
of )\% is the mean time between failures of the system, described by the mathematical
expectation of the time between failures.

From formula (1) for m = 0 it follows that the reliability, i.e. the probability of failure-
free operation, follows an exponential law

Po(t) = e, (2)

As is known, the exponential reliability law is characterized by the constancy of the
mathematical expectation of the frequency of failures or their intensity. Not all electronic
equipment has reliability that follows the exponential law, but only high-quality equipment
has this law.

However, what is of practical interest is not the probability of the exact number of
failures over a fixed time ¢ , but the probability that the number of failures over this time
will be greater than or less than some fixed value. If we denote the number of failures by
w, then from formula (1) we find

o0 m At
=S —“t)m! | 3)

Pp<c—1)= =1-—P(u>c). (4)
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MHOT'OTUIIHBIN BEPTAIINICS IIPOITECC C UMMUT'PAITEN
(1-CXEMA)

A.Mampa66oes!, A.Paxmanos?, P.Ilonsanos!, ®.Hypunsaunosa®,
K.Xycan6oesa®, P.Conuzxonona’

"HamI'V, r. Hamanran.
2HamTTV, r. Hamanran.
Scrynentst HamI'V, r. Hamanran.

Paccmorpum citeryrone Mojein BETBSIIUXCA TIPOIeccoB ¢ numMurparmeii. [Iporecce
UMMUTPAIUN 3aa9TCsI TPOU3BO/IsAIIE (DyHKIUE IJIOTHOCTEH

gi(s) = Zgisk, 1=1,2,3,...,n
k>0

(BePOATHOCTD MMMHTDAIMH K YACTHIL § - TOTO THIIa 3a Bpems t — 0 pasna git + o(t) upnm
k>0,1+git+o(t) , upu k =0u > ,.,9; =0 ). A mponecc pasMHOXKCHIS SBIISCTCH
nponeccom anbrona - Barcona ¢ npoussoggameit pynkimeit

Fi(s)=Y Fis* i=123,...n

k>0

(F{ -BepOATHOCTH HEMOCPEICTBEHHOIO MPEBPAIICHUs OJHON YaCTHUIILI { - TOTO TUIA B K
YACTHIL).

ByieM roBopuTh, 9T0 HaYaIbHBII [EPUOJL KU3HU BETBAIIErOCs IIPOIECcca, HaTHHAOIIE-
rocsl C M YACTHI] C AMMUTPAIMiL, UMeeT JUIuHy T , ec ducio dactu n'(0) = ng, n'(t) > 0
s Beex £, 0 <t <71, an(r)=0

%ilt) = P{n'(t) = 0/n'(0) = 0},

Teopema. Ilycrsb 1ponece UMMUTPAIME € HEHIPEPBIBHBIM BPEMEHEM, a HPOIECC Pa3MHO-
JKEHNsI ¢ TUCKPeTHBIM BpeMmeneM un F! = 0, F;(0) > 0, g; (0) = g}, < 0,
TOrIA

3 (0) = e (1=r'da () (& + {13 8+ 6:.0))

rye {t} - apobras wacts t, [t]-nenaa wuctut ¢}, ch- nHekoropbie KoncrantoL. §; (t) = 0 (8Y),
mput — oo, =1, r.
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JABYXTUIIHBIN BEPTAIIINIICY IIPOITECC C UMMUT'PAIIEN
(2-sxema)

A.Mampa66oes', A.Paxmanos?, P.ITonBanos'

"HamI'V, r. Hamanran.
2HamTTV, r. Hamanran.

Paccmorpum ciesyronipme MoJie/iu BETBSIIIUXCS ITPOIECCOB ¢ MMMUT'PAITAEH.
[Iporecc mMMurpanum MMpOUCXOIUT B IEJOUUCIEHHBIE MOMEHTHI BPEMEHU C ITPOU3BO-
Jsieit pyHkimei
G'(s) =) Gist, i=1,2

k>0

(G;c - BEPOATHOCTHL TOI'O, 9YTO UMMUI'PUPOBaAJIO K YaCTHUIL 1 - TOTO TI/Il'IEi,)7 a IIporecc pa3-
MHOXKE€HUA ABJIAE€TCA BETBAIIUMCHA ITPOIECCOM C HEIIPEPBIBHBIM BPEMEHU C HpOI/ISBO,ZLHILLeIU/I

dyukImeit maoTHOCTEN
fis) =D fis"

k>0

(BEPOSITHOCTH TIPEBPAITIEHNsT OJTHOW YaCTHUIBI ¢ - TOro Tuna B k dacrur 3a Bpems t — 0
paBHa fit + o(t) korma k # 1, u 1+ fit +o(t) , xorma k = 1, upuaem » o f =0 ).

ByneM roBopuTh, 4T0 HaYaIbHBIN TEPUO/T X KIU3HU BETBSIIETOCH ITPOIIECcca, HAUMHAIOIIEe-
rocs ¢ 1 9ACTHIL ¢ IMMETPAIIil, UMeeT JUIHy T , ecyn aucyo dactur 1°(0) = n;, n'(t) > 0
g Beex ¢, 0 <t <7, an(rt)=0

Yi(t) = P{n'(t) = 0/n'(0) = 0}

Teopema. Ilycrb nponecc UMMHEIPAIMU C JUCKPETHBIM BPEMEHEM, a IIPOIECC Pa3MHOZKe-
HUs ¢ HenpepblBHLIM BpemeneM, u f! > 0, f:(0) <0, G, (0) = GY > 0,
Tora

(0 =P Lz 1) = 00 f = (Dol (140 )

rye C} ({t}) - HenpepbIBHast clipaBa MoJI0KeTe IbHAs [lepHojiniecKast (byHKIIUS ¢ HEPUOIOM
1, | (t)| < — const.
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SUPERKRITIK TARMOQLANISH JARAYONIDA SHARTLI TIRIK
QOLISH EHTIMOLINING ASIMPTOTIK EKVIVALENTLIGI

Maxmudova Dilnoza Xaytmirzayevna !, Abduraximova Dilnavoz
Abdugayum qizi 2

Namangan davlat universiteti, Namangan, O’zbekiston

Tarmoqlanish jarayonlari ehtimollar nazariyasining klassik modellaridan biri
hisoblanadi. Bu jarayon dastlab biologik populyatsiyalarni tavsiflash uchun ishlab
chigilgan bo’lsa-da, bugungi kunda u iqtisodiyot, demografiya, genetika, epidemiya
va hatto axborot texnologiyalari sohalarida ham keng qo’llanadi. Masalan, virusning
tarqalish modeli, avlodlar ketma-ketligining rivojlanishi yoki investitsiya loyihalarining
rivojlanish jarayoni tarmogqlanish jarayonlari orqali ifodalanishi mumkin.

Modelning mohiyati shundan iboratki, har bir individ mustaqil ravishda yangi avlod
hosil qiladi. Har bir individning qancha avlod qoldirishi tasodifiy kattalik bo’lib, bu
kattalik ehtimollar taqsimoti bilan aniglanadi. Agar p; bitta individning k ta avlod
qoldirish ehtimoli bo’lsa, u holda jarayonni ifodalovchi hosil giluvchi funksiya

fls)=> mst,  0<s<1
k=0

ko’rinishda yoziladi. Bu funksiya juda katta ahamiyatga ega, chunki u orqali jarayonning
ko’plab xossalarini aniglash mumkin.
Jarayonning o’rtacha avlod soni

m = fl(l) = kak
k=1

bo’lib, uning qiymati jarayonning asosiy taqdirini belgilab beradi. Uchta asosiy holat
farqlanadi: agar m < 1 bo’lsa, jarayon subkritik bo’lib, populyatsiya deyarli albatta
yo’qolib ketadi; agar m = 1 bo’lsa, jarayon kritik bo’ladi va yo’qolib ketish ehtimoli
yana 1 ga teng bo’ladi, ammo bu yo’qolish juda uzoq vaqt davom etishi mumkin; agar
m > 1 bo’lsa, jarayon superkritik bo’ladi va bu holda yo’qolib ketmaslik ehtimoli ham
mavjud bo’ladi.

Superkritik holat matematik va amaliy jihatdan eng qizigarli hisoblanadi. Bu holda
populyatsiya ba’zida yo’qolib ketishi mumkin, lekin ma’lum ehtimollik bilan cheksiz
davom etadi. Yo’qolib ketish ehtimoli ¢ hosil giluvchi funksiyaning sobit nuqtasi sifatida
aniglanadi, ya'ni f(q) = ¢ tenglamaning 0 < ¢ < 1 yechimi hisoblanadi. Shu bilan birga,
jarayonning cheksiz davom etishi ehtimoli 1 — ¢ ga teng bo’ladi.

Bizning tadqiqotimizning asosiy magqsadi shartli tirik qolish ehtimolini aniqroq
o’rganishdan iborat. Ko’plab adabiyotlarda faqatgina umumiy baho beriladi, ya'ni f,(s)
ketma-ket kompozitsiyalari ¢ ga geometrik yaqinlashadi:

[fls) =gl <Cr" = f(q).

Bu baho juda foydali bo’lsa-da, amaliy hisoblashlar uchun yetarli emas. Chunki ko’pincha
bizga jarayonning yo’qolmasligi sharti ostida tirik qolish ehtimoli kerak bo’ladi va bunda
aniqroq formulalar zarur.
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Shu sababli quyidagicha ta’riflaymiz:

5nzm, P(Zy > 0| Zoo = 00) =1 —6,.

l—gq
Bu yerda 9, - shartli tirik qolish ehtimolining birdan farqi, ya'ni "kamchilik"qismini
bildiradi. Demak, d,, qanchalik kichik bo’lsa, tirik qolish ehtimoli shuncha katta bo’ladi.
Teorema. Agar m > 1 bo’lsa va ¢ - f(q) = ¢ tenglamaning 0 < ¢ < 1 ildizi bo’lsa,
unda quyidagilar bajariladi:

lim Ont1 =, dp =71" 4 o(r"), r= f'(q).

n—00 5n

Bundan tashqari, har qanday ¢ > 0 uchun yetarlicha katta n larda
(1= <6, <(1+e)"

bo’ladi. Bu natija shuni anglatadiki, J,, nafaqat geometrik tartibda kamayadi, balki aniq
asimptotik ekvivalentlikka ega. Shunday qilib, shartli tirik qolish ehtimoli 1 ga r™ tezlikda
yaqinlashadi va bu tezlik faqatgina hosil giluvchi funksiyaning ¢ nuqtasidagi hosilasi orqali
belgilanadi.

Isbot. O’rtacha gqiymat teoremasiga binoan, istalgan h > 0 uchun

n—1

falg+h)—q = R[] F(fila+h)).

=0

Superkritik holatda f;(q¢+ h) — ¢ geometrik yaqinlashadi va uzluksizlik sababli f'(f;(q+
h)) — f'(q¢) = r. Shunday qilib, yetarlicha katta j larda hosilalar r ga juda yaqin bo’ladi.
Demak, ko’paytma asimptotik ravishda r™ ga teng bo’ladi. Aynigsa, h = 1 — ¢ holida

On
l—gq

uchun yuqoridagi baholardan darhol
(1—¢e)r" <o, < (1+4¢e)r"

kelib chiqadi; bundan nisbat chegarasi va 6§, ~ r" xulosalari ham olinadi. Teorema
isbotlandi. 0J

Quyida aniq misollar orqali natija tekshiriladi. Birinchi misolda py, = 0.2, p; =
0.3, p, = 0.5. Hosil qiluvchi funksiya f(s) = 0.2 + 0.3s + 0.5s%. O’rtacha avlod soni
m = f'(1)=03+2-0.5= 1.3 > 1, demak jarayon superkritik. Yo’qolib ketish ehtimoli
q = 0.2+0.3¢+0.5¢* tenglamadan ¢ = 0.4 chiqadi. Shunda r = f'(¢) = 0.3+2-0.5-0.4 =
0.7. Demak, &, ~ 0.7". Aniqglik uchun n = 1 da f(0.4) = 0.44 bo'lib, §; = 245=04 = 0.0666
va P(Zy > 0| Zy = 00) = 0.9333. n = 2 da f5(0.4) = 0.496, shundan d, = 225004 = 0.16
va P(Zy > 0| Zy = 00) = 0.84.

Ikkinchi misolda py = 0.1, p; = 0.4, p3 = 0.5. Hosil giluvchi funksiya f(s) = 0.1 +
0.4s + 0.5s%. O’rtacha avlod soni m = f'(1) = 0.4+ 1.5 = 1.9 > 1, demak jarayon
superkritik. Yo’qolib ketish ehtimoli ¢ = 0.1 + 0.4q + 0.5¢> tenglamadan sonli hisoblash
orqali ¢ ~ 0.182 chiqadi. Hosila 7 = f’(q) = 0.4 + 1.5¢* ~ 0.4497. Demak, 6, ~ 0.45".
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n=1da f(0.182) ~ 0.223, ya'ni §; = $250482 ~ 0.050 va P(Z; > 0 | Zo = 00) ~ 0.95.
88:812 da f5(0.182) &~ 0.279, shundan d, = 2200182 ~ 0.120 va P(Zy > 0 | Ze = o0) &

Misollar shuni ko’rsatadiki, shartli tirik qolish ehtimolini amaliy hisoblash uchun
murakkab iteratsiyalarni bajarishning hojati yo’q. Faqatgina yo’qolib ketish ehtimoli
g va hosila r = f’(¢) aniqlansa, darhol natijaviy yaqinlashuv topiladi va P(Z, >
0 | Zo = o0) = 1 — ™ ko'rinishidagi qulay baho olinadi. Xulosa qilib aytganda,
superkritik tarmoqlanish jarayonida shartli tirik qolish ehtimolining birdan farqi ¢,, aniq
asimptotik ekvivalentlikka ega ekanligi isbotlandi; bu natija nazariy jihatdan ham, amaliy
hisoblashlarda ham muhim ahamiyat kasb etadi.

Adabiyotlar
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(1-p)-foizli qolgan umr muddatini to‘liq bo‘lmagan ma‘lumotlarda baholash
Xolmuradov F.M.!, Alixanov 0.0.2, Tillabayev I.N.3

Namangan davlat universiteti
hfarhod2024@gmail.com

So‘nggi yillarda klinik sinovlar, sug‘urta statistikasi va ishonchlilik nazariyasida
kuzatuvlar to‘liq bo‘lmasligi (censoring) muammosi keng o‘rganilmoqda. Amaliy
ma‘lumotlarning to‘liq bo‘lmasligi Y umr muddatlari bilan birga kuzatuv holati ham
noaniq bo‘lishiga olib keladi. Shu sababli golgan umurni aniq baholash uchun maxsus
metodlar kerak.

Ananaviy ravishda qolgan umr muddatining o‘rtacha giymati

E(X —t|X >t)

ko‘plab ishlar obyekti bo‘lgan (Haines va Singpurvalla, 1974; Abdushukurov A.A., 1998).
Biroq klinik va sug‘urta ma‘lumotlarida nisbiy o‘lchov Y foizli qolgan umr

m(p;t) =Q(1—p(1—F()) —t,

metrikasi ham muhim, chunki u p foizli yashash chegarasini beradi.

Asosiy nazariy model

Umr muddatining foizli mezonlari: Tasodifiy o‘zgaruvchi X Y umr davomiyligi
bo‘lsin, uning tagsimot funksiyasi

F(t) = P(X <), F(0) =0, F(o0) = 1.
Kvantil funksiyasi
Qy) =F Yy)=mf{t>0: F(t) >y}, 0<y<L
(1-p)-foizli qolgan umr mezoni:
T(pit) =Q(L—p(1—F(t)) —t, 0<p<1, ¢t>0.

Senzurlanish modeli: Ma‘lumotlar ikki tomonlama senzurlanish orqali olinadi. Har
bir subyekt uchun ikkita kuzatuv vaqti (Y1, Ys) mavjud. Kuzatilgan qiymat:

Z = max{Y), min(X, Y3)}.
Belgilar:
§o=1(Y; >min(X,Ys)), & =IVi<X<Y,), 6=1I(Y; <Y <X).
Demak, ma‘lumotlar to‘plami
{(Zi, 603, 614, 02s) iy -

Informativ senzurlanishning: Agar senzurlanishning va umr muddatlari mustaqil
bo‘lmasa (informativ senzurlanish), quyidagi parametrik modelni qo‘llaymiz:

Gi(t)=P(Yi <t)=[1—(1-F®)'"]", Gat) =P(Ya<t)=1-(1-F(t)),
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5,0 > 0 Y noma‘lum parametrlar.
Baxo va ularning xossalari

{(Z’H 50i7 51i7 521')}?:1‘

Empirik tagsimot funksiyasi:

m -2y 1z <

l & l &
PO = Z\ ", P =% "¢,

Baxo:

1 pV
— =, Th= ——.
1—-po 1—po

Kvantil baxo va qolgan umr bahosi: Kvantil baxo:

Qn(y) =inf{t > 0: H,(t) >y},

(1-p)-foizli qolgan umr estimator:

1= Ey(t) = [1 = H, ()™, A\, =

Tn(p;t) :@n(l_p(l_Fn(t))) -t

Asimptotik normal taqsimot
Teorema: Agar F uzluksiz va senzurlanish modeli shartlari bajarilsa,

Ta(pit) == w(pst), n — oo.

[Asimptotik normallik] Agar shartlar bajarilsa,

Vi (Fa(pit) — m(p5t)) = N(0,0%(p: 1)),

bu yerda o?(p;t) Y dispersiya.
Ishonch intervallari uchun:
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EHTIMOLLAFDAN TUZILGAN QATORLARNING YAQINLASHISH
MASALALARI

M.K. Xolmurodov, I. Xayitaliyev

Namangan davlat universiteti, Namangan, O’zbekiston;

Biz R orqali haqiqiy sonlar to’plamini, N bilan natural sonlar to’plamini belgilaymiz.
Faraz qilaylik, quyidagi d-o’lchovli koordinatalari natural sonlardan iborat vektorlar
to’plami berilgan bo’lsin:

Zt={i=(n,...,nqg),n; €Nji=1,...,d},
bu yerda d € N. Zjir to’plamda gisman tartiblanganlik munosabati quyidagicha kiritamiz:
m,n € Zﬁ uchun m < 7 munosabat m; < n;, i = 1,...,d ni bildiradi.

Ushbu 7 = (n4,...,nq) € Z¢ uchun

n| = H?:l”i

bo’lsin, agar n; — oo ha bir ¢ = 1,...,d uchun bo’lsa, n — oo ni bildiradi. Quyidagi
munosabat orinli a7 = (ang,..,any), a« € R. logtz = max(logz,0) belgilashni
kiritamiz.

Kelgusida {X(n);n € Z%} orqali bog'liq bo’lmagan, bir xil tagsimlangan tasodifiy
miqdorlar to’plamini belgilaymiz. Shunda

X orqali X(n);n € Z¢ tasodifiy migdor bilan bir xil tagsimotga ega bo’lgan tagsimotga
ega bo’lgan tasodifiy miqdorni belgilaymiz.

Ushbu yo'nalishdagi dastlabki natijalar L.E. Baum va M. Katz [1], hamda A. Gut va
A. Spataru [7,8] tomonidan keltirilgan. Ular yuqoridagilarni umumlashtirib: £ X = 0 va
E[X?*(log(1 + | X)) < oo, bo’lsa, u holda

g2 EX?
lim—————— 3 P(|S,] > - .
!L%(-Qlogg)dlzn: (15l 2 €[n]) (d—1)!

Ushbu magqolada quyidagi teorema isbot qilinadi.

Teorema. Faraz gilaylik EX = 0, u holda E[|X|"(log(1 + |X|))*!] < oo, © > 2,
EX? = 1 ni olamiz va N standart normal tagsimotli tasodifiy miqdor bo’lsin. 1 < p < 2
uchun

o225 (r/p=1) - y
im rip- > Py —
g% (—loge)dt Xn: n P(|Sy| = [n[?)

1 2p \"! - 22 (p/p—1)
CEDAY prEIN| e

Natija. Agar r = 2 va a = 2 bo’lsa, yuqoridagi natijalar klassik holni umumlashtiradi.

LITERATURE



226 Kholmurodov M.K., Khayitaliyev I.

1. L.E. Baum, M. Katz. Convergence rates in the law of large numbers. Trans. Amer.
Math. Soc. 120 (1965), 108-123.
2. M.U. Gafurov. On the estimate of the rate of convergence in the law of the iterated
logarithm. Lecture Notes in Mathematics, Vol. 1021, Springer, Berlin, 1983, pp. 137-144.
3. M.K. Kholmurodov. On probabilistic one-sided deviations for sums of independent
random variables with multidimensional indices. Fan, Tashkent, 1985, 207-215.
4. A. Gut. Marcinkiewicz laws and convergence rates in the law of large numbers for
random variables with multidimensional indices. Ann. Probab. 6 (1978), 469-482.
5. A. Gut. Convergence rates for probabilities of moderate deviations for sums of random
variables with multidimensional indices. Ann. Probab. 8 (1980), 298-313.
6. A. Gut. Strong laws for independent identically distributed random variables indexed
by a sector. Ann. Probab. 11 (1983), 569-577.
7. A. Gut, A. Spataru. Precise asymptotics in the Baumsl YKatz and Davis law of large
numbers. J. Math. Anal. Appl. 248 (2000), 233-246.
8. A. Gut, A. Spataru. Precise asymptotics in the law of the iterated logarithm. Ann.
Probab. 28 (2000), 1870-1883.



Yosh matematiklarning yangi teoremalari - 2025 227

O CXO0AMMOCTU CXEMbBbI METOJA KOHEYHbBIX 9JIEMEHTOB
AJIAd HECTAIIMOHAPHDBIX 3AJJAY KOHBEKIINN-/IV1® DY 3NN

KanamyparoBa C.M.

KapaxkaJmmakckuit rocytapcTBeHnblil yausepcuter numenun bepjaxa, Hykyc, Y306ekucram;
kalmuratova.sapura@mail.ru

Pemnrenne c/1oKHBIX MPUKJIAIHBIX pa3pabOTOK MPUBOJUT K CO3JTAHHUIO 00JIee TOTHBIX
YUCIEHHBIX aJITOPUTMOB WJIM COBEPITEHCTBOBAHUIO CyIecTBYOMUX. OHa MPOSIBIISIETCST 0CO-
OEHHO TIPU HMCCJIEOBAHUM CJIOXKHBIX HECTAITMOHAPHBIX IIPOIECCOB, HAIIPUMED, KaK perie-
HUs HECTAIMOHAPHBIX 33184 KOHBEeKIN — Jinddysun. CylecTByeT MHOTO 3a/1a9, KOTOPbIE
IIPUBOJIAT K PENIEHUIO HEeCTAIlMOHAPHOTO M dEepeHITuaILHOIO YPaBHEHNsT KOHBEKITUN —

auddyszun [1]

%—I—Llu—l—Lgu:f(x,t), (1)

(z,t) € Qr = {x = (v1,20,23) €Q C R*, t € (0,T]},
u(x,t) =0, x €082, te (0,7, (2)
u(z,0) = up(x), x € Q. (3)

Brech Q = {z : v = (v1,79,23), 0 < Ty < by, m = 1,3}, Q = QUIN, Liu—
orepaTop KOHBEKTUBHOTO ItepeHoca, Lou— oneparop auddy3nonnoro meperoca. Bmecto
(2) MOXKHO paccMaTpUBATD JIPYIHe JIOKAJTbHbIE UM HEJIOKAJIbHBIE KPAEBbIE YCJIOBUSL.

K Takomy kjaccy 3ajad OTHOCSTCS, HAIIPUMED MaTEMATHIECKIe MOJIEIN Pa3MeIleHns
HMCTOYHUKOB 3arpsA3HEHUs B BOJOEMAaX U MPUOPEXKHBIX MOPSIX, & TaKyKe JIMHeapHu30BaHHAasI
MaTeMaTHIecKas MOJIeTh IHHAMUKI MOPCKUX M OKeaHmdecknx tedenuii [2|. Kpome Toro,
B BHJie (1) MOXKHO 3alMCBIBATH KJIACCHYECKYIO 3a/ady JIJIs TapabOIMIecKoro ypaBHEHMS.

B nannoit pabore 3amada (1)-(3) cHagama ammpoKCHMUPYIOTCS O TPOCTPAHCTBEHHBIM
[epeMeHHbIM MEeTOJIOM KOHEYHBIX 3j1eMeHTOB [asepkuna-IleTpoBa, B pe3yabrare 4ero mo-
ayauM 3a71aqy Kot /y1st SBOTIOIMOHHONO yPaBHEHNUS TIEPBOTO MOPsi/IKa (0T INCKPeTHAS

3a/1a49a )
dust@) + Aup(t) = fu(t),  un(0) = uop, (4)

rJie MOoJTyIMCKpeTHas (DYHKIMS Uy, AMIPOKCUMUPYET HEIPEPBIBHYIO (DYHKIIUIO U.
Hastee Jyisi anpokcuMaIuy 3a1a4y (4) IPpUMEeHSIOTCs TpexnapaMeTpUIecKas BEKTOD-
Has PasHOCTHas cxeMa [3]

D

Dy; — (12/12) Ay + Ay = 1, yDy; + aAy, + BAG®D) = g, (5)

0 -0 .
Y =Upo,Yy = Uppo,

n+1 n+1

t t
wie o = DTNSD — Aung), b1 = L | SOt 62 = B [ (1) (317951)—1—3219(23)) dt,

tn tn
s1 = 15v—350/3, s3 = 1407—350r/3, 9 = t—(tn + 7/2) , 05 = 7(3-3¢2/24¢/2), € =
(t —t,)/7. 3nech puckperHas yHKIMsL Y AMIPOKCUMUDYET Up,.
Cxembl (5) MOMIMHAIOTCS YCJIOBUIO YETBEPTOrO TOPsIKA AITPOKCUMAIMHI 110 BPEMEHN
uwpu o+ 3 =; a, B, v = O(72).
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Jlokazana cJie/iyroniasi TeopeMa.

Teopema. IlycThb BLIIOIHEHBI YCIOBUSA allipokeuManun a+ 3 = v; «, 8,7 = O(7%) n
yeroituusoctn o = 72/12, >0, ~ > 0. Torya pemmenue pasHOCTHBIX cxeM (5) cXoaaTCs
K JIOCTATOYHO TJIaJIKOMy pernenuto 3a1auu (1)-(3) u cupaBejjimBa OleHKa TOYHOCTH

ly(t) = u(@®)ll, + l9() — ()], < M(h* +7%).

HpI/IBelLeH AJITOPUTM peaJiu3allii CXeMbl M1 Ha OCHOBE TECTOBBLIX 3a/a4 IIPOBEIACHBLI YNC-
JICHHBbIE PpaCYe€Thbl, IIOATBEP2KAAIONe TeOPpETUIeCKNEe BbIBOIbLI.
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l'eone3nyeckne oToOparkeHNsI TIOBEPXHOCTEN MOJI0KUTEIbHOI MOCTOSIHHOMN
rayccoBoii KpUBU3HOM

Vemonxyxkaes 3.10.!

Hamumonambueiit ynusepcurer Y3b6ekucrana umenu Mupzo Yiyroeka, Tarrkent,
V3b6ekucran. Quiauan PI'Y wedru u raza (HIY) umenun 1.M. I'ybkuna B ropoje
Tamkenre, TamkenT, Y30eKucTtan
Zokusm@gmail.com

[eosienveckne oToOpazKeHUs UI'PAIOT BaXKHYIO POJIb B PUMaHOBOW T'e€OMETpUU U €€
MIPUJIOZKEHUSIX, CBA3bIBAas PA3JIMIHBIE MHOI00Opa3ws MOCPEJICTBOM COXPaHEHUST I'eOIe3M-
YeCKUX JIMHUN. DTU 0TOOpasKeHUsI eCTeCTBEHHBIM 00Pa30M BO3HHUKAIOT B 3aJadaX MaTe-
MaTHYIeCKON (PU3UKHU, TEOPUU OTHOCUTEIbHOCTH U JlaKe B MAIIMHHOM OOYYEHUH, TIe Ieo-
JIe3UYIeCKHe IMTOTOKN UCIOJIb3YIOTCs JIjIs ONTUMU3AINN U aHamn3a JaHabiX. [lycrs M u N
- TJIQJIKFEe MHOTO00Opa3us pa3MepHOCTH 1 ¢ abOUHHBIMU CBA3HOCTIMU.

Onpenenenmne 1[1, c. 70]. Teonesnaeckum orobpazkenuem f muoroobpasme M Ha N,
Ha3bIBaCTCsdA B3aMMHO OJHO3HaAYHOE COOTBETCTBUE MEC2KJ/Y UX TOYKaMM, IIPU KOTOPOM KazK-
Jlast TeoJie3mdecKasl JUHUS MHOrooOpasuss M mepexo[uT B reoIe3nIecKyo JTUHUI MHOTO-
obpasusa N.

Paccmorpum 5t MHOTOOOpas3usi B ob0mieit mo orobparkeHnio f cucreme KOOPIAWHAT

b, 22, ... 2" O6o3HaYMM KOMIIOHEHTHI 00beKTOB CBA3HOCTH MHOroobpasuit M u N, B co-

orsercrByomux Toukax M (z) u M () wepes I (z) n f?j (x), mpeamosaras UX CHUMMeT-
PUYHBIMU, U TTOJIOKUM
=h h h h ..
Fij (z) :Fij (z) + i () 5]' +9; () 6; (h,i,j=1,2,..,n) (1)
rie, Pi’;—TeH3op nedopmariun.
Bameuanue Korja BeKTOp 1); () TOXKIECTBEHHO PABEH HYJTIO, TO T€OIE3NIECKOE 0TO0-
paxkenne f Ha3bIBAETCs TPUBHUAIBHBIM MK adOUHHBIM.
IIpumep 1. IlycThb OBEPXHOCTL S ABIIAETCS 0OPA3OM HOBEPXHOCTH S P TOMOTETHH
B TPEXMEPHOM IIPOCTPaHCTBe n k— Koddduinent romorerun. Torma MeTrpudeckKne TeH-
30pbI OBEPXHOCTE! CBS3aHBI COOTHONIEHUEM §;; = k* - g;;. CrieoBaTesIbHO, CUMBOJIBI

=k
_ Tk
Kpucroddenst copnagaior I';; = I'; u reogesnyeckas ¢ na S orobpazKaercsd Ha reoje3u-

weckyto ¢ Ha S, Ifle KaHOHMYeCKne mapaMeTpsl s Ha ¢ 1 § Ha { CBSI3aHBI COOTHOIIEHHEM
5= k-s+ const.

VMest BOBMOYKHOCTD MCHOJIL30BATh TEOPUIO I'e0Ie3UICCKUX OTOOPasKeHUiT PUMAHOBLIX
MHOT000pas3uii, Mbl OGpaTUM BHUMAaHUE Ha CHelUaIbHbIe TUIILl PUMAHOBBLIX IPOCTPAHCTB
HOCTOAHHO KPUBU3HLL.

[Tycts f — reomesmveckoe orobpazkenue u F MOBEPXHOCTDL BpalleHHs, KOTOPOE UMEIOT
METPHUKY BH/JIA

ds® = a (w)dw® +b(w)dt*,  (2)
rie a(w) u b(w)— meryaesble GyHKINM, & w € [wy,ws],t € [0, 27) KoopauHaTer. [Tapamer-
PBI Wy U Wy MOT'YT JIOCTUIATh [0 3HadYeHnit +00. O60o3HaunM depe3 F) oOpa3 moBEpXHOCTH
Bpamenns F' upu orobpazxkenun f. [Ipemamonoxum reopesndeckne juann | = [ (1), t € R
u3 F orobpazkaloTcs B Teofesnueckue F| 1 MeTpuKa HOBepXHOCTH [} mMeer ciieryrormuit
=2 pa (w)

BUJI:
ds® = dw? + pb ()

(14 gb(w))? 1+gb(w) @ @)
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rJie , p, g- TOJIOXKUTebHbIe TTapaMerpsl , 1+¢b (w) # 0, gb’ (x) =0 u w — Tor Ke napamerp,
qTo 1 Ha nosepxuoctu F u t € [0,27).

Teopema . Ecim moBepxHOCTH BpallleHUsI MOJIOKUTETBHON ITOCTOSTHHON T'ayCCOBOI
KPUBHU3HON JIOIYCKAIOT HETPUBUAIBLHOE T'€0/Ie3NUECKOe OTOOpaKeHue, a MOJIyIeHHbIE T10-
BEPXHOCTU UMEIOT HOCTOAHHYIO IIOJIO?KUTEJIbHYIO I'ayCCOBY KPUBU3HY.

IIpumep 2. PaccMOTpUM TOBEPXHOCTH TOJIOKUTEIHLHON TTOCTOAHHON KPUBU3HON €
METPUKON

ds? = dw? + cos? = dt?
R
rie, R- pajuyc Bpaienus 1 w € |wy,ws] ,t € [0, 2m). [lapamerpst w; u we MOTYT JOCTHTATH
JI0 3HaUeHunit +o00.
ITo dpopmyite (3), METPUKA ITOBEPXHOCTEN BPaIleHUA HOJ0XKATEJILHON ITOCTOAHHON Irayc-
COBOII KPUBU3HOU MMEET CJEYIONINI BUJI;

2w
P 9 pcos &

g = — P g2y PR
(1+ qcosQ%)2 1+ geos®3

dt* (4)

Cornacho [3, ¢.553], rayccoBa KpuBI3HA JIByMEPHOIO MHOIOO0OPA3HsI OIPEIEJISIeTCsI CIIe Ty~
FOIIIM 00pa30M:

oy s, i J i J
ot ow +ZF2j'F11_ZF1j'Fz1 " Gi2
Ri212 J J
K= > = _
g11922 — 91o 911922 — 91o

()

rie, Ffj— cuMBoJIbl Kpucroddesa, Ris1o KoMonenTa Tenzopa Pumana.
st moygennoit Mmerpuku (4) Ffj— cuMBoJIbI Kpucroddensa nmeer Bu,

1 gsin2¥

1 w
1 1 _ ol 1 .
=Ry geos?e’ Pio =15 =0, Ty = gpsin2p
1 sin ¥
F%lzoa F%2:F§1:_ L 7F§2:O

R cos (1 + geos®%)

O603HaYMM raycCcoBy KPUBUHY IOBEPXHOCTEl BPAIEHUS TI0JI0KUTEIHLHOI IIOCTOSHHOM rayc-
coBoil KpuBH3HOI Yepe3 K u ucnosnb3ys dhopmyry (5) nmeem

1 1+4g¢

K, — — ..~ 1
+ R2 p
Jlureparypa
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3. Pamesckuit 11. K. Pumanosa reomerpus u tenzopubiii anaan3. M.: Hayka, 1967. 664
c.



Yosh matematiklarning yangi teoremalari - 2025 231

YUCJIEHHOE PEIHIEHNE MATEMATUYECKON MOJEJIN OHOI
HEJIMHEVHOU 3AJAYY KBASNUCTAIIMOHAPHBIX IIPOIECCOB B
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B obsractm
QT = {(.Cl:,t) X = (371,372,5173) € Q= [O <xy < lom o= 17273]7 te [O7T]}

pacCMOTpPEHa CJIEAYIOIIad HeJIMHEHAA Ha4daJIbHO-KpaeBagd 3aJa4da:

0

E(Agu —u)+u* =0, (z,t) € Qr, (1)
u(z,0) = up(z), x€Q, (2)
ulgo =0, te€(0,T], (3)

02 0? 0? : .
rae Az = 7.2 T 9.2 T 5,2 — TPEXMEpHBII onlepaTop Jlamnaca,
g 0x3 Oxg
Qr=0x(0,T], Q={0<z,<ly, a=1,2,3}.
Ypasuenue (1) onuchiBaeT KBa3uCTAIMOHAPHbBIE MPOIECCHI B TOJIYIPOBOJHUKAX DU
HAJUYIANA CTAIIMOHAPHOIO pacIpeie/ieHns HCTOUYHUKOB TOKa CBOOOIHBIX 3apsIIOB [1]
Ycnosue (3) O3HA4YaeT, YTO I'PAHUIA ITOJYIIPOBOJHUKOBOU CPEJIbl ABJIACTCA 3a3€MJICH-
HOU ¥ WJICAJIbHO IIPOBOJLAIIIECH.

[TocTpouM MOAIIPOCTPAHCTBO o h, annpokcumupyiomuit H - ruasbeproBo mpocTpan-
CTBO €O CKaJIIPHBIM mpom3seenneM (u, ) u Hopmoii ||-||. 3aech I(—)_I h - IPOCTPAHCTBO JINC-
KPETHBIX (PyHKIUU 0OpaIIaionuXcs B Hy/Ib Ha FPAHUIHBIX Toukax. CHadaIa alpoKCUME-
pyeM ypasenue (1) MeTOOM KOHEYHBIX PA3HOCTEl 10 MPOCTPAHCTBEHHBIM IT€PEMEHHBIM,
B pesy/bTare MojaydaeM 3ajaadqy Kolmu jijis cucreMbl HEJIMHEHHBIX OOBIKHOBEHHBIX JIrd-
(bepeHNUATBHBIX YPABHEHUIT TIEPBOIO MOPSAIKA

du
Dd_th = F(Uh), Uh(o) = Uh,0, (4>
3 o o
rae D = Y A, — E snuneiinsiii nocrosHHbIi onepatop aeiicrByer us H , — H p,
m=1

-2 1 0 0 1 0 0 0
1 1 -2 1 0 0 1 0 0
A, = — o, E=]10 0 1 --- 0
i | 0 1 -2 1 0 e oo 1.0
0 0o 1 =2 0 0 0 1

Bnech D* =D >0,V t >0, Fluy) = —u}, up = up(t) € Hy, f(un) € Hp, Apup, =
U zzm, M = 1,2, 3, up- 3nadenue GyHKIUN B GUKCHPOBAHHOM y371e T = (i1hy, ishe, ishs).
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PasnoctHbiit oneparop (Matpuna) D anmpokcumupyet muddepentuaibablil onepaTop
Agu—u co Bropsiv nopsiakon, T.e. O(|h[?), |h| = \/h% + h2 + h2. Kpome Toro, oTMeTiM,
4O orepaTop D HEBBIPOKIEHA, CIIEJIOBATEILHO, CyIecTByeT obpaTHbIil omeparop D1,

Jlajiee pacCMOTPUM BOIIPOCHI TIOBBLIIEHHs AIIPOKCHMAIUH T depeHInaIbLHOTO Olle-
patopa Azu — u. Jljas 3TOro BocHo/b3yeMcs paszsoxkenueM psja Teitiopa, T.e. A,u =

o _ 3
A u+ %Amu +O(ht), m =1,3. CrenoBarenbo, oneparop D = (1 + %) > An—FE
m=1

anmpokenmMupyer Asu — u ¢ derseprhiM nopsakon, T.e. O(|h[*). Torna sazaua (4) nveer
BHJL

_ du
Dd—th = F(up), up(0) = upo. (5)

s muckperuzanun 3aaauu Kommu (5) ucnosnbsyiores Metoiasl Pyrre-KyTTol nepsoro
(cxeMbl Diijiepa), BTOPOro U 9eTBEPTOro MOPSJIKOB, a TakKe A-ycroitunBbie MeTo bl BoO-
KoBa |3| pasimanbIx nopskoB. Ha ocHOBe pe3ysnbraToB paboThl [2| JoKa3aHbl Te€OpEMBbI 06
YCTOWYUBOCTU U TOYHOCTU YUCJIEHHBIX aJrOPUTMOB. [IpUBEIeHbI aIropuTMbl peATU3aInn
cxeMbl. Ha oCcHOBe TeCTOBBIX 3a/1a9 IIPOBEIEHBI YUCJICHHBIE PACUYETHI, KOTOPBIE HOIATBED-
JKIAIOT TEOPETUIECKUE BLIBOJIDI.
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